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Gioi thiéu mon hoc

GIO'I THIEU MON HOC

1. GIOI THIEU CHUNG:

Toan cao cip A, Ay, Az 13 chuong trinh todn dai cuwong danh cho sinh vién
cac nhom nganh toan va nhém nganh thudc khéi k¥ thuat. Noi dung cia toan cao
cidp Aj, A; chu yéu 1a phép tinh vi tich phan ciia ham mot hodc nhiéu bién, con
toan cao cAp A, 1a cac ciu truc dai sb va dai sd tuyén tinh. C6 kha nhiéu sach gido
khoa va tai liéu tham khéao viét vé cac chu dé nay. Tuy nhién voi phuong thire dao
tao tir xa c6 nhitng ddc thu riéng, doi hoi hoc vién lam viéc ddc 1ap nhiéu hon, do
d6 can phai c6 tai liéu hudng dan hoc tap thich hop cho timg mén hoc. Tép tai liéu
huéng din hoc moén toan cao cdp A, nay duoc bién soan cling nhim muc dich
trén.

Tap tai liéu nay duogc bién soan theo chuong trinh qui dinh nam 2001 cua Hoc
vién Cong nghé Buu Chinh Vién Thong. Noi dung ctia cudn sach bam sét cac gido
trinh cua cac truong dai hoc k¥ thuat, gido trinh danh cho hé chinh qui cua Hoc
vién Cong nghé Buu Chinh Vién Thong bién soan nim 2001 va theo kinh nghiém
giang day nhiéu nim cua tac gia. Chinh vi thé, gido trinh nay ciing c6 thé dung lam
tai li¢u hoc tap,tai li¢u tham khao cho sinh vién cta céc truong, cac nganh dai hoc
va cao dang.

Gido trinh dugc trinh bay theo cach thich hop ddi véi nguoi tu hoc, dac biét
phuc vu déc luc cho cong tac dao tao tir xa. Trudce khi nghién ctru cac ndi dung chi
tiét, nguoi doc nén xem phan gidi thiéu cia mdi chuong dé thiy duoc muc dich y
nghia, yéu cau chinh cia chuong d6. Trong mdi chuwong, mdi ndi dung, nguoi doc
6 thé tu doc va hiéu duoc cin ké thong qua cach dién dat va chimg minh rd rang.
bac biét ban doc nén chu y dén cac nhan xét, binh luan dé hiéu siu hon hoic md
rong tong quat hon cac két qua. Hau hét cac bai toan duoc xdy dung theo luoc do:
dit bai toan, chitng minh su ton tai 10i giai bang 1y thuyét va cudi cung néu thuat
toan giai quyét bai toan nay. Céac vi du 1a d& minh hoa truc tiép khai niém, dinh 1y
hodc cac thuat toan, vi vay s& gitip ngudi doc dé dang hon khi tiép thu bai hoc. Sau
cac chuong co phan tom tit cac ndi dung chinh va cubi cung 1a cac cau hoi luyén
tap. C6 khoang tir 30 dén 40 bai tdp cho mdi chuong, twong tmg voi 3 -5 cau hoi
cho mdi tiét 1y thuyét. Hé thong cau hoi nay bao trim toan bd ndi dung vira duoc
hoc. C6 nhiing cau kiém tra truc tiép cac kién thuc vira duge hoc nhung cling co
nhimg cau doi hoi hoc vién phai van dung mot cach tong hop va sang tao cac kién
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thire dé giai quyét. Vi vy viéc giai cac bai tip nay gitp hoc vién nim chic hon ly
thuyét va kiém tra dugc murc d6 tiép thu 1y thuyét caa minh.

Céc bai tap duoc cho dudi dang triac nghiém khach quan, ddy 13 mot phuong
phép rat pht hop véi hinh thire ddo tao tir xa. Hoc vién c6 thé tu kiém tra va d6i
chiéu v&i dap an & cubi sach. Tuy nhién phuong phap tric nghiém ciing c6 nhitng
mit han ché cta nd, chang han phuong phap nay khong thé hién dugc kha ning
trinh bay két qua, kha ning lap luan, ma dy 1a mot trong nhimg yéu cau chinh cia
viéc hoc toan. Mot bai toan co thé giai cho ding két qua nhung cach giai sai tham
chi sai ca vé ban chat. Hai lan sai dau trir bién thanh dau cong va cho két qua dung
nhung thuc chét 13 sai. Mt khac c6 thé giai bai toan tric nghiém bang cach thir cac
truong hop va loai trir, nhung cach 1am nay kha tiéu cue. Dé khic phuc nhitng han
ché cua phuong phap kiém tra tric nghiém chung toi khuyén nguoi doc nén ty giai
quyét cac bai toan theo phuong phap tu ludn, sau d6 méi dbi chiéu véi cac truong
hopa,b,c,d dé chon phuong an ding.

Gi4o trinh gdbm 7 chuong twong tmg véi 4 don vi hoc trinh (60 tiét):

Chuong I: L6 gich toan hoc, 1y thuyét tap hop, anh xa va céc cAu trac dai sd.

Chuong II: Khong gian véc to.

Chuwong II1: Ma tran.

Chwong IV: Dinh thuec.

Chwong V: Hé phuong trinh tuyén tinh

Chuwong VI: Anh xa tuyén tinh.

Chwong VII: Khong gian véc to Euclide va dang toan phuong.

Ngoai vai tro 1a cong cu cho cac nganh khoa hoc khéc, toan hoc con dugc
xem la mot nganh khoa hoc c6 phuong phap tu duy 1ap luan chinh xac chat ché. Vi
vay viéc hoc toan cling giip ta rén luyén phuong phap tu duy. Cac phuong phap
nay da duoc giang day va cung cip timg budc trong qua trinh hoc tip & phd thong,
nhung trong chuong I cac van dé nay duoc hé thong ho4 lai. Noi dung cua chuong
I dugc xem 1a co s, ngon ngir cua todn hoc hi€n dai. Mgt vai ndi dung trong
chuong nay da duoc hoc ¢ phd thong nhung chi véi muc d6 don gian. Céc cau tric
dai s6 thi hoan toan méi va kha triru tuong vi vay doi héi hoc vién phai doc lai
nhiéu 1an mai tiép thu duoc.

Cac chuong con lai cia gido trinh 1a dai s tuyén tinh. Kién thirc cta cic
chuong lién hé chat ché voi nhau, két qua ctia chuong nay 13 cong cu cta chuong
khac. Vi vay hoc vién can théy duoc mbi lién hé nay. Pac diém ctia mén hoc nay
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la tinh khai quat hod va triru tuong cao. Céac khai niém thuong duge khai quat hoa
tir nhitng két qua cta hinh hoc giai tich & pho théng. Khi hoc ta nén lién hé dén céac
két qua do.

2. MUC PiCH MON HQC

Cung cép cho sinh vién cac kién thirc co ban vé dai sb : Ménh dé, tap hop,
anh xa , cdu tric dai s6 va dai s6 tuyén tinh bao gom cac khai niém vé khong gian
vecto, ma tran, dinh thurc, anh xa tuyén tinh, dang song tuyén tinh, dang toan
phuong..., 1am co s¢ dé tiép thu cac mén k¥ thuat dién va dién tu.

3. PHUONG PHAP NGHIEN CUU MON HQC
Dé hoc tét mén hoc nay, sinh vién can luu y nhitng van dé sau :
1- Thu thap day di cac tii liéu :

0 Bai giang: Todn cao cdp A2. Lé Bd Long, Nguyén Phi Nga, Hoc vién
Cong nghé BCVT, 2005.

0 Sach hudéng dan hoc tdp va bai tap: Todn cao cdp A2. Lé Bd Long,
Nguyén Phi Nga, Hoc vién Cong nghé BCVT, 2005.

Néu co diéu kién, sinh vién nén tham khdo thém: Cac tai liéu tham khéo trong
muc Tai li¢u tham khao & cudi cudn sach nay.

2- bat ra muc tiéu, thoi han cho ban than:

v’ Bdt ra muc cdc muc tiéu tam thoi va thoi han cho ban théan, va cé gcfng
thuc hién chung

Cung véi lich hoc, lich huéng dan ctia Hoc vién cia moén hoc ciing nhu cac
mén hoc khéc, sinh vién nén ty dit ra cho minh mét ké hoach hoc tap cho riéng
minh. Lich hoc nay mo ta vé cac tuan hoc (tu hoc) trong mot ky hoc va danh dau
sO lwong cong viée can lam. Panh diu cac ngay khi sinh vién phai thi sat hach, nop
cAc bai luan, bai kiém tra, lién hé véi giang vién.

v’ Xay dung cdc muc tiéu trong chwong trinh nghién citu

Biét 1 thoi gian nghién ctru khi moi bat dau nghién ctru va thir thyuc hién, ¢d
dinh nhiing thoi gian d6 hang tun. Suy nghi vé thoi luong thoi gian nghién ctu dé
“Tiét kiém thoi gian”. “Néu ban mdt qud nhiéu thi gio- nghién ciru”, ban nén xem
lai ké hoach thoi gian cia minh.

3- Nghién ctru va nam nhirng kién thirc dé cot 10i:
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Sinh vién nén doc qua sach huéng dan hoc tip trude khi nghién ctru bai giang
mon hoc va céc tai liéu tham khao khac. Nén nhé rang viéc hoc thong qua doc tai
liéu 1a mét viéc don gian nhat so véi viée truy cip mang Internet hay str dung cac
hinh thurc hoc tap khéc.

Hay sir dung thoi quen sir dung bat danh diu dong (highline maker) dé danh
dau cac dé muc va nhitng ndi dung, cong thirc quan trong trong tai liéu.

4- Tham gia diy di cac budi hwéng din hoc tap:

Thong qua cac budi huéng dan hoc tap nay, giang vién sé gitp sinh vién ndm
dugc nhitng ndi dung tong thé cia mon hoc va giai dap thic mac; dong thoi sinh
vién ciing c6 thé trao d6i, thao luan ctia nhimng sinh vién khac cung 16p. Thoi gian
b tri cho cac budi huéng dan khong nhiéu, do d6 dimg bo qua nhirng budi hudng
dan d3 dugce 1én ké hoach.

5- Chu dgng lién h¢ v4i ban hoc va giang vién:

Cach don gian nhét 1a tham dy cac dién dan hoc tap trén mang Internet. H¢
théng quan 1y hoc tdp (LMS) cung cap mdi trudng hoc tip trong sudt 24 gid/ngay
va 7 ngay/tuan. Néu khong c6 diéu kién truy nhap Internet, sinh vién can chu dong
stt dung hdy st dung dich vu buu chinh va cac phuong thirc truyén théng khac
(dién thoai, fax,...) dé trao d6i thong tin hoc tap.

6- Tu ghi chép lai nhirng y chinh:

Néu chi doc khong thi rat kho cho viéc ghi nhd. Viée ghi chép lai chinh 1a
mot hoat dong tai hién kién thirc, kinh nghi¢ém cho théy n6 gitp ich rat nhiéu cho
viéc hinh thanh théi quen tu hoc va tu duy nghién ctru.

7 -Tra 1o cac cau héi on tap sau moi chwong, bai.

Cudi mdi chuong, sinh vién can tu tra 15i tat ca cac cau hoi. Hiy c6 ging vach
ra nhitng y tra 101 chinh, ting budc phat trién thanh cau tra 161 hoan thién.

Doi voi cac bai tap, sinh vién nén ty giai trudc khi tham khao huéng dan, dap
an. Pung ngai ngan trong viéc li€n h¢ vdi cac ban hoc va gidng vién dé nhan duoc
sy trg giup.

Nén nho thoi quen doc va ghi chép la chia khod cho sw thanh cong cua viéc tw hoc!
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CHUONG 1: MO BDAU VE LOGICH MENH PE, TAP HOP
ANH XA VA CAC CAU TRUC bAI SO

1.1 MUC TIEU, YEU CAU, Y NGHIA

Day la chuong m¢ dau lam co s, 1am ngdén ngir va cong cu khong nhiing cho
todn hoc ma con cho cac nganh khoa hoc khéc.

Ta biét rang toan hoc 13 mot nganh khoa hoc 1y thuyét duoc phat trién trén co
sO tudn thu nghiém ngdt cac qui luat 1ap luan cua tu duy logich hinh thirc. Céac qui
luat co ban cua 1ogich hinh thirc d3 dugc phat trién tir thoi Aristote (Arit-xt6t ) (thé
ky tht 3 trude cong nguyén) cing v6i su phét trién ruc r& cia van minh c6 Hy
Lap. Tuy nhién méi dén thé ky 17 vé6i nhiing cong trinh cia De Morgan (Do
Mocgan), Boole .. thi 16gich hinh thitc mdi c6 mot cu trac dai s6 dep d& va cung
v6i 1y thuyét tap hop giup lam chinh x4c hod cac khai niém toan hoc va thuc day
toan hoc phat trién manh mé. Viéc nam ving 16gich hinh thtrc gitp hoc vién khong
nhirng hoc tdt mon toan ma con cd thé van dung trong thuc té va biét l1ap luan
chinh x4c. Hoc tbt mon logich 1a co s& dé hoc tot dai s6 Boole, van dung dé gidi
cac bai toan vé so db cong tac role, cac so do dién va cong nghé thong tin. Yéu cau
ctia phan nay 13 phai nim ving khai niém ménh dé toan hoc, cac phép toan lién két
ménh dé va céc tinh cht caa chiing.

Khai niém tap hop, anh xa va céc cAu tric dai s 1a cac khai niém co ban: vira
13 cong cu vira ngdn ngit ctia toan hoc hién dai. Vi vai trd nén tang ctia né nén khai
niém tap hop dugc dua rat sém vao chuong trinh toan phd thong (16p 6). Khai
niém tap hop duoc Cantor dua ra vao cudi thé ky 19. Sau d6 duoc chinh xac hoa
bang hé tién dé vé tap hop. Co thé tiép thu 1y thuyét tap hop theo nhidu mic do
khac nhau. Chung ta chi tiép can 1y thuyét tap hop ¢ muc do truc quan két hop voi
cac phép toan l6gich hinh thirc nhu "va", "hodc", phép kéo theo, phép tuong
duong, luong tir phd bién, lugng tir ton tai. Vi cac phép toan 1dgich nay ta co
tuong Uimg cac phép toan giao, hop, hiéu cac tap hop con ctia cac tap hop.

Trén co sé tich Descartes (Pé-cac) cta hai tip hop ta c6 khai niém quan hé
hai ng6i ma hai truong hop dac biét la quan hé tuong duong va quan hé thi tu.
Quan hé twong duong dugc dung dé phan mot tap nao d6 thanh cac 16p khong giao
nhau, goi 1a phan hoach cua tap d6. Quan hé dong du moduld p (modulo) 1a mot
quan hé twong duong trong tap cac sd nguyén. Tap thuong cta né 1a tip Z p cac
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s6 nguyén moduld p. Tap Z p €O nhiéu ung dung trong 1y thuyét mat mi, an toan

mang. Quan hé thtr tu duoc dung dé sap xép cac ddi tuong can xét theo mot thu tu
dya trén tiéu chuan nao do. Quan h¢ < trong cac tap hop sb 1a cac quan h¢ thtr tu.

Khai niém anh xa 1a sy mé rong khai niém ham s6 di dugc biét. Khai niém
ndy gitp ta md ta cac phép twong tmg tir mot tap nay dén tap kia thoa man diéu
kién rang mdi phan tir cia tdp ngudn chi cho tmg voi mot phan tir duy nhat cia tap
dich va moi phan tir cta tap ngudn déu duoc cho Gmg v6i phan tir cua tap dich. O
dau co tuong ung thi ta ¢6 thé mo ta duoc dudi ngdn ngit anh xa.

Str dung khéi niém anh xa va tap hop ta khao sat cac van dé cua giai tich t6
hop, @6 13 cac phuong phap dém sé phan tir. Giai tich to hop duogc sir dung dé giai
quyét cac bai toan xac suat thong ké va toan hoc roi rac.

Ta c6 thé thuc hién cac phép todn cdng cac sb, ham sd, da thuc, véc to hodc
nhén céc s6, ham sb, da thtc... Nhu vay ta co thé thuc hién cac phép toan nay trén
cac dbi tugng khac nhau. Cai chung cho mdi phép toan cong hay nhan ¢ trén 1a céc
tinh chat giao hoan, két hop, phan bd... Mot tip hop c6 phép toan thoa man diéu
kién nao do duogc goi 1a co cAu trac dai s6 tuong ung. Cac cau trac dai s6 quan
trong thuong gap la nhoém, vanh, truong, khong gian véc to. Dai s6 hoc 1a mét
nganh cta toan hoc nghién ctru cac ciu tric dai s6. Ly thuyét Nhom dugce Evarist
Galois (Galoa) dua ra vao dau thé ki 19 trong cong trinh "Trong nhitng diéu kién
nao thi mot phuong trinh dai s6 c6 thé giai dugc?", trong d6 Galoa van dung ly
thuyét nhom dé giai quyét. Trén co s& 1y thuyét nhom ngudi ta phat trién cac cu
tric dai sb khac.

Viéc nghién ciru cac cdu trac dai sé gitp ta tach ra khoi cac dbi tugng cu thé
ma thiy dugc cai chung cua ting cdu trac dé khao sat cac tinh chat, cac dic trung
ctia chung. Chang han, tdp cac ma trin vudng cung cip, cac tu dong cu tuyén tinh,
cac da thtc ... ¢6 cdu tric vanh khong nguyén nén cé nhimng tinh chat chung nao
do.

Céc ciu tric dai so co tinh khai quat hoa va triru tuong cao vi viy nguoi ta
nghi rang khé ap dung vao thuc tién. Tuy nhién thyc té cho thay dai s6 Boole dugc
mg dung rat hiéu qua trong viéc giai quyét cac bai toan vé so dd mach dién, vao
may tinh. Ly thuyét nhom duoc tng dung vao co hoc luong tir. Ly thuyét vi nhdm
va vanh dugc Gmg dung trong 1y thuyét mat ma, 1y thuyét Otdomat.

1.2 TOM TAT NOI DUNG

1.2.1 Légic ménh d@é
a. Ménh dé
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b. Lién két ménh dé:
v Phép phu dinh: p doc khong p
v Phép hoi: P9 docpvaq
v Phép tuyén: P~ 4 doc p hoic q
v Phép kéo theo: P =49 doc p kéo theo g, p suy ra q
v’ Phép tuong duong: P < 4 doc p twong duong q
v Luong tir pho bién: V doc véi moi
v Luong tir ton tai: 3 doc ton tai.

1.2.2 Tép hop va phan tir

a. Tap hop
v/ a1a phan tir ciia A ky hiéu @ € 4 doc a thudc A
v" a khong phai la phén tir cua A ky hiéu 4 € A, doc a khong thudc A.

v’ Tap rong ¢

v’ Tap con: ACB<:>(xeA:>xeB)

v Tap bing nhay 4=8 < (4= B) A (B 4))
b. Céac phép toan trén tap hop

v Hop xeAuB@(xeAvxeB)

v Giao xeAmB@(xeAAxeB)

v Hiéu xeA\B<:>(xeA/\x¢B)

v Phin bu Ac X, A=X\4

v/ Tap tat ca cac tp con cta X : 'O/(X):{A‘ACX}

v/ Tich dé cac AXB:{(aab)‘aeA,beB}

AxBxC:{(a,b,c)‘aeA,beB,ceC}
c. Quan hé
v Quan hé hai ngbéi R trén X 1a tdp con A < X x X, goi la c6 tinh:

O phan xa néu xRx,VxeX
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14 . , ’( C‘/JV "9//
0 do6i xting néu XKy = yR x

0 bic ciu néu XRYNYRz=>XR z
Lo A R R =
0 phan do6i xtrng néu XR YN yRX =x =y
v/ Quan hé hai ngéi R trén X duogc goi 1a quan hé tuong duong néu nd
c6 tinh phan xa d6i xtng bac cau, ky hiéu ~.

\/Lé'ptuongduongcﬁay,k}'/hiéuJ_;:{xEX‘xNJ’}

v Quan hé hai ngdéi R trén X dugc goi 1a quan hé thir tu néu né co tinh
phan xa phan d6i xtg va bic cau, ky hiéu <.

v Quan hé thir tyr < trén X duoc goi la quan hé thir tu toan phén néu hai
phan tir bat ky 7Y cua X déu co thé so sanh duoc voi nhau, nghia 13

Xy hodc ¥ sX Quan hé thir tu khong toan phan duoc goi 1a quan
hé tht tu b phan.
1.2.3 Anhxa
a. Anh xa: Anh xa tr tap X vao tap Y 1a mot quy luat cho img mdi X € X véi
mot va chi motY €Y ky higu /X Y
b. Phan loai: ¥ =/(x) hoac x+— y= f(x) duoc goi la cong thirc xac dinh
anh.
v flamotdondnhnéu — f(x)=f(y) =>x=y.
v flamottoananhnéu S (X)=Y
v/ mot song anh néu  Vira don 4nh vira toan anh.
v Néu 7 la mot song anh thi ¢6 anh xa nguoc f 1.y 5 X xac dinh
boi:  y=f(x)=x= f_l(y) cling 1a mdt song anh.
c. Cac phép toan
v Hop ctia hai anh xa f:X—>Y va g:Y—>Z7Z 1la anh xa
g0 £ X — Z xdc dinh boi &€ ° /() =g/ ()

v Luc lugng cta tap hop : Hai tap hop goi 1a cing luc lwgng néu c6 mot
song anh tir tap nay lén tap kia. Tap c6 cung luc lugng véi {1,2,..., n }
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dugc goi 1a tap hitu han c6 n phé‘m ta. Tap rSng la tap hiru han c6 0
phén tir. Tap khong hitu han dugc goi 1a tdp vo han.
v’ Tap cung luc lwong véi tap s6 tu nhién N duoc goi la tap vo han dém
duoc. Tap s6 thuc R khong dém duoc.
1.2.4 Giai tich t6 hop

A s , . Ao 1a =n!
v S6 cac hoan vi n phan tir 1a Py =n!

v’ S6 céac chinh hop lap chap p cia n phan tir 13 n?

v’ S6 céac chinh hop khong l3p chap p ctia n phan tir 1a

(n— p)!

AP =n(n-1)..n—p+1)=

v’ S6 céc t6 hop chap p cua n phan tir 13
AP n!

S (-p)p!

v Nhi thtrc Niu-ton

Cyy

n
(@+b)" =Cpa" +Clla" b v+ Cpp™ = Y CPaP " P
p=0

v’ So luogc vé phép dém

0 Cong thirc cong: ‘A U B‘ + ‘A N B‘ = ‘A‘ + ‘B

b

0 Cong thirc nhan: 4 X‘”XAk‘:‘Al"”"‘Ak‘,

B

{ra—BY=|4" |2 =21

0 Chinh hop ¢¢ lap:
0 Néu 1 : 4 — B song anh thi ‘A‘ :‘B‘.
1.2.5 Cac céu tric dai so

Luat hop thanh trong, hay con goi 1a phép toan hai ngdi, trén tap X 1a mot
anhxatr X x XvaoX ,kyhiéu *: X x X > X (x, )P x*y

Luat hop thanh trong * cua tap X dugc goi la:
v Co tinh két hop néu VX VsZ € X ix*(y*z)=(x*y)*z

v C6 tinh giao hoan néu V5V € X ix*y=y*x
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v Co phan tr trung hoa (hay c6 phan tir don vi) la €€X néu
VxeX:x*e=e*x=x

.9 5 r A 5 \ A 5 ! s 1N
v Gia st * c¢6 phan tir trung hoa €€X _ Phan tt ¥ €X duoc goi 1a
phan tor doi xing cua x € X néu x*x'=x"*x=e.

Tap khac tréng G véi luat hop thanh * duoc goi 1a mot vi nhom néu * co tinh
két hop va ¢ phan tir trung hoa.

v/ Vi nhém 1a mét nhém néu moi phan tir cia G déu c6 phan ter ddi.
v/ Néu * ¢6 tinh giao hoan thi nhém (G,*) duoc goi 1a nhom giao hoan
hay nhoém Abel.
Vanh (4,+,"), trong d6 "+," 1a hai ludt hop thanh trong cia 4 # ¢ thod man:

v (A4,+) 1a mot nhom Abel,

v’ Luat nhén c6 tinh két hop,

v’ Luat nhén c6 tinh phan phdi hai phia d6i voi luat cong, nghia la:
Vx,y,z€A: x-(y+z)=x-y+x-z phan phdi bén trai
Vx,y,z€ A: (x+y)-z=x-z+y-z phan phdi bén phai

v/ Néu thod mén thém diéu kién:

Luat nhan ¢o tinh giao hoan thi (A4,+,") 1a vanh giao hoan.
Luat nhan ¢ phan tir don vila 1 thi (A4,+,) 1a vanh c6 don vi.
v Vanh khong ¢6 u6e ctia 0 duoc goi la vanh nguyén.

Truong la mot vanh giao hoan c¢6 don vi (K,+,)) sao cho moi phﬁn tr x#0

ciia K déu kha nghich (c6 phan tir dbi cua luat nhan).
v @+ R+ (C4) 13 ruomg.

v (Z3:+.) 13 truomg khi va chi khi 7 13 sé nguyén t6.
1.2.6 Pai so Bool:
Pai s6 Boole (B,v,A,") 1a mot tap khac tréng B voi hai phép toan hai ngi
v,A:Bx B — B va phép toan mdt ngdi ': B — B thoa mén céc tién dé sau:
v B1: v,A c6 tinh két hop, nghia 14 v6i moi a,b,c € B

av(bvec)y=(avb)ve, an(brc)=(anb)nc
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Chuong 1: Mo dau vé logic ménh dé, tap hop anh xa va cdc cau truc dai so

v B2: V,A c¢6 tinh giao hoan, nghia la v6i moi a,b € B
avb=bva, anb=bna
v/ B3: Tdn tai cac phan tir khong va phan tir don vi 0,l € B sao cho
O#1lvavoimoiaeB avO0=a, anl=a

v' B4: V6i moi a € B thi a'e B 14 phan tir d6i theo nghia la:
ava=1l ana=0

v/ B5: Luat v phan phdi d6i voi luat A va luat A phan phéi d6i voi luat
Vv, nghia la véi moi a,b,c € B
av(ibnarc)y=(avb)ya(ave),an(bve)=(anb)v(anc).
Hai cong thic Boole trong dai s6 Boole (B,v,A,") duoc goi 1a ddi ngiu néu
trong mdt cong thuc ta thay v,A,0,1, béng A,V,1,0 thi ta duge cong thie hai.

Nguyén 1y dbi ngdu: Néu mot cong thire cua dai sé Boole duge ching minh 1a
dung dua trén co s hé tién dé B1-B5 thi cong thirc d6i ngiu cua chiing ciing ding.

Cé thé ap dung dai s6 Boole dé giai quyét cac bai toan vé mach dién, thiét ké
modt mang thod man nhiing yéu cau nao do, rat gon mang dién...

1.3 CAU HOI VA BAI TAP
Ciu 1: Hay chon céu tra 1o ding nhat;

a) "Moi s nguyén t6 déu 12 sd 1é c6 phai khong?" 1a mot ménh dé 16gich
toan hoc.

b) "Trai dit quay xung quanh mat troi" khong phai 1a mot ménh dé
l6gich toan hoc.

c¢) Ménh @& p v p ludn dung.
d) Tét ca cac y trén déu sai.

Céu 2: Hiy chon cau tra 1oi diing nhat

a) (PA(p=q)=4. b (p=q9) =(prq)
C) ((p > Ar(g=> r)) = (p = r). d) Tat ca cac ¥ trén déu ding.
Céu 3: Cho tip A va phan tir x ciia A. Diéu nao sau day sai

a) xed. b) xc 4. c) pe#(A). d) ¢ = 2(4).

15



Chuong 1: Mo dau vé logic ménh dé, tap hop anh xa va cdc cau truc dai so

Cau 4: Gia sit 4,8,C,D la tap con cia E. Truwong hgp nao sau day la
sai:
a) A\B=¢ khivachikhi AcB.
b)Néu AcB,CcD thi AUCcBUD, AnCcBND.

) AUA#A.
d)Néu 4AUCcAUB, AnCc ANB thi Cc B.

Ciu 5: Cho 4, B 12 hai tip con ciia E. Hiy chon ciu tra 101 diing nhat:
a) AcB& Bc A.
b) AcB< AUB=B< AUB=E.
) AcBo ANB=A<BUA=4.
d) Tét ca cac y trén déu dung.
Ciu 6: Cho 4, B 1a hai tip con ciia E. Hay chon céu tra 1oi ding nhat:
a) AN\(A\B)=ANB.
b) AN(B\C)=(ANB)\(ANC).
c) AU(B\A)=AUB.
d) Tét ca cac y trén déu dung.
Cau 7: Gia st 4,B,C,D la tap con cia E. Truwong hgp nao sau day la
sai:
a) ANB# ¢ < (AxB)N(BxA)#¢.
b) (AxC)U(BxD)=(AuB)x(CuD).
C) (AxXC)YN(BxD)=(ANB)x(CND).
d)Néu AcB,Cc D thi AxCcBxD.

Cau 8: Trong cac trwomg hop sau day trwong hgp nao thi hai tap hop 4
va B khéong bang nhau

a) A:{xelR x2+2x>1}, Bz{xeR‘x>\/§—1}.

b) A4 la tap moi s6 thuc >0, B 1a tap moi s6 thuc > tri tuyét ddi cua
chinh no.
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Chuong 1: Mo dau vé logic ménh dé, tap hop anh xa va cdc cau truc dai so

x3—a3=x—a;

C) A:{xeR

a\:%}, B={a—2al.

d) 4 1a tap cac s tu nhién nguyén t6 nho hon 15, B =1{2,3,5,7,11,13}.

Cau 9: Quan hé nao trong cac truwong hgp sau day la quan hé twong
dwong trong tip cac s6 nguyén Z .

a) aRb < a chia hét cho b.

b) aRb < a khong nguyén t6 v6i b.

¢) aRb < (a,b)=1(a va b nguyén tb cting nhau)

d) ab < a—b'm, trong d6 m >2 1a mot sd ty nhién cho trudc.
Cau 10: Trong R, xét quan hé twong dwong # xic dinh béi:
aRb < a>-b=a-b.

Tim 16p tuong duong a coa a trong cac truong hop sau:

a) Tri tuyét ddi ctia a thoa man: ‘a‘ > 2/ V3.

b) Tri tuyét ddi cuia a thoa man: ‘a‘ = 1/ V3.

¢) Tri tuyét d6i ciia @ thoa méan: ‘a‘ < 2/\/5 va ‘a‘ # 1/\/5

d) Tri tuyét ddi ctia @ thoa mén: ‘a‘ = 2/ V3.

Cau 11: Quan hé ./ nao trong cic truomng hop sau diy l1a quan hé tha tw
trong tap tuwong irng

a) aflb>b-a>0,Va,beZ.

b) ab < bia,Va,be Zi, Zj 1a tap cac s6 nguyén duong.

¢) ARB & A< B,VA,Be P (X), trong 36 X # ¢ 1a mot tap cho trudc

d) Tét ca cac trudong hop trén déu 1a quan hé thi tu.

Céu 12: Tim cac vi du vé tap dwoe sip (E,<) va hai tip con 4,BC E

thoa man:

a) Ton tai sup 4 nhung khong ton tai sup B.

b) Ton tai sup B nhung khong ton tai sup 4.

c) Ton tai sup 4 ¢ Anhung ton tai max B.
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Chuong 1: Mo dau vé logic ménh dé, tap hop anh xa va cdc cau truc dai so

d) Ton tai inf 4 nhung khong ton tai sup 4.
Cau 13: Cac anh xa /:R — R nao sau day la don anh:

a) f(x)=2+5. b) f(x)=x> +x% —5x.

¢) f(x)=3x-2]. d) f(x)=x% +bx+c;b,ceR.
Cau 14: Cho hai anh xa f,g: N— N xac dinh béi:

n/2 néu n chin

Jm=2n g(n):{(n—n/z néu n I8¢

Hay xac dinh:
a) feg. b) go f. c) fof. d) fegef.
Cau 15: Gia st 4,B,C,D la tap con cua X .
s Il nfu xed . . 5 S
bat 7,4(x)= ) va goi la ham dac trung cua tap A.
0 néu x¢ A4

Hay chon céu tra 101 diing nhét:
a) Ig-Ty=1y;5Ix\q=1-14.
b) I y~p=14-Ip; Iqup=1y+Ip—14-1p .
c) AcBs 1, <1p .
d) Tét ca cac y trén déu dung.
Ciu 16: Cho anh xa 7:X —Y va 4, Bc X . Piéu nao sau diy luén ludn
dung:
a) ACB < f(A)c f(B). b) f(AUB)= f(A) U f(B).
c) f(AnB)=f(4A) N f(B). d) f(B\A)=f(B)\ f(4).
Ciu 17: Cho anh xa f: X —»Y va C,D c Y. Piéu nao sau diy khong ludn
ludn dung:
a) [(CnD)= ()N fTHD).

b)Cche ) cr(p.

o) flccubp)=rloyur ().
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Chuong 1: Mo dau vé logic ménh dé, tap hop anh xa va cdc cau truc dai so

d) s~ \D)= O\ D).

Cau 18: Ky hiéu i=go f lahgpciahaianhxa f: X >Y, g:Y > Z.
Diéu ndo sau diy khong ludn ludn dung:

a) f,g donanhthi 2 donanh. b) f,g toan dnh thi 4 toan anh.

c) h don anh thi g don anh. d) /4 toan anh thi g toan anh.
Cau19: Ky hiéu i=go f lahgpciahaianhxa f: X >V, g:Y > 7.
Diéu nio sau diy khong ludn ludn dung:

a) h don &nh thi f don anh.

b) & toan anh thi f toan anh.

c) h don anh va ftoan anh thi g don anh.

d) 4 toan dnh va g don anh thi f toan anh.

Cau 20: Cho hai phép thé ciia tap {1,2,3,4}:

1 2 3 4 1 2 3 4 .
= = . Tim:
{3 4 1 2} {4 2 1 3}

a) oo /. b) uoo. c) oL d) ,u_l
Cau 21: Véi cac chirsd 1, 2, 3, 4, 5 ¢6 thé lap dwoc bao nhiéu s0:

a) Gom 4 chit s6 khac nhau.

b) S6 chin gdm 4 chit s6 khac nhau.

c) Sb 1¢ gdm 4 chir s6 khac nhau.

d) S6 chin gdm chir sb bat ky.

141
Cau 22: Tinh gia tri A= Ll ( j
3151 27!

10!
4 5 2 6
a) A=—. b) A=—. ¢)Ad=—. d) A=-—.
) 5 ) 2 ) 3 ) p
Céu 23: Tim tat ca cac s6 tw nhién dwong 7 >1 thoi min W=%
m+1)!
a) m=4. bym=1,m=4. c)ym=3,m=4. d)ym=2,m=3.
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Ciu 24: Mudi nguoi ban di xem phim, cing ngéi mét hang ghé, choi tro
d6i chd cho nhau. Cho ring mot lin doi chd mat hét mot phut, héi thoi gian
ho d6i chd cho nhau la bao nhiéu?

a) Hét 10 ngay dém. b) Hét 100 ngay dém.
c) Hét 1670 ngay dém. d) Hét 2520 ngay dém.

Cau 25: Mot hop tic xa ¢6 225 xi vién. Ho muén bau mot nguoi 1am chii
nhiém, mot thw ky, m¢t thi quy ma khong kiém nhiém. Gia sir moi xa vién
déu c6 kha ning dwoc chon nhw nhau, héi c6 bao nhiéu cich chon?

a) C6 12600 céch. b) C6 13800 cach.
c) Co 14580 cach. d) Co6 13680 céch.

Céu 26: Mot hop tic xa ¢é 225 xa vién. Ho mudn bau mot hoi ddng quan
tri gdm mét chi nhiém, mot thw ky, mét thi quy ma khong kiém nhiém. Gia
sir moi xa vién déu c6 kha ning dwoc chon nhw nhau, héi c6 bao nhiéu cach
chon?

a) C6 2100 cach. b) C6 2300 cach.
c¢) C6 4860 cach. d) Co6 2280 cach.

Cau 27: Mt cai hop dung 10 qua ciu trong d6 ¢6 7 qua ciu tring va 3
qua cau d6. Hoi c6 bao nhiéu cach:

a) LAy ra 4 qua cau tir hop.
b) Lay ra 4 qua cau, trong d6 c6 ding 2 qua cau do.
c) Lay ra 4 qua cau, trong d6 c6 nhiéu nhat 2 qua cau do.
d) Lay ra 4 qua cu, trong d6 c6 it nhat 2 qua cau do.
Ciu 28: Hiy chon ciu tra 10i diing nhat:
k k—1 k
a) C, 4 +C, 1 =C,.
b) Co+CL+C?+..+C=2".
) Ch,+ CS’n + an +ot szs_l = an +C3 +CS ot szl’;’
d) Tét ca cac y trén déu dung.

Ciu 29: Tim s6 hang 16n nhit trong Khai trién ciia nhj thirc (37 + 19)3 L

a) 3937711917, ¢) C3737'%19" .
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Chuong 1: Mo dau vé logic ménh dé, tap hop anh xa va cdc cau truc dai so

b) €3937'%19%1 . a) 37371912

Cau 30: Phép toan nao sau day khong phai la mot luat hgp thanh trong:
a) Phép cong hai véc to. b) Tich v6 hudng hai véc to.
c) Phép cong hai da thuec. d) Phép nhan hai ham sé.
Cau 31: Phép hop thanh trong nao sau day khong cé tinh giao hoan:
a) Phép cong cac sb thuc.
b) Phép nhan cac sb tu nhién.
c) Phép hop cac anh xa tir tdp E # ¢ vao chinh tdp E.
d) Phép cong cac ham sb.
Céu 32: Truong hop nao sau diay khong cé cau triic nhém
a) Tap cac so tu nhién N vé6i phép cong.
b) Téap cac sd tu nhién Z voi phép cong.
¢) Tap céc so hiru ti khac khong Q" vsi phép nhan.
d) Tap c4c sb hitu ti duong khac khong @, véi phép nhan.
Cau 33: Gia st (G,*) 12 mot nhom. Piéu nao sau diy khong ding:
a) Phan tir trung hoa e 13 duy nhét.
b) Vi mbi phan tir x, phan tr ddi x' ctia nd 1a duy nht.
¢) Phan tr trung hoa e khong c6 phan tir doi.
d) Thoa man luat gian udc, nghia lanéu x* y=x*z thi y=z.

Ciu 34: Trong moéi tap s6 sau diy véi phép cong sd va phép nhan so,
truwong hgp nao khong phai la mt vanh:
a) Tap cac s6 nguyén chan.
b) Tép céac s6 hiru ti dwong Q. .
¢) Tap cac sb c6 dang a + b2, avab nguyeén.
d) Tap cac s6 nguyén moduld p.
Ciu 35: Cho A 1a mot vanh. Phan tir x € 4 dwoe goi la luy linh néu ton

tai mot s6 tw nhién n = 0 sao cho x” =0. Piéu nao sau diy khong ding:
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Chuong 1: Mo dau vé logic ménh dé, tap hop anh xa va cdc cau truc dai so

a) Néu x, y luy linh va xy = yx thi x + y ciing liy linh.
b) Néu x luy linh va xy = yx thi xp ciing lity linh.
¢) Néu x e 4 Iu§ linh thi ton tai x .

d) Néu x e 4 lu linh thi ton tai (1-x)'.

Cau 36: Hay xac dinh cac cong thirc dai so Boole nio sau diy la twong
dwong:

a) (xAz)v(x'Ap). b) (xAy)vz.
c) (xvy)a(xvz)a(yvz). d) b/ v (x A z)]/\ [z Y (x'/\y)].
Cau 37: Cong thurc [x v('Az)vi(x A z')]v (¥ A z) ¢6 cong thirc rat gon la
cong thirc nao sau day:
a) yvz. c) (xAY)vz.
b) xvz. d) (xAz)vy.

Cau 38: Truwong hop nao sau day la cong thirc rut gon ciia mang

O—0—0
a) xA(yvz). b) xv(yaz).
c) za(yvx). d) yvi(xnaz).
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CHUONG 2: KHONG GIAN VEC TO’

21 MUC TIEU, YEU CAU, Y NGHIA

Khai niém khong gian véc to c6 ngudn gde tir vat Iy. Ban dau cac véc to 13
nhitng doan thang c6 dinh hudng, véi khai niém nay nguoi ta da str dung dé bicu
dién cac dai luong vat Iy nhu: véc to van tde, luc tac dong, luc dién tur... . Cac nha
vat 1y con str dung phuong phap véc to Fresnel dé tong hop cac dao dong diéu hoa.

Cudi thé ky 17 Descartes da dé xuat phuong phap toa do dé giai quyét cac bai
toan hinh hoc. V&i phuong phap nay mdi véc to trong mit phang dugc dong nhat
v6i mot cap s 14 hoanh do va tung do con vée to trong khong gian duge dong nhat
v6i bo ba sb. Cac phép toan cia véc to (cong véc to, nhan 1 sb véi véc to) co thé
chuyén tuong tmg bang phép toan trén cac bo sb va thoa man mét sb tinh chat nao
d6. Trong nhiéu linh virc khac ching ta ciing thiy nhimg ddi twong khac nhu cac
da thirc, ham s, v.v... ¢6 cac phép toan thoa man céc tinh chét twong tu cac véc to.
Diéu nay din dén viéc khai quat hoa khai niém véc to.

Trong cic cong trinh vé sd quaternion tir naim 1843 cta nha toan hoc Anh
Hamilton, ngudi ta c6 thé tim thdy mot dang tho so ctia khai niém khong gian vec
to 3 va 4 chiéu. Hamilton dung cac sé quaternion dé nghién ctru cac van dé toan Iy.
Sau d6 cac nha vat 1y nhu Maxwell va Gibbs da phat trién dan 1y thuyét khong gian
véc to 3 chiéu. Khai niém khong gian véc to 4 chiéu dugc Einstein (Anh-xtanh) sir
dung trong thuyét trong dbi. Ngay nay 1y thuyét khong gian véc to nhiéu chiéu
duoc st dung rong rai trong nhiéu linh vuc khic nhau ctia toan hoc va cac nganh
khoa hoc khac.

Chung ta thay khai niém khong gian véc to dugc hinh thanh qua mot qua trinh
lau dai trén co so cac thanh tyu vé 1y thuyét cling nhu Gng dung thyc té va khai
quat hoa cao. Vi vy dé hoc t6t chuong nay d6i hoi ngudi hoc phai nam vimg khai
niém khong gian véc to vor mic do trtru twong cao, con cdc moé hinh cu thé 1a céac
khong gian 2 chiéu, 3 chiéu ta di biét. i twong cia ta & day 1a cac khong gian
véc to hitu han chiéu. D6 1a cac khong gian c6 hé sinh hitu han. Trong khéng gian
nay moi véc to déu c6 thé biéu dién thanh t6 hop tuyén tinh cia cac véc to ciia hé
sinh. Mudn cho biéu dién nay 1a duy nhat thi hé sinh phai doc 1ap tuyén tinh, luc do
ta goi 1a mot co s& clia khong gian véc to. Cac hé sb trong biéu dién ¢ trén duoc
goi la toa d§ cua véc to.
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Hoc vién can luyén tap tim toa d0 cua mdt véc to trong cac co sé khac nhau.
Tim h¢ con doc lap tuyén tinh t6i dai ctia mot hé véc to cho trude. Tim hang cua
mot hé véce to, tim chiéu cua khong gian con. Cong thirc chiéu cia téng hai khong
gian véc to con, chiéu cua giao cta hai khong gian véc to con. Thay duoc mbi lién
hé gitta hé con doc lap tuyén tinh toi dai cta hé sinh va co sd, lién hé gitra hang
ctia hé sinh va chiéu cta khong gian sinh boi hé sinh nay (dinh 1y 2.17). Lién hé
v6i nhimg phép toan va tinh chat véc to da biét & phd thong.

2.2 TOM TAT NOI DUNG

2.2.1 Khai niém khong gian vecto

Khong gian véc to trén truong K 1a tdp V khac ¢ véi hai phép toan:

* Phép toan trong * Phép toan ngoai
VxV =] KxV >V
(u,v) > u (a,u) > au

thoa man céc tién dé sau v&i moi u,v,weV va a, ek
Vi o u+v)+w=u+(+w)
Co0eVsaochou+0=0+u=u
Voimdi ueV c¢d —ueV saocho u+(—u)=(-u)+u=0
u+v=v+u
(a+ pu=ou+ fu
a(u+v)=ou+av
(afp)u =a(fu)

v’ lu=u, trong d6 1 1a phan tir don vi cia K .

DN NN N RN

Khi K =R thi V dugc goi la khong gian véc to thuc.
Khi K =C thi V thi dugc goi la khong gian véc to phirc.

Cac phan tir cuia V dugc goi 1a cac véc to, cac phan tir cia K duoc goi la cac
phan tr vd hudng.

Vi (V,+) 1a mot nhom Abel nén véc to 0 va véc to do1 —u cua u la duy nhat
voimoiuel .
v Co6 luat gian uéc: u+v=u+w=v=w.

vV6imoi ueV,0u=0, (-Du=-u.
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vV VéimoiaeK, al=0.
v Néu cu =0 thi @ =0 hodc u=20.
Ta dinh nghia u —v:=u+(-v),khid6 u+v=wu=w-v.

Vi cac véc to uy,uy,...,u, €V va véi moi a,a,,..,a, € K, do tinh két hgp

ctia phép cong nén ta c6 thé dinh nghia theo qui nap:

n
Zak“k =qqu +...+au, =(aquy +...+ o, _u,_1)+au, €V
k=1

biéu thic nay duogc goi la mot td hop tuyén tinh cua cac véc to uy,...,u,,.
Trong gido trinh nay ta chi xét K =R, nghia 1a chi xét cac khong gian véc to
thuec.
2.2.2 Khong gian vecto con
a. Khong gian véc to con:

Tap con W # ¢ cta V sao cho hai phép toan tir ¥ thu hep vao W tr¢ thanh
khong gian véc to (thoa mén céc tién dé V1-V8) thi W duoc goi 1a khong gian véc
to con cua ¥ (hay ndi tat: khong gian con cta V).

b. Khong gian con W bé nhét chira hé véc to S duge goi 1a khong gian sinh
bo1 hé S ky hi€u W =span§ va § duge goi 1a h¢ sinh caa 7.

W =span S bang tap hop tat ca cac to hop tuyén tinh cua S.

Néu V =spansS, S= {vl,...,vn} hitu han thi V' dugc goi 1a khong gian hiru
han sinh. Luc d6, véimoi u eV ; u=xv; +...+x,v,, , X|,...,X,; €R.

c. Tong ciua mot ho khong gian véc to con: Gia st Wi,....,W, 1a n khong gian
con ciia V. Ta ky hiéu W +...+ W, la tong clia cac khong gian con Wj,...,W, va

dinh nghia nhu sau:
ueW +. . +W, cu=uj+..+u,,u; eW;;i=1,...,n.
Tuy nhién, n6i chung cach viét trén khéng duy nht.
Khi véi mdi u e Wy +...+ W, cach viét trén duy nhét thi tong cac khong gian

con nay dugc goi 14 tong truc tiép. Lic d6 ta ky hiéu: W] @ ...®W,, .
Tong W) + W, 1a tong truc tiép khi va chi khi W "W, = {0}.

Ta c6 thé chimg minh dugc W) +...+ W, =span(W; U...UW,)
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Mot cach tong quat ta dinh nghia va ky hiéu tong ciia mot ho cac khong gian

véc to con (W,-)l.e[ la ZWZ = span UWZ

iel icl

uj, € Wij ,ij el,j=1,...,kk=12,.. }

Vay ZWl :{”il ot Uy

iel
2.2.3 Poc lap tuyén tinh
Hénvécto S = {ul,...,un} cua V' duoc goi la doc lap tuyén tinh néu:
o) +...+au, =0,aq,....,a, R thi og=...=, =0.
H¢ khong doc 1ap tuyén tinh duoc goi l1a phu thudc tuyén tinh.
Hé con {vl,...,vn} cua hé¢ § duoc goi 1a doc 1ap tuyén tinh toi dai ctia S néu

n6 1a hé doc 1ap tuyén tinh va néu thém bat ky véc to ndo cua S thi ta c6 hé phu
thudc tuyén tinh.

Moi hé véc to S déu c6 hé con doc lap tuyén tinh toi dai, s véc to cta cac hé
con doc lap tuyén tinh t6i dai cia S déu béng nhau va ta goi l1a hang cua S, ky
hi¢u r(S).

Moi hé sinh doc lap tuyén tinh cua V' dugc goi la mot cosd cua V.

Néu & ={ey,....e, } 1a mot co s¢ chia V. Luc d6, voi moi u €V ; ton tai duy

nhit x,...,x, €R saocho u=xv; +...+x,,.
— 3 N\ A 2 4 2 %
(Xp5eenXpy) = [ut] % dugc goi la toa do cua véc to u trong co sO .

Moi khong gian hitu han sinh V' déu ton tai co s¢. S6 phan tir ctia moi co so
cua V' déu bang nhau va dugc goi la s6 chi€u cua V', ky hi€u dim)’.

dim(spanS )= r(S).
2.3 CAU HOI VA BAI TAP

Cau 1: Trwong hgp nao sau day tap R> véi cac phép toan dwogc dinh
nghia la khong gian véc to

(x,y,2)+(x",y,z)=(x+x",y+y',z+2)
a(x,y,z)=(ax,y,z); aecR

(x,y,2)+(x, ¥, 2) =(x +x", y + y',z + 2')
a(x,y,z)=QRax2ay2az); aeR
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(x,y,2)+(x",y,z2)=(x+x+Ly+ y'+1Lz + z'+1)
a(x,y,z)=(0,0,0); aeR

(x,y,2)+(x", vy, z)=(x+x",y+y',z+2z2)
a(x,y,2) =(ax,ay,az); aeR

Ciu 2: Véi cac phép cong hai ham so va phép nhan ham s6 véi so thure,
tap cac ham s6 nio sau day 1a khong gian véc to.

a) T4p cac ham s khong 4m trén [a,b)].
b) Tap cac ham s6 bi chin trén [a,b].
c) Tap cac ham s6 kha vi trén [a,b] ( c6 dao ham tai moi diém).
d) Tap cac ham sd trén [a,b] sao cho f(b)=1.
Cau 3: Tap hgp cac véc to ¢6 dang nao sau day khong la khong gian con
ciia R’
a) Cac véc to co dang (x,0,z).
b) Cac véc to co dang (x, y,1).
c) Céac véc to co dang (x,y,z) thoaman x+ y+z=0.
d) Cac véc to c6 dang (x,v,z), 2x—y+z=0, x+y—-4z=0.
Cau 4: Tap hgp cac véc to c6 dang nao sau day khong la khong gian con
ciia R’
a) Cac véc to (x,,z) thoaman x<y<z.
b) Cac véc to (x, y,z) thod man xy =0.

c) Cac véc to (x,y,z) thoaman 3x+2y—-4z=0.
d) Céc véc to (x, p,z) thoa min x = 2.

Cau 5: Tim véc to u sau cua khong gian R* thoa min phwong trinh:
3(vi —u)+2(vy +u)=5(vy +u)
trong d6 v, =(2,5,1,3); v, =(10,1,5,10); v; =(4,1,-1,1)
a) u=(6,12,18,24). b) u=(7,-2,3,0).
c) u=(1234). d) u=(-2,3,7,0).
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Cau 6: Hiy biéu dién véc to' u thanh t6 hop tuyén tinh ciia vj,v,,v3:
a) u=(7,-2,15); v =(2,3,5), vp =(3,7,8), v3 =(1,-6,1).
b) u=(1,4,-7,7); v; =(4,1,3,-2),v» =(1,2,-3,2) ,v3 = (16,9,1,-3) .
) u=(69,14); v =(LL1), v» =(1L,1,2), v3 = (1,2,3).
d) u=(6,2,-7); v =(2,1,-3), vo =(3,2,-5), v3 = (1,=L1,1).

Cau 7: Hay xac dinh A sao cho x 13 to hop tuyén tinh cia u,v, w:
x=(7-2,4); u=235),v=03,7,8), w=(1,-6,1).

a) 1=10. c) A=-11.
b) 4=12. d) A1=11.

Cau 8: H¢ véc to nao sau day sinh ra R’
a) u=(2,1,-3), v=3,2,-5), w=(,-11).
b) u=(2,-1,3), v=(4,1,2), w=(8,-1_8).
c)u=0314), v=(2,-3,5), w=(5,-2,9), s =(L4,-1).
d) u=(3,0,13), v=(2,7,4), w=(1,-10,11).

Cau 9: H¢ véc to nao sau day cua R’ Ia ddc 1ap tuyén tinh
a) u=(1,-2,1), v=(2,1,-1), w=(7,-4,1).
b) u=(1,-3,7), v=(2,0,8), w=(8,—-1,8), x=(3,-9,7).
c) u=(12,-3), v=(1,-3,2), w=(2,-15).
d) u=(2,-3,13), v=(0,0,0), w=(1,-10,11).

Céu 10: Hé véc to nao dudi day la doc 1ap tuyén tinh.
a) u=(4,-2,6), v=(6,-3,9) trong R>.
b) u=(2,-3,1), v=(3,-1.5), w=(1,-4,3) trong R3.

¢) u=(543), v=(332), w=(8,1,3) trong R>.
d) u=(4,-5,2,6),v=(2,-2,1,3),w=(6,-3,3,9),s =(4,—-1,5,6)
trong R*.

Céu 11: Tim A dé hé véc to sau phu thudc tuyén tinh:
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-1 -1 -1 , -1 -1 -1
= ﬂ“a_a_ 9 = _92‘3_ ’ = _9_91 .
u (2 2)V(2 ﬂ W(2 5 )
a) A=1. ) A=1, 1=1/2.
b) A=2.1=1/2. d) 1=-3.

Cau 12: Xac dinh hé véc to nao sau day la mot co’ sé cua khong gian R>
a) u=(1,-2,1), v=(2,1,-1).
b) u=(2,-3,13), v=(2,0,8), w=(8,-1,8), x=(3,-9,7).
c)u=(Ll), v=(1,23), w=(2,-L1).
d)u=>0112), v=(>1,2,5), w=(53.4).
Ciu 13: Xac dinh toa dd ciia véc to v=(4,-3,2) viét trong co s¢
B ={(1,1,1),(1,1,0),(1,0,0) } cia khong gian R>.
a) [v], =(2,-3.8). b) [v], =(2,-5.7).
o) ], =(-2,-338). d) [v], =(2-3-9).
Ciu 14: Tim chiéu ciia cac khong gian con ciia R*
a) Cac véc to co dang (x, »,0,7).
b) Cac véc to co dang (x,y,z,t) vl z=x—y vat=x+y.
c) Céac véc to co dang (x,y,z,t) VOl x=y=z=t.
d) Cac véc to c6 dang (x,y,z,t) voi x=2y+z—3¢.
Cau 15: Tim hang » ctia hé véc to sau cia khong gian R*:
v =(1,234); v, =(23,4,5); v, =(34,5,6); v, =(4,5,6,7).
a) r=4. c) r=2.
b) r=3. d) r=1.
Ciu 16: Tim chiéu ciia khong gian con sinh béi h¢ cic véc to sau:
a) v =(2,4,1), v, =(3,6,-2), v3 =(-1,2,-1/2).
b) v =(241-3), v, =(1,21,-2), vy =(1,2,2,3).
c) v =(1,0,0,-1), v» =(2,1,L1,0), v3 =(L,1,1,1), v4 =(1,2,3,4),
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vs =(0,1,2,3).
d) v =(,LLLO), v = (L1,-1,-1,-1), v3 =(2,2,0,0-1),
v4 =(LL5,5,2), vs=(1,-1,-1,0,0).
Cau 17: Trong khéng gian R” xét cac véc to:
=(241-3) ; v, =(L2L-2); v; =(1,2,2,-3);
w =(283-7); u,=(1,01-1); us; =(3,8,4,-%).
Pat V) =span{v;,vy,v3}, V5 =span{uj,uy,uz
Hiy tim s6 chiéu ctia cac khong gian con Vy, V,, V,+ V,, V" V.
a) dim(V;)=3, dim(V5 )=2, dim(/} + 7,
b) dim(V;

4, dlm(Vl NV, )=1.

)=
)=3, dim(V,)=2, dim(¥} +V,)=5, dim(V; "V, )=1.
c) dim(})=2, dim(V; )=2, dim(V; +5)

) ) "

)=
)=
=3, dim(; N V,)=1.
d) dim(¥; )=

=2, dim(V, )=3, dim(V] + 5 )=4, dim(l; "V, )=1.
Cau 18: Trong khong gian R* xét cac véc to:
=(21,21) ; v»=(3423); v3=(LLD);
=(—1L-LL3) ; up =(L1L,0,-D; u3z =(2,2,2,2).
bat 1] = span{vl,vz,v_q, }, Vy = span{ul,uz,u3}
Hiy tim s6 chiéu clia céc khong giancon V,, V,, V,+ V,, V" V,.
a) dim(V})=3, dim(V5 )= 2, dim(V; + V>

b) dim(V;)=3, dim(V,

4, dim(V; N V,)=1.

)=

)=2, dim(V} +V5)=5, dim(V; " V5)=1.
c) dim(7;)=2, dim(V; )=2, dim(V; +73)

) (1 +72)

)=
)=
=3,dim(V; " V,)=1.
d) dim(¥; )= 2, dim(V, )=

=3, dim(V] + 75 )=4, dim(r; "V, )=1.
Cau 19: Cho hai hé véc to:
v = (LLL1), vy =(1,-11,-1),v3 =(1,3,1,3) va
=(1,2,0,2),up =(1,2,1,2),u3 =(3,1,3,1).

bat 7 = span{vl,vz,V3}, Vy = span{ul,uz,u3}
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Hiy tim s6 chiéu ctia cac khong giancon V,, V,, V,+ V,, V" V,.

a) dim(V})=3, dim(V5 )= 2, dim(V; + V5 )=4, dim(; "7, )=1.
b) dim(7;)=3, dim(V, )=2, dim(V; + V5 )=5, dim(¥; "V, )=1.
c) dim(1;)=2, dim(V5 )=2, dim(V; + V5 )=3, dim(V; "V, )=1.
d) dim(¥})=2, dim(V, )=3, dim(V; + V5 )=4, dim(V; "V, )=1.

Cau 20: Cho 3 véc to' v, Vv,,V, cua khong gian véc to' /. Khing dinh nao

sau day la sai:
a) Néu {v;,v, }doc lap thi {v| +vy,v] —v,} cling doc lap.
b) Néu {vl,vz,V3}d©c 1ap thi {vl + Vv,V +V3,V3 + vl} cling doc lap.
c) Néu {v;,v,,v3}doc lap thi
{2v1 +Vvy +v3,V] +2vy +v3,v3 —2v) + 5v1} cling doc lap.

d) Néu {VI,V2,V3}d©C 1ap thi {Vl +3vy, v +2vy) —v3,v3 + Vl} cling doc
1ap.

Cau 21: Gia s« W, W, la hai khong gian con cua khong gian véc to V.
Phat biéu nao sau diy khong duing:

a) Wy, W, la hai khong gian con cua W) +W5.

b) W, U W, la khong gian con cua W} + W, .

c) W + W, la khong gian véc to nhé nhat chira Wy U W, .

d) Tong Wy + W, la tong truc tiép Wy @ W, khi va chi khi Wj "W, = 4.
Ciu 22: Phat biéu nao sau diy khong dung:

a) Néu W;, W, 1a hai khong gian con cua R>, dimW, =dimW, =2 thi
Wy "W, #{0}.

b) dim, @ W, = dimW] + dimW,.

c) Ton tai Wy, W, la hai khong gian con ciia khong gian véc to 7 thoa
man dimW| =4, dimW, =5, dimV =7 va dimW| "W, =1.

d) Néu W}, W, 1a hai khong gian con cua R>, dimW; =1, dimW, =2 va
Wiz Wy thi R =w,@w,.
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Cau 23: Cho u=(1,-3,2) va v=(2,—1,1) 1a hai véc to caa R>. Véi gia tri
knao thi (1,k,5) e span{u,v}.

a) k=9. ¢) k=—4.
b) k=4. d) k=-8.
Ciu 24: Cho u =(1,-3,2) va v=(2,~1,1) Ia hai véc to ciia R>. Véc to' nio
sau day thu¢c khong gian span{u,v}.
a) (2,-5,4). ¢) (2,-5,-4).
b) (1,7,-4). d) (3,-5.,8).

Cau 25: Cho W;={(x,y.0)|x,yeR}, Wy =span{(1,23);(,-L1)} 1a hai

khong gian véc to’ con cia R3. Véc to nao sau day thu¢c vao khong gian con
VVI M W2 .

a) (1,-6,2). ¢) (2,-5,0).
b) (1,-6,0). d) (5,-6,0).

Cau 26: Cho W, W5, W3 la ba khong gian véc to' con cua R> xdc dinh
nhu sau: /| = {(x,y,z)‘ X+y+z= O}, Wy = {(x,y,z)‘ X= z}, W3 = {(0,0,z)‘ ze R}.

Hay tim cAu tra 10i ding nhat
a) R =m; +W,.
b) R =, @ ;.

C) R3=W2 @W:),.

d) Tét ca cac truong hop trén déu dung.
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CHUONG 3: MA TRAN

3.1 MUC TIEU, YEU CAU, Y NGHIA

Ly thuyét ma tran c6 mit khip noi, trong toan hoc ciing nhu trong cac nganh
khoa hoc khéc. Vi vy chung ta dé 1Am tuéng rang 1y thuyét ma tran ra doi da lau
lam nhung thyc té 1y thuyét ndy méi ra doi tir dau thé ky 19, mic du nhiéu loai
bang sd c6 tinh chat dic biét dd duoc biét dén tir hang trim nam nay. Cac ma tran
vudng xuét hién dau tién & dau thé ky 19 trong cac cong trinh vé dang toan phuong
hay vé cac phép thé tuyén tinh. Phép nhan hai ma tran vudng cép 3 duoc Gauss
(Gau-x0) dua ra vao nam 1801. Tén goi ma tran dugc nha toan hoc Anh Sylvester
(Synvét) dua ra nam 1850. Cayley (Ké-li) 1a nguoi dau tién mo ta mot cach tong
quat cac phép tinh voi cac ma tran bat ky va ma tran nghich dao (1858). Peano 13
nguoi dau tién dua ra cach biéu dién mot anh xa tuyén tinh qua cic ma tran. Con
Gauss 13 ngudi dau tién sir dung ma tran dé nghién ciru cac dang toan phuong.

Ky hi€u ma tran c6 dong, rat ¢ ich va thuén tién trong khi thuc hién cac phép
bién d6i tuyén tinh (chuwong 6) va cho phép ta phat trién mot phuong phap hoan
chinh dé giai cac hé phuong trinh vi phan tuyén tinh. Sy quan tdm ctia cac nha vat
Iy d6i vé6i 1y thuyét ma tran, ddc biét ting 1én sau khi Heisenberg, Born, Jordan vao
nim 1925 di dung no trong cdc bai toan cta co hoc luong tir. Su phat trién cua
may tinh hién dai thuc hién dé dang nhiing phép tinh ma trin co ban cang thuc day
thém su irng dung rong rai ma tran vao nhitng linh vuc khac.

C6 nguoi vi ma tran nhu 13 s6 hoc cuia toan cao cap. Cach vi von nay hoan
toan hop 1y vi ma trén duoc st dung rong rai trong cac chuyén nganh khac nhau
clia toan hoc. Véi tu cach 13 sy biéu dién cia cac phép bién ddi tuyén tinh, ma tran
dugc str dung trong céac bai toan cuc tri cia ham nhiéu bién, dao ham ham hop, ma
tran Jacobi trong phép ddi bién s, giai cac hé phuong trinh vi phan tuyén tich. Céc
ma trin duong ding dé mo ta cac dic trung cua véc to ngau nhién, mo ta xac suat
chuyén cua chudi Markov trong 1y thuyét xac suat. Giai cac bai toan quy hoach
tuyén tinh. Phan loai cic duong, mit bac 2... Chuong trinh phin mém MATLAB
(Matrix laboratory) hd tro cho viéc tinh toan, d6 hoa va mé phong ciing duoc thuc
hién trong moi1 truong ma tran.

Nam virng khai ni¢ém ma tran gitp hoc vién hoc tot cac chuong 4,5,6,7.
Trong chuong nay ta chi xét khai niém ma trdn cung v6i cac phép toan cong

ma tran, nhan mot s6 véi ma tran, nhan hai ma tradn va ma tran chuyén vi.
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Cong hai ma tran cung c& dugc thyc hién béng cach cong cac phén tr ndgm
trén cac hang cac cot tuong tmg véi nhau. Nhan mot sd v6i ma tran 13 nhan sé nay
vO1 moi phﬁn tr cia ma tran. Hai phép toan nay duoc thuc hién mot cach dé dang.
Phép nhan hai ma tran chi thuc hién dugc khi s cot clia ma tran trude béng sb
hang ctia ma tran sau. Khi d6 phan tir & hang i ¢t j cia ma tran tich ¢6 dugc bang
cach lay cac phan tir trén hang thtr i ciia ma tran trudc nhan tuong ng véi cac
phan tir trén cot thir j cia ma tran sau roi cong lai. Nhu vay phép nhan ma tran
dugc thuc hién kho hon nhiéu. Hoc vién can luyén tap nhiéu vé phép nhan ma tran.

Tap hop cac ma tran cing c& voi phép cong ma tran va phép nhan mot sb voéi
ma tran 12 mot khong gian véc to. Tap hop cac ma trdn vudng cung cip véi phép
cong ma tran va phép nhan ma tran v6i ma tran 1a mot vanh c6 don vi, khong giao
hoan va khong nguyén.

Ma tran cua mdt hé véc to trong mot co sé B nao do6 1a ma tran c6 cac cot la
toa do cua h¢ véc to nay trong co s¢ B. Ma tran chuyén tr co s B sang co sé B' 1a
ma trin cta hé véc to B' viét trong co s¢ B. Hang cua ma tran 1a hang ctia hé véc to
cot.

Ma tran nghich ddo dugc xét trong chuong 4 khi ta da hoc dinh thirc ciia ma
tran. Bai toan chéo hod ma tran dugc xét trong chuong 6 cung véi bai toan chéo
hoa tu déng cau tuyén tinh. Ma tran truc giao va bai toan chéo hoa truc giao cua
mot ma tran duge xét trong chuwong 7 bang cach sir dung tich vo hudng.

3.2 TOM TAT NOI DUNG
3.2.1 Khai niém ma tran

Mot bang s6 ¢6 m hang n cot

all 6112 aln
a a a
a=| o
_am1 am2 amn_

duoc goi la mdt ma tran ¢ mxn. a; 1a phan tir & hang tha i va cot J .

Viét tat dang A= [aij ];:11::1 hay A= [aU ]mxn

Tuy theo cic phan tir a;; la sO nguyén, thuc hay phirc ma ta néi 4 1a ma tran
nguyén, thyuc hay 1a ma tran phirc.

v Khi m=n tandi A la ma trdn vudng cap n.
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v/ Tap hop tat ca cac ma tran ¢& mx n dwoc ky hiéu A4, ,
v/ Tép hop tit ca cdc ma tran vudng cip n dugce ky hi¢u A, .

Ma tran khong
0=[o ]mx , (cac phan tir déu bang 0)

Hai ma trn cung c& bang nhau
A:[aij]mxn = B:[bij]mxn = al]—bl] voimoi i=1lm;j=1n.
3.2.2 Cac phép toan ma tran

a. Cong hai ma tran cung co: [a;'j ]mxn + [bij ]mxn = [alj + b;;

b dnxn
b. Nhan ma tran vo1 mot sb: k[ ZJ] [k ajj ]mxn
Nhan ma tran voi ma tran: Tich hai ma trdn 4 = [ ajj ] va B= [by ] la
p pX}’l
ma trdn cO mxn AB = [ ]]mxn trong do cjj = Zaikbkj voimoii=1,m;j=1n.

k=1
c. Ma tran don vi cap n: Ma tran [ , vuong cap n ¢ cac phan tir trén dudng

chéo béng 1 va cac phén tr & vi tri khac déu béng 0. Voimoimatran 4 cO mxn
tacd [,,A=A4=Al,.

d. Ma tran chuyén vi: Ma trdn chuyén vi ctia ma tran A = [ la

dij ]mxn

:[Cﬁ]nxm S =Ln j=1m

3.2.3 Ma tran cia mot h¢ véc to trong mot co s& nao do
Gia st V7 1a khong gian n chiéu véi mot co so B ={ej,.....e, .
{vl,...,vm} la mot hé véc to ciia V' ¢o toa do trong co sG A :
Néu v Zal]e ,Jj = 1 m thi A= [aij ]nxm dugc goi 1a ma tran cua hé

i=l
véc to {Vy,...,v,, | trong co s& A .

A A 92 A 9 A r ! 2 ) 3 b
Ma tran chuyén co s6 : Ma trn cua hé véc to %' trong co s& & duogce goi la
A A \ 5 7 > ap!
ma trin chuyén tir co s& & sang co sG 4.
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* 9 9 i, ! \ . 2 2
Giast B={ej,...e,}, B=1{e],..e,} lahaicosdcial .
r n D
Néu ¢'; :Ztijel- ,j=Ln..
i=1
thi P= ltUJ 12 ma tran chuyén tir co s& & sang 4" .
n n )
VueV u= Zx,-ei = Zx'l- e'; , cong thirc doi toa do
i=1 i=1
f— .o ' .
[xi ]nxl - [t%] ]nxn [x J ]nxl
Néu 4, 4' 1an luot 1a ma trén cta {vy,...,v,, | trong cosé A, B' thi 4=PA'.

3.2.4 Hang ctiia ma tran

Ta goi hang ciia ma tran 4, ky hiéu »(A), 1a hang cua cac véc to cOt cua A4.

3.3 CAU HOI VA BAI TAP

Cau 1: Phép toan nao sau day khong thuc hién duwoc

1 2 -3 6 -5 1 -3 0 1 25 4 3
a) + . b) + :
50 7 9 -2 8 -4 2 3 47 2 9
1 2 -3 6 -5 1 -3 0
c) -3 . d) 0 :
50 7 9 -2 8 -4 2

Cau 2: Cho

2 -5 1 1 -2 -3 0 1 -2
A= , B= , C= :
30 —4 0 -1 5 1 -1 -1

Tim 34+4B-2C.

& -5 1 2 5
a) : b) .
4 9 21 3 4 7
10 -25 -5 12 17 =25
c) : d) .
7 =2 10 124 -9 21
n X £ X y x 6 4 x+y
Cau 3: Tim x,y,z,w néu 3 = +
z w -1 2w zZ+w 3
a) x:2,y24,Z:1,W:3, b) x:3,y:5,Z:1,W:6.
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c) x=-2,y=5,z=3,w=-1. d) x=-3,y=5,z=2,w=7.

Ciu 4: Cho 4,B,C 1a 3 ma trin vudng cip n. Piéu nao sau diy khong

ludon dang.
a) A(BC)=(4B)C. b) A(B+C)=AB+ AC.
c) A(kB)=(kA)B = k(4B). d) AB=BA.

2 -5 1 -3 1 6 4 ) L
Cau 5: Cho 4= , B= . Phép toan nao sau
3 0 -4 0 -2 75

day thwe hién dugc

a) A+ B. b) 4B. c) A'B. d) AB'.
2 -1
i 1 T L8
Cau6:Cho 4=\ 1 0|, B= . Tinh AB.
3 4 0
-3 4
—1 -8 —10 _
15 —21
a) |1 -2 =51, b) .
10 -3
9 22 15 -
11 -8 9 8 -5 9
c) |10 21 3. d|-7 0 10].
-7 9 15 —14 27 18

R = 8 9 p
Cau7: Cho 4= Y .Tinh A" 4.

3 -1

-1 -8 —10 10 -1 12
a) | 1 =2 =51. b) |-1 5 —4/|.

F o VSN 12 -4 16

Ay 1 18 -10

5 1
C) : d |11 2 =5

1 26

- 9 22 15

1 2
Ciu 8: Cho A:{4 ]Tim 243 —4B+5].
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c)

9

-8

[~ 14
1120

17

4

60

134}'

b)

d)

—7 30
60 —67]
—11 52
104 —117]

. . |1 3] x X
Cau 9: Tim Xx,y néu =6
5 3y y

a) x=3,y=5. b) x=-6,y=-10.

c) x=12,y=20. d) Cac truong hop trén déu ding.

R . L x yl 1 I Tix vy
Cau 10: Tim x,y,z,w thoa man = .
z wll0 1 0 1flz w

a) x=y=4,z=w=3. b) x=w,z=0; x,y tuyy.

C) x=y,z=w; X,z tuy y. d) x=z,w=0; x,y tuyy. Cau
1 2 "
11: Cho A= .Tim A".
0 1
1 2 1 on
2) ”} b |1 2 }
0 1 0 1
1 o 1 0
o |12 } d) }
1 1 —2n 1
0 1 2003
Cau 12: Tinh
-1 0
) 0 —1] b) 0 1
a .
1 0] -1 0
[l 1 2003
C) . d) :
-1 0] 1 -1
Cau 13: Cho ma tran A:[a,-j] vuong cap n. Ta goi

Trd=aj| +ayy +...+a,, (tong cic phan tir trén duwong chéo chinh) 1a vét ciia

A.Khing dinh nao sau diy khong ding:

a) Tr(4+ B)=Trd+ TrB

38



Chuong 3: Ma tran

b) TrAB =TrBA (mdc du AB # BA).
C) Ton tai ma trdn 4, B sao cho AB—BA=1.
d)Néu B=P14P thi TrA=TrB.

Y
z

. X .
Cau 14: Tim tat cad cac ma tran A:{ sao cho A" =1 , vé6i so tu

-1 0

0o -1/

by , i ; VOl ytuy y.

0 - 0 1

-1 0 ][x y][=-x »] .. -
3 ; ;VOlL x,ytuy y.

0 -1 —X 0 x Yy

, 1 0][-1 0]
d) 4 c6 dang , :

nhién n > 0 nao do.

0

) A cod 1 1 y][-1 y] .. -
a) A codan 4 ; vl ytuy y.

ng | o _118F o/ ytuyy
1

[E—

1

1 0

c) 4 codan
) ang | o

1 0
b) A c6 dang L) },

0 1110 -1

Cau 15: Tap con ¥/ nao sau day la khong gian véc to con ctiia khong gian
véc to A cac ma tran vudng cap 2.

a b
a) W tapcac matran A= J thod man ad —bc =0.
c
o 3 (a b
b) W tap cac ma trdn 4=
.~ y a b] . 5
c) W tdpcacmatran 4= J thod man 4~ = 4.
c
» . A la b
d) W tap cacmatran A= J a,b,c tuy y.
c

R 3 1 1 1 0 0 0 2
Cau 16: Tim x,y,z sao cho =X +y +z
I -1 1 0 I 1 0 -1

(biéu dién mot ma tran thanh t6 hop tuyén tinh ciia 3 ma trin khac).
a) x=—4,y=5z=-1. b) x=4,y=-5,z=2.
c) x=-3,y=4,z=1. d) x=3,y=-2,z=-1.
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Cau 17: Viét ma tran 4 ciia hé véc to {v|,vy,v3,v4},

v =(1,-2,5), vy =(3,-4,0), v3 =(7,3,-5), v4 = (11,3,-12)

trong co s& chinh tic ciia khong gian véc to R3.

s

a) A=

c) A=

1

3
7
11

1
-2
5

—2
—4
3
3

3
—4
0

Cau 18: Giasw 7 =

0
-5
-12

7
3
-5

1

3
-1

11
3
-12

3 4

5 1

b) A=

d) 4=

5 =2
0 -4
-¥ A
—12

50
L3 L4
¥ 53

11

)
3
7

-12
3
11

—1 6/ 1a ma tran chuyén tir co s¢' & sang &'

ciia khong gian R>. Cho # ={(-1,2,4), (2,1,-2),(3,0,-5) } tim 2#'.

a) #B'=1{(8,5,-7),(-20,5,39),(5,14,9) }.

b) B'

d)y A’

|
c)%"z{
|

(21,19,15),(-3,-7,1),(17,21,8) }.
(2,5,3),(10,5,~11),(11,14,~1) }.

(—12,24,-8),(=5,8,-1),(27,~11,-7) }.

Cau 19: Trong khong gian R>. Cho hai co sé
B={(12)),233).3,7.D) }, B'={(3,1,4),(52.0),(1L1,-6)}. Tim cong thirc

lién hé gilta toa do cia mdt véc to trong hai co sd trén, [u]ﬂ =(x,y,z) va

] 5 = (¢, 52"

a) x=-27x'"-71y'-41z", y =9x'+20y'49z', z =4x'+12y'+8z".

b) x=9x"+17y'-41z', y =9x'-41y'+122', z=14x"+23)'-82".

c) x=-9x+27y'-41z', y =19x"+41y'+12z', z =14x'+23y'-8zZ".

d) x=9x"+17y'+41z', y =9x"-41y'+122', z =4x'-43y'+18Z".
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Chuong 3: Ma tran

1 1

1 2

Cau 20: Tim hang cia ma tran 4 = 0 3
-1 0

a) r(A)=4. b) r(A4)=3.

c) r(A)=2. d) r(4)=1.
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Chuong 4: Dinh thirc

CHUONG 4: BINH THUC

4.1 MUC TIEU, YEU CAU, Y NGHIA

Ma tran va dinh thirc ngay nay ludn di lién v6i nhau va ai ciing nghi 1a khai
niém dinh thic phai ra do1 sau khai ni€ém ma tran, nhung su thuc nguoc lai. Pinh
thire hinh thanh 13 nhdm dé giai cac hé phuong trinh tuyén tinh ma viéc 1am nay da
co6 mot lich str 1au doi trudc do.

Khai niém dinh thre 14n dau tién duge Leibniz (Lépnit) dua ra vao nam 1693
khi ban dén viéc giai hé phuong trinh tuyén tinh. Dinh thirc dugc tiép tuc phat trién
va nghién ctru qua cac cong trinh cia Cramer (Corame) (Thuy si), Vandermonde
(Vandécmong) (Ha Lan), Laplace (Phap), Jacobi (ia-co-bi) (Puc)... Nguoi dau tién
nghién ctru khai niém dinh thirc mot cach hé théng 1a Cauchy (Co-si) (Phap).

Ngoai tmg dung dé giai hé phuong trinh tuyén tinh, dinh thitc con duoc sir
dung dé nghién ctru nhimg van dé ciia ma tran nhu: ma tran nghich déo, hang cia
ma tran, tim gia tri riéng... Khao sat tinh chat doc 1ap cua mot hé véc to. Pinh thuc
Jacobi dugc st dung trong phép ddi bién sb cua tich phan nhiéu 16p. Pinh thirc
Wronsky (vrong-xki) dung dé kiém tra tinh chat doc 1ap tuyén tinh ciia cac nghiém
ctia phuong trinh vi phan tuyén tinh thuin nhét.

Dinh thurc cia mdt ma tran vuong duoc dinh nghia béng téng cla céac sb hang
gdm tich cta cac phan tir trén tit ca cic hang nam trén cac cot khac nhau va dau
cua hoan vi tuong tng. Tuy nhién khi tinh dinh thuc ta thuong s dung cac tinh
chét ctia nd va phuong phap khai trién theo hang, theo cot hodc nhiéu hang, nhiéu
cot (Pinh 1y Laplace).

Pé dinh nghia dinh thue ta st dung khai niém phép thé d6 1a mot song anh tu
mot tp c6 n phan tir vao chinh nd, anh cua phép thé 1a hoan vi. Khai niém phép
thé, hoan vi ta da gdp trong chwong 1, trong muyc giai tich t6 hop.

Trong chuwong nay ta xét dén hai tng dung cta dinh thirc 13 tim ma tran
nghich dao va tim hang ctia ma tran. Trong chuong 5 ta s& tng dung dinh thirc dé
giai hé phuong trinh tuyén tinh. Trong chuong 6 ta s& img dung dinh thic dé tim

gia tri riéng cua ma tran hodc tu dong cau tuyeén tinh.
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Trong chuong 3, ta di chi ra ring tip cac ma tran vudng cung cap vdi phép
cong ma tran va phép nhan ma tran la mot vanh c6 don vi nhung khong nguyén, do
d6 né khong phai 1a mot trudng. Vi vdy ton tai nhitng ma tran vudng khac ma tran
khong va khong kha nghich. Str dung tinh chét dinh thic cta tich hai ma tran bang
tich hai dinh thirc cua hai ma tran nay, ta chirng minh dugc diéu kién can va du dé
mot ma tran kha nghich 1a dinh thirc ctia né khac 0. Pong thoi ta co cong thire tinh
ma tran nghich dao béng nghich dao cua dinh thirc nhan véi chuyén Vi cua ma tran
phu hop.

Hang ctia mot ma tran bang cap cao nhat cia dinh thirc con khéac 0 chira trong
ma tran.

Vi vay yéu cau ciia chuong nay 1a phai nim vitng duge dinh nghia dinh thirc
cua mot ma tran vuodng, cac tinh chit cua dinh thurc, cc phuong phép tinh dinh
thire. Tir d6 c6 thé tinh toan thanh thao dinh thirc clia cac ma tran thong thudng,
van dung dé giai cac bai toan vé ma tran nghich ddo va hang cua ma tran va lam
cong cu dé hoc tiép cac chuong sau.

Ngoai phuong phép sir dung dinh thirc ta c6 thé sir dung phuong phap Gauss-
Jordan dé tim ma tran nghich dao, thuc chit ciia phuong phap nay 1a str dung phép
bién d6i so cap 1én cac hang cta ma tran.

4.2 TOM TAT NOI DUNG
4.2.1 Hoan vi va phép thé
Mbi song 4nh o : {1,2,...,n} > {1,2,...,11} duoc goi la mdt phép thé bac n.
Anh ctia mot phép thé duoc goi 1a hoan vi.
Néu c6 cip i < j ma o(i) > o (/) thi ta néi c6 mot nghich thé cua o .

Gia sir k 1a sd cac nghich thé cia o, ta dinh nghia va ky hiéu ddu cua phép
thé o

sgn o = (—1)k
Tap cac phép thé bac n ky hiéu S, . Tap S, co ding n! phan tur.
4.2.2 DPinh thirc ciia ma tran vuong
Dinh thirc cia ma trdn vuong 4 = [aij ]nxn dugc ky hi¢u 1a det 4 hay ‘A‘ va
dinh nghia béi biéu thic:
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detA= ) sgnc - ajp(1)--ano(n)

oes,

Tinh chat
v Néu d6i chd hai hang ctia ma tran thi dinh thirc d6i déu. (1)
v’ Dinh thirc ¢6 tinh chét tuyén tinh d6i vdi mdi hang. (2)

v/ Tir 1) va 2) suy ra rang trong mot ma tran c6 hai hang ty 18 thi dinh
thirc bang 0. (3)

v/ Néu ta cong vao mot hang mot t6 hop tuyén tinh cac hang khac thi
dinh thtrc khong thay doi. (4)

v Dinh thic cta ma tran chuyén Vi bé‘mg dinh thtrc cua ma tran do:
detA' =det4 (5)

v/ Tir 5) suy ra rang céc tinh chét ctia dinh thirc ding véi hang thi cling
ding véi cot va nguoc lai. Vi vay ta chi can chiing minh cac dinh 1y
vé dinh thirc dung véi hang. Chang han, tir 4) suy ra néu ta cong vao
mot cot mot to hop tuyén tinh cac cot khac thi dinh thuc khong thay
doi.

v Pinh thirc ciia moi hé véc to phu thudc tuyén tinh déu bang 0.

v Véi moi ma tran cing cap 4, B ludn c6 det AB = det Adet B.

al 1 eoe C_lln

v det(4)(mod p)= Y sgnodis)--dnomn) =| i :

oESy ayl ... Ay

4.2.3 Cac cach tinh dinh thire

a. Khai trién theo cot

det4 = alelj +...+ al’l]AI’l]

goi 13 cong thic khai trién ciia A theo cot tht j. Trong d6 4 = (—1)i+j M,
M;; 1a dinh thirc cua ma tran cap n-1 c6 duoc bang cach xo4 hang i ¢t j cia ma

tran A. Az‘j dugc goi la phén bu dai sd cua ajj -

b. Khai trién theo hang
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det 4= al-lAl-l + ...+ al-nAl-n

goi 1a cong thirc khai trién ctia A theo hang thi i.
Khai trién k ¢ot jj,..., j (Dinh ly Laplace)
det A= Z MU Tk g1k

ll,...,ik il,...,ik
lﬁil <...<ik <n

trong d6 M l] ! ZZ k 1a dinh thirc cia ma tran c6 duoc bang cach iy cac phan
1seees

, con Mk

tu trén k hang: 7j,...,i; va k cot: ji,..., jy cuama tran 4 = [aij ]nxn _—y
1se-+s

la dinh thuc ciia ma tran ta xod di k hang i,...,i; va k cot jj,..., jr cia ma tran

\ [ seees ] | +.. i+ ] T g d ] c 1y 1A
Az[a--] va AUk = ottt R Tk e Tk quge goi 13 phén
Udxn Il yeeeslf 2. Uk

bu dai so cua Ml.jl""l’.jk .
Loeenslf

c. Khai trién k hang iy....,i (Pinh ly Laplace)

oeeslfp Al peenslf
I<ji<.<jp<n

4.2.4 Ma tran nghich dio

Ma tran vudng A duoc goi la kha nghich néu ton tai ma tran vudng cung
cAp B sao cho AB = BA=1.Viphép nhan ma tran c6 tinh két hop nén B néu ton

tai thi duy nhat va ta goi 1 ma tran nghich dao ctia 4, ky hiéu A1

A kha nghich khi va chi khi det A=0 va 47! = B!, v6i B= [Aij] ,

det A nxn

trong do Al-]- la phﬁn bu dai sd cua phﬁn tor ajj cua ma tran 4= [al-j ]nxn , dugc goi
12 ma tran phu hop ciia 4.
a. Tim ma tran nghich dao theo phuong phap Gauss-Jordan: Dé tim ma tran

A ta thuc hién cac budc sau:

v/ Viét ma tran don vi  bén phai ma tran A4: All
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v’ Thuc hién cac phép bién d6i so cap dong thoi 1én cac hang ctia Al dé

dua ma tran 4 & vé trai vé ma tran don vi.

v/ Khi vé trai trd thanh ma trdn don vi thi vé phai 1d ma trin 4~

b. Tim hang cuia ma tran béng dinh thuc
Gid st 4= [ai]'] 12 mdt ma tran ¢& m x n. Néu c¢6 dinh thirc con cap p khac

0 va moi dinh thirc con cdp p +1 bao quanh nd déu bang 0 thi r(4)=p.

4.3 CAUHOI VA BAI TAP
Cau 1: Truong hop nao sau day ding

3 -2 a-b a 2
a) =25. b) =—b“.
4 5 a a+b
4 3 k+1 k+2 4 3
C) =23. =k -3k +2k -1
-1 5 k+3 k+4

Céu 2: Cho 4, B 13 hai ma trin vudng cip n>2.Truong hop nao sau diy
luén ding
a) det(kA) =kdet(4). b) det(4 + B) =det(A) + det(B).

c) det(AB)=det(A)det(B). d) det(—A4) =—det(A4).
Cau 3: Tru’(‘mg hgp nao sau diy khong ding
2 ‘ 2 0 3‘
b) Néu 4 1a ma tran vudng cdp n c6 det(4) =—9 thi det(AAt ): 81.

C) det(Am )= (det(A))m, A 13 ma tran vudng cip n.
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1 7 -3
dl-2 -5 6|=0.
3 8 -9
A % s k k
Cau 4: Tim tat ca cac gia tri cua k sao cho 2k:0
a) k=0. b) k=0,k=4. <¢) k=2,k=4. d) k=0,k=2.

Cau 5: Truwong hgp nao sau day khong diang
a) Dinh thirc ciia ma tran vudng c¢6 mot hang 1a cac s 0 thi bang khong.
b) Pinh thirc cia ma trin vudng ¢ hai hang ti 1é thi bang khong.

c¢) Pinh thuc cia ma tran vuong c6 mot hang ti 1¢ vd1 mot cot thi béng
khong.

d) Néu thay d6i vi tri hai hang cua dinh thuec thi dinh thircdoi dau.
Cau 6: Truong hgp nao sau day khong diang

a+bx  a-bix ¢ a b ¢
a) an +b2x aj —bzx Ch| = —2x an b2 Col.
as +b3x as —b3x C3 as b3 c3
a bl a1x + bly +C ay bl 1
b)lay by arx+byy+crl=xylay by col.
as b3 aszx + b3y +C3 as b3 C3
2

1 a bc 1 a a
Ol b cal=]1 b b*|.
1 ¢ ab 1002

1 a b+c
d)|l b c+al|=0.
1l ¢ a+b
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2 -5 1 2
-3 7 -1 4
Cau 7: Tinh dinh thiec D= .
5 -9 2 7
4 -6 2
a) D=-69. b) D=-78. ¢) D=82. d) D=68.
11 2 3
) , 1 2-x2 2 3
Cau 8: Tinh dinh thire D =
2 3 1 5
2 3 1 9-x7
a) D=(x*>-2)(x*-9) . b) D=(x>-1)(x>-4).
¢) D=(x*>-3)(x>-9). d) D= -D(x*-3) .
2 -4 0 0
1 3 0 0 0
Cau 9: Tinh dinh thie D=5 -9 1 2 3
12 7 4 -2 3
6 4 2 5 -1
a) D=-87. b) D=-170.
¢) D=59. d) D=790.
1 -1 1 -1
1 2 4 8
Cau 10: Tinh dinh thit¢ D=
1 4 16 64
1 x x2 x3

a) D=-82(x—-1)(x—-2)(x-3).
b) D=15(x-1)(x-2)(x—4).
c) D=30(x+1)(x—-2)(x—4).

d) D=82(x—1)%(x-3).
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2 -4 2 0
1 3 3 2
Cau 11: Tinh dinh tht*e D=|{ 3 -2 0 O
4 5 0 0
-6 4 -1 -3
a) D=125. b) D=-115. c) D=-125.
01 1 a
R , . , 1 01 b
Cau 12: Tinh dinh thoee D = .
I 1 0 ¢
a b c O
a) D=a’+b*+c? —2ab-2bc—2ca.
b) D=(a—b-c)’.
¢) D=(a+b+c)?.
d) D=a’+b*+c? +4abe.
3 1 5-m
Cau 13: Cho ma tran A=|\m+1 1 3
3 m-1 3
nio ciia 77 thi ton tai ma tran nghich dao A7
a) m#l,m#2. b)

c) m#—-2,m#3, m#5. d)

3 m 2

Ciu14: Chomatrin A=(4 1 m
m 1 4

thi ton tai ma tran nghich dao A7
a) m#l,m#2. b)

c) mx-S5 m#l,m+#4. d)
49

5

d) D=75.

; meR. Véi gia tri

m#l,m#2, m#5.

m#-=-3, m#2, m#4.

; m eR. Véi gia tri nao cia m

m#2, m#5.

m#-=3, m#l,m#2.
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1 2 3
Cau 15: Tim ma tran phu hop B ciamatran 4=|2 3 4
1 5 7
5 8 -7 1 10 7
a) B=| 2 4 -3|. b) B=| 1 4 -3|.
-4 7 -1 -1 2 -1
8 -6 7 [ 2+ -8 35
c) B=| 11 23 -3|. d B=| 9 0 -1
-12 0 -1 214 -7
111
Cau16: Chomatran A={0 1 1|.Tim ma tran nghich dio A7
00 1
1 -2 1 (1 -1 —1]
a) A'=l0 1 -2 by A1=l0 1 -1
0 0 1 0 0 1
(1 0 0 1 -1 0]
o) A'=[-1 1 o0 d 4=l0 1 -1
1 -1 1 0 0 1|
41 -1
Cau17: Chomatran A=|1 4 -3 |.Tim ma tran nghich dao A7
7 -4 2
g N1 8§ -2 -1
a) A1={3 12 24 0) A_I:% 314 -11].
9 —23 -15 9 —-23 26
4 -2 -1 7 3 -6
b) A_1=% 23 —15 -11|. d) A_I:% 15 17 -15]|.
32 —-23 -15 21 —41 31
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4 -3 2
Cau18: Chomatran A=|1 -3 -2/ .Tim ma tran nghich dao A7
2 1 5
1317 - 11 —13 —14
a) Al=— 9 -16 -10]. o 4'=Llg 21 _13
11 12
-7 10 9 -5 17 3
7 23 25 13 —-11 -32
by 4 =19 _16 —12]. a 4'=L0 —19 -2
14 11 9 9 20 7

Ciu 19: Cho 4, B, C 1a hai ma tran vudng cung cap. Picu nao sau day
khong diang.
a)Néu 4™ =0 thitdntai (1 —A) ' =T+ A+...+ 4™
b)Néu A2 —3A4+7=0 thitdntai A =371 4.

c¢) Néu AB =0 thi khong ton tai A1
d) Néu det A= 0 va BA=CA thi B=C.

3 2 5 4
R . 3 . 4 1 4 m
Cau 20: Tim hang r(A4) ciama tran 4=
2 3 6 8
1 -6 -9 -20
2 khi m=1 2 khi m=0
a) r(4)= ! : b) r(4)= : :
3 khi m=1 3 khi m#0
3 khi m=-1 3 khi m=2
c) r(4)= . : d) r(4) = : :
4 khi m#-1 4 khi m#2
_2m -3 m*>  m? +1_
A . ., A 4 -m m-2 0
Cau 21: Tim hang r(A4) cia ma tran 4=
Sm m+1 0 0
| 3m 0 0 0 |
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3 khi m=0m=-1,m=2
a) r(A)= , .
4 khi m#z0,m=—-1,m#2
3 khi m=0m=1,m=-2
b) r(4)= . :
4 khi m#z0,m#1,m=-2
2 khi m=1m=2m=3
c) r(d)= . :
3 khi m#l,m#2,m=#3
2 khi m=-1l,m=1m=2
d) r(A)= . :
3 khi mz-1lm#1lm=2
Bl /1 M S|
. , Valsim /1
Cau 22: Tim hang r(A4) cia ma tran 4=
1 m 1 1
m 1 1 1
(1 khi m=-1 2 khi m=2
a) r(A)=<3 khi m=3 . b)r(4)=43 khi m=3
4 khi m#—-1,m#3 4 khi m#2,m=#=3
1 khi m=-1 1 khi m=1
c) r(A)=<2 khi m=2 . d)r(4)=73 khi m=-3 :
4 khi m#-1m=#=2 4 khi m#1l,m=-3
1 11 ... 1
1 01 ... 1
Céu 23: Tinh dinh thirc cip n D,=11 0 .. 1]
1 11 .. 0
a) D=2""1. b) D=2(n-1)".
¢) D=(-1)""1. d) D=n""1.
7-x —12 6
Cau 24: Giai phuong trinh | 10 -19-x 10 |=0
12 -24  13-x

52



Chuong 4: Dinh thirc

a) x=0,x=-2,x=3. b) x=-1,x=1.
c) x=1,x=-2,x=3. d) x=-2,x=1.
5-x 7 -5

Cau 25: Gidi phwong trinh | 0 4-—x -1 [=0
2 8§ —-3-x

a) x=—1,x=-2,x=3. b) x=-1,x=3.
c)x=1,x=2,x=3. d) x=-2,x=1,x=3.
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Chirong 5: Hé phirong trinh tuyén tinh

CHUONG 5: HE PHUWONG TRINH TUYEN TiNH

5.1 MUC TIEU, YEU CAU, Y NGHIA

Khi khao sat cac hé tuyén tinh thuong dan dén bai toan giai hé phuong trinh
tuyén tinh. Déi v6i hé phi tuyén nguoi ta thudng giai quyét bang cach xap xi tuyén
tinh. Vi vdy hé phuong trinh tuyén tinh c6 rat nhiéu Gng dung trong thyuc té. Clng
v6i su phat trién cua cong nghé thong tin, nhiéu bai toan ung dung giai tich toan
hoc ngay cang duoc mé rong. Nhiéu bai toan trong cac linh vuc khac nhau cé thé
dua vé cing mot van dé 1a giai hé phuong trinh tuyén tinh. C6 thé chi ra diy mot
vai bai toan dang nay:

- Su phan phdi dong dién trong nhimng so 6 ¢6 nhiéu ghép ndi.

- Giai gan dtng nhitng bai toan cta Iy thuyét thé vi.

- Giai gan ding mot vai bai toan trong cic van dé buc xa dién tur.

- Su phén phdi van téc cac dong nude trong cac hé thuy luc hoc phirc tap.

- Ung dung giai tich théng ké vao tam ly hoc, xa hoi hoc va kinh té hoc ...

Hé phuong trinh tuyén tinh d3 duogc biét dén rat sém. O Trung Quéc ngudi ta
tim thdy mot cudn sach c6 khoang tir nim 500 trudc cong nguyén, trong do co
nhing chi dan vé viéc ding mot ban tinh dé giai cac hé phuong trinh tuyén tinh
qua cac vi du cu thé. Phuong phap giai nay chinh 1a thuat toan khir Gauss. O chiu
Au thuét toan ndy da dugc mé ta trong cong trinh ciia Buteo (Phap) niam 1550,
truéc Gauss hon hai thé ky. Mot phuong phap khac dé giai hé phuong trinh tuyén
tinh 1a st dung dinh thirc ctia Cramer.

Thoat tién ta c thé thay rang hinh nhu van dé giai hé phuong trinh tuyén tinh
d3 cii roi va c6 thé giai quyét bang nhitng phuong tién tinh toan so cap quen biét.
Tuy nhién dé giai cac bai toan néu ra ¢ trén ta thudng phai khao sat khoang tir 150
dén 200 phuong trinh dong thoi. Tinh trang iy trong thuc hanh da giy ra nhiéu khé
khin 16n dén ndi hau nhu khong thé giai quyét ndi néu chi dung phuong phap so
cap. Vé6i sy hd tro cua may tinh va cac thudt toan méi di khién cho hé phuong
trinh tuyén tinh dugc Gmg dung hiéu qua dé giai quyét cac bai toan thuc té.
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Chirong 5: Hé phirong trinh tuyén tinh

Mot hé phuong trinh tuyén tinh c6 thé viét dudi dang ma tran, dudi dang mot
véc to 1a mot to hop tuyén tinh ctia mot hé cac véc to khac hodc biéu thirc toa do
ctia mot anh xa tuyén tinh (chuong 6).

Néu ta ky hi€u cac hé s6 ciia hé m phuong trinh cé n 4n thanh mot ma tran c&
mxn, cic an thanh ma tran cot nx1, cac hé sb vé sau thanh ma tran cot mx1 thi hé
phuong trinh da cho c6 thé biéu dién dudi dang ma tran. Vi cach biéu dién nay ta
thay néu ma tran cac hé s6 kha nghich thi hé phuong trinh ¢6 duy nhat nghiém (hé
Cramer).

Néu ta xét n+1 véc to c6 m thanh phan trong d6 n véc to dau la cac hé sb tmg
voi cac an con véc to thir n+1 1a hé sd caa vé sau cua hé phuong trinh. Khi dé h¢
phuong trinh duoc biéu dién dudi dang véc to, vé sau 1a mot td hop tuyén tinh cua
n véc to cac hé sd. Vi cach biéu dién nay thi hé phuong trinh c6 nghiém khi va
chi khi véc to vé sau thudc vao khong gian con sinh bdi n véc to clia cac hé sb.

Piéu nay cho thay ta c6 thé giai quyét mot bai toan hé phuong trinh tuyén tinh
bang ma tran, t6 hop tuyén tinh, hang cta hé véc to, 4nh xa tuyén tinh ... va nguoc
lai. Vi vay khi hoc chuong nay doi héi hoc vién thay dugc méi lién hé giira cac
khai niém trén dé giai quyét bai toan mot cach linh hoat. Hoc vién cAn nim vimg
va van dung thanh thao hai phuong phap: Cramer va phép khir Gauss dé giai hé
phuong trinh tuyén tinh.

Phuong phép Cramer 13 sit dung dinh thirc dé giai hé phuong trinh, khi
Cramer dua ra quy tac nay thi né trd thanh "mét" trong cic cong trinh vé toan tng
dung trong mdt thoi gian dai. Tuy nhién phuong phap khir ciia Gauss doi khi to ra
don gian hon. Giai bai toan theo phuong phap khir cia Gauss 1a str dung cac phép
bién ddi twong duwong 1én cac phuong trinh ctia hé dé dwa hé phuong trinh can giai
vé hé twong duong don gian hon ma ta d& dang tim duoc nghiém. Thuc chét cua
phuong phéap nay 1a st dung cac phép bién d6i so cip 16én cac hang cta ma tran hé
s6 ctia hé phuong trinh.

Hé phuong trinh tuyén tinh thuan nhét lién quan dén nhan cta anh xa tuyén
tinh dugc khao sat trong chuong 6.

5.2 TOM TAT NOQI DUNG
5.2.1 Dang tong quat ciia hé phwong trinh tuyén tinh

Hé m phuong trinh tuyén tinh n an c6 dang tong quat:
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Chirong 5: Hé phirong trinh tuyén tinh

appx) tapxy +..tayx, = bl
an1X|1 +axyxy +...+arx,x, :b2
<

j=1

Ay X1 + apoXy + oot Ay, =0y
trong d6 x{,X>,...,x,, 1lan an,
a;; lahe s6 cua an thir j trong phuong trinh i,

b; 1a vé phai cua phuong trinh tha i;1=1,...,n;j=1,..., m.

n
Hay Zal]x] :bi ) 1= 1,

Khi cc vé phai b; =0 thi hé phuong trinh duoc goi 1a thuan nhat.

Dang ma tran cta hé phuong trinh tuyén tinh

ajp Ay e apy by X]

a a .. a b X
an| oo | g ) |

Ayl A2 e Ay | _bm_ X,
AX =B

5.2.2 Dang véc to ciia hé phwong trinh tuyén tinh

Néu ta ky hiéu véc to cot thir i ciia ma tran 4 13 v; = (ay;,..

X{V] + Xovy + ...+ x,v, =D

5.2.3 Hé Cramer

m \
o) €RT va

véc to vé sau b = (by,...,b,,) € R™, thi hé (5.1) dugc viét duéi dang véc to:

Hé n phuong trinh tuyén tinh n 4n c¢6 ma tran hé s6 4 khong suy bién dugc

goi 1a hé Cramer. Moi h¢ Cramer déu ton tai duy nhét nghiém.

n
Cu thé hé Zaijxj =b; , i=1,..,n cdnghiém x; =D;/D,i=1,..., n;

J=1
Trong do D=detA=Dgy {vl,...,vi_l,vi,vi+1,...,vn}

Di = D,% {Vl,...,vl'_l,b,VH_I,...,Vn}
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Chirong 5: Hé phirong trinh tuyén tinh

D; 1a dinh thirc cua hé cac véc to cot 1a cac hé so cua hé phuong trinh nhung
véc to cOt thir 1 dugce thay bdi vée to cit vé sau.
5.2.4 Pinh ly ton tai nghiém (Kronecker-Kapelli)

Hé phuong trinh (5.1) ¢6 nghiém khi va chi khi r(4) =r(4) trong d6 4 1a

ma tran c6 dugc bang cach bo sung thém vao ma tran hé s6 4 mdt cot cudi la vé
phai ctia hé phuong trinh.

e e ay b
I . :
Al - Amp by
5.2.5 Cach giii (Cramer)
Gia st hé phuong trinh d4 cho twong duong véi p phuong trinh dau
aj1x) +appxy +...+ay,x, =b
ap1xy +anxy +...+ax,x, =by

AplX| +ap2X) +.ot appX, =b

pn p
a11 alp
Giasir| : .. i [#0 (truong hop khac cach giai hoan toan tuong tu)
4pl 4 pp
Hé phuong trinh trén dugc viét lai:
anx, + ajpXxs + =t alpxp = bl — a1p+1xp+1 — ..~ Xy
an1x; + asn»xn -+ . A aszp — b2 — a2p+1xp+1 — ... AypXy
ApX| +appXxp +.tdp,Xx, :bp —Appi1Xpyl —-— A ppXp

day 1a h¢ Cramer c6 vé sau phu thudc vao cac an x Pl Xy Vay hé c6 vo so

nghiém phu thudc Xp 1o Xp -

5.2.6 Giai hé phwong trinh tuyén tinh bing phwong phap khir Gauss

Thuc hién cac bién doi so cap sau lén cac phuong trinh:
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Chirong 5: Hé phirong trinh tuyén tinh

v Doi cho hai phuong trinh;
v/ Nhan, chia mét s6 khac 0 vao ca 2 vé ciia mot phuong trinh;

v/ Cong vao mdt phuong trinh mot t6 hop tuyén tinh cic phuong trinh
khac.

Dé dua hé phuong trinh di cho vé hé twong dwong ma ma tran bd sung cta hé
mai co dang

a' b, — b',
O] 7 '
O a pp. b p
O O
L b'm .
5.3 CAU HOI VA BAI TAP
Cau 1:
14 n 4
Cho hé phuong trinh tuyén tinh Zaijxj =b; , 1=1,..,m, cO ma tran h¢ s6
J=1
al e Alp al An bl
A=| ¢ -, ¢ |vamatrdinbosung A=| : ' Do
Al - App Al - Aun by

cac véc to hé sb twong tmg v; =(ay;,...,a,;) €R™,i=1,...,n va véc to vé sau
b= (by,....b,,) € R™ . Diéu nio sau day khong dung.
a) Hé phuong trinh c¢6 duy nhat nghiém khi va chi khi n=m,det 4= 0.
b) Hé phuong trinh ¢6 nghiém khi va chi khi #(4) = r(4).
c¢) Hé phuong trinh c6 nghi€ém khi va chi khi b e span{vl yeres Vi }
d) Néu 7(A4) = p thi khong gian nghiém c6 chiéula n— p.

Ciu 2: Phép bién doi nao sau diy khong phai 1a phép bién doi twong
dwong ciia hé phwong trinh.
a) Thay d6i vi tri ctia hai phuong trinh cta hé.

b) Nhan mot s6 bat ky vao ca 2 vé ciia mot phuong trinh cia hé.
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Chirong 5: Hé phirong trinh tuyén tinh

¢) Cong mot phuong trinh vao mot phuong trinh khac ctia hé (vé véi vé).
d) Trr mot phuong trinh vao mot phuong trinh khac cta hé.
Céu 3: Tim cAc gia tri ciia tham s6 m dé hé phwong trinh sau c6 duy
nhat nghiém
(m—1)x; +xp +x3 +x4 =1
xp+(m—1xy +x3+x4=2
X|+xy+(m—Dx3+x4=3

X|+xy) +x3+(m—-1)xy =4

a) m#=12.

b) m#1;m#3.

c)m#-3;,m#1.

dym#-2;m=3.

Céu 4: Tim céc diéu kién ctia a, b, c,d thi hé phwong trinh sau cé duy
nhét nghiém

x+ y+ z=I1

ax+ by+ cz=d

azx+192y+czz:d2
a) a, b, ¢, d khac nhau timg d61 mot.
b) a, b, ¢ khac nhau tirng d6i mot va d tuy y.
¢) a, b, ¢ khac nhau tirng doi mot va d =1.
d) a, b, ¢ khac nhau tirng d61 mét va khac 1, d tuy y.

Ciu 5: Cho hé phwong trinh tuyén tinh phu thudc tham sé m

mx+y+z=1

X+my+z=m
X+y+mz= m>
Piéu nao sau day khong dung

a) Néu m #1 va m # -2 thi hé c6 duy nhat nghiém.
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Chirong 5: Hé phirong trinh tuyén tinh

b) Néu m =0 thi hé c6 vd s6 nghiém.
¢) Néu m =1 thi hé c6 vo s6 nghiém.
d) Néu m = -2 thi hé vo nghiém.

Ox1 + xp +4x3 =1
Ciu 6: Cho hé phwong trinh tuyén tinh: 2x)1 +2xy +3x3 =5
7x1 + 20 +6X3 =7
Tinh céc dinh thitc D, Dy, Dy, D3
a) D=22, Dl =16, D2 =—6, D3 =19.
b) D=13, D; =-16, D, =14, D3 =19.
C) D=42, Dl 2—36, D2 =6, D3 =90.
d) D=45,D; =17, D, =-13, D3 =35.
K4X1 —3X2 + X3 +5x4 =7
X1 —2)62 —2X3 —3)(74 =3
<

Ciu 7: Giai hé phwong trinh tuyén tinh
3x) — xp +2x3 =-1

2x1 +3xp +2x3 —8x4 =7
a) x] =2,xp =1, x3=-3,x4 =1.

b) x=-3,xp)=1,x3=2, x4 =-1.

c) x1=-3,xp)==1,x3=2,x4 =-1.

d) x; =4, xp) ==5,x3 =7, x4 =3.

2x1+ X9 +2x3+ 3x4 =2
6x1 +2xy +4x3+ 5x4 =3

Ciu 8: Giai h¢ phuong trinh tuyén tinh
6x) +4xy +8x3 +13x4 =9

4x1+ XZ-l- X3+ 2X4=1

a) X1 =—1—8x4,x3 =0, X2 =1+2X4.
b) X1 =—1—8X4,X3 =1, Xy =1+2X4.

C) X2=—1—8X1,X3=0,X4=1+2xl.
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Chirong 5: Hé phirong trinh tuyén tinh

d) x3=—1-8x] +2xp, x4 =1+ 2x; —5x;.

Ciu 9: Giai h¢ phwong trinh tuyén tinh

a) x1:1,x2:3—2x4,x3=4—2x4.
b) x1:0,x2 =4—ZX4,X3 =3—ZX4.
C) x1:1,x2:3—2x3,x4=4+2X3.

d) X1=3+5X4,X2 =4,X3 =3—X4.

Ciau 10: Cho hé phwong trinh tuyén tinh

Tim cAu tra 10i ding nhat

2x1 — xp +3x3+ 4x4 =5
4x; —2xy +5x3 + 6x4 =7
6x1 —3xy +7x3+ 8x4 =9
3x1 —4xy +9x3 +10x4 =11

Xy +4xy —5x3 +9x4 =1
3x) +2x9 +5x3 +2x4 =3
2x] +2xy +2x3+3x4 =2
2x] +3xp +4x3 +2x4 =5

a) x] =2, xy =3, x3 =—1, x4 =-2 1a mot nghiém cua h¢.

b) x; =1/7,xp =15/7, x3 =0, x4 =—6/7 1a mot nghiém cua hé.

c) x; =—11, xp =-3, x3 =6, x4 =6 la mot

nghiém cua hé.

d) Cac truong hop trén déu 1a nghiém cua hé.

Céu 11: Giai hé phwong trinh tuyén tinh

a) X1=2+X3 +7x4,x2 =—1+SX3—X4.

2x1 + Txp +3x3+ x4 =5
x|+ 3xp +5x3 —2x4 =3
Xy + 5x9 —9x3 +8x4 =1
5x1 +18xy +4x3 +5x4 =12

b) X1 =6—26X3 +17X4,X2 =—1+7X3 —SX4.

C) x1=2+6x3—7x4,x2 =—1+4x3—2x4

d) X1=4+11)C4,X2=—1—6X4,X3:2.

61

.



Chirong 5: Hé phirong trinh tuyén tinh

2x1— Xy + X3 — X4=3

A cze g A \ K ., 4x; —2xy —2x3+3x4 =2
Cau 12: Gidi h¢ phwong trinh tuyén tinh
2x1 - X2 +5)C3 —6X4 =1

2x; — x9p —3x3+4x4 =5
a) x; =14+2x4, xp =3-2x4,x3=4-2x4.

b) x1 =0, xp =14+ 7x4, x3 =—2—5x4.

c) x; =—4, xp =—6+3x3, x4 =7 —9x3.

d) H¢ v6 nghiém

Céu 13: Giai va bién luin theo tham s6 m hé phwong trinh tuyén tinh:

8x) +12xy + mx3 +8x4 =3
4X1 + 6X2 + 3X3 —2)64 =3
2)61 + 3X2 + 9X3 —7X4 =3

2)C1+ 3X2— X3+ X4 =1

m=—3:>xl=3/2—3/2X2—1/2X4;X3=1/5+4/5)C4
a
m#-=3=x1=5/2-3/2xy;x3=0; x4 =—1/4.

m=-9=x=3/5-3/2xp —1/10x4; x3 =1/5+4/5x4
m#-9=x=8/5-3/2xy;x3=0;x4 =-1/4.

m=—1=x1=3-2xp —10x4;x3=5+7x4
‘ {m;t—l:nq =5-3xy;x3=0;x4 =-1.
d) H¢ vo nghiém
Ciu 14: Giai va bién luin theo tham s6 m hé phwong trinh tuyén tinh:
3x] —xp +2x3 + 4x4 =5
9x1 —4xy + mx3 +10x4 =11
<7x1 —3xy) +6x3 +8x4 =9

5)(71 —2X2 + 4X3 + 6)64 =7
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Chirong 5: Hé phirong trinh tuyén tinh

m=8=x1=3-2x4;x)=4+2x3—2xy4

a
) m#8=x1=3-2x4; xp =4—-2x4;x3=0.
m =6 = hé vo nghiém
b)
) m=6=x1 =5+3x4;xy) =4+2x3 —2x4
C

m # 6 = hé vo nghiém.

m=—-4=x1=T+2x4;x)=-2+x3—2x4

{m¢6:>x1:5+3X4; Xy =4+x4;x3=0.
d){

m¢—4:>x1 =7+2X4; X9 2—2—2X4;X3 =0.
Céu 15: Giai va bién luin theo tham sé6 m hé phwong trinh tuyén tinh:
(8x1 + 12)62 + 7X3 + X4 = 9

2x1+ 3X2+ X3 + 2)64 =3
mxp + 9X2 +5)C3 +6X4 =7

4x1 + 6XZ +3X3 +4X4 =5

m:—8:>x1=2—3x2;x3:—5;X4=0

a
m#—-8=x1=0;xp=2/3; x3=-5;x4=0.
m=8=x1=2-3xy;x3==1;x4=0

b
) m # 8 = hé vo nghiém.

c)

m#6=x1=0;xy =4/3; x3=-1;x4 =0.

m=4=xy=7-2/3x1;x3=0;x4 =3

{m:6:>x1:2—3/2x2;x3:—1;x4:0
0

m#4=x1=21/2;x9=0;x3 =0; x4 =3.
Ciu 16: Giai va bién luin theo tham s6 m hé phwong trinh tuyén tinh:
2X1 +7X2 +3X3 + X4 =5
5x) +mxy +4x3 +5x4 =13
X1 +3X2 +5X3 —2X4 =3

X1 +5)C2 —9)(73 +SX4=1
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Chirong 5: Hé phirong trinh tuyén tinh

a) H¢ vo nghiém.

b)
m =18 hé vo nghiém
m¢18:>x1:E—L;x2: : ;X3=O;X4=—l—;.
5 5(m-18) m—18 5 5(m-18)
m="7 hé vonghiém
) m#7T=x =4~ 1 ; Xy = 1 ;x3=0;x4=3- 1 :
(m—17) m—"7 (m—17)
1
m=5=x=3- +Xx3; Xy = ;x3=0; x4 =1-——
d m-—>5 -5 m-—>5
) 2 1 1
m#5=x1=3- ; Xp = ;x3=0;x4=1-——.
m-—>5 m— m-—>35

Cau 17: Giai va bién luin theo tham s6 m hé phwong trinh tuyén tinh:

2X1+SX2 +XxX3 + 3X4 =2
2x1 = 3xy +3x3 +mxy =77
4X1 +6X2 +3X3 + SX4 =4

4X1 +14X2 + X3 + 7X4 =4

4 2
m=7=x1=3—-xp — ; X3 =3xy + s X4 =——
a) -7 — m—"7
4 2
m#7=>x, =3~ ;xp =05 x3 = > s X4 =———
a7 — m—"7
m=3=x1=1-3xy — > ; X3 =4x5 + ;X __3
b) J 1 2 _ > A3 2 . > 4 m_3
m # 3 hé vo nghiém.
m=—1 hé vo nghiém
c) 5 3
m#—-1=x3=1-3x» — ;X2 =4xy + ;Xq = .
L ! 2 3 2 m+1 4 m+1
m=1 hé vo nghiém
d) 9 10 5
m#l=>x =1-—xy — ;x3 =4xy + ;X4 =—.
2 m—1 —1 m—1
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Chirong 5: Hé phirong trinh tuyén tinh

Ciu 18: Giai va bién luin theo tham s6 m hé phuong trinh tuyén tinh:

5x1 =3xy +2x3 + 4x4=3
Tx1 —=3x9 +7x3+17x4 =m
<4x1—2xz+3x3+ Txgq =1
8x; —6xy — x3— 5x4=9

a) H¢ vo nghiém.

b)

d)

m#(0 hé vonghiém

—5x3—13x4 -3 — %% AOB £
m=0=x; = *3 *4 ; Xp = 3 AR
2 2
m=9 hé vonghiém
2 11xy -3 -5 21xy =7
m#9=x3= Bl ;X4 = A
2 2
m#4 hé vo nghiém
3x3 +5x4 =3 —Tx3 +13x4 +5
m=4=x = *3 2x4 ; Xp = =3 ) 7o

Cau 19: Giai va bién luan theo tham s6 m hé phwong trinh tuyén tinh:

x| +mxy +4x3+4x4 =2
6x1 +20xy —x3 +9x4 =12
<3)61 + 8xp +2x3 +6x4 =5
2x) + 4xy +3x3 +5x4 =3

a) H¢ v nghiém vo1 moi m .

b {m=8:>x1=2—3x2;x3:—1;x4:0

o

m # 8 => hé vo nghiém.

m=6=>x=2-3/2xy;x3==1;x4=0
m#=6=x1=0;x)=4/3; x3=-1;x4 =0.

n {m=4:>x2:7—2/3x1;x3:O;x4:3

m#4=x1=21/2;xy =0;x3 =0; x4 =3.
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Ciau 20: Tim x, y, z sao cho c6 thé biéu dién thanh t6 hgp tuyén tinh sau
(29_593) = X(l,—3,2) + y(29_4a_1) + Z(19_597) .

a) x=—-2,y=1,z=-5.
b) x=-1,y=4,z=-6.
c¢) Khong tén tai x, y, z.
d) x=3,y=11,z=-4.

Ciu 21: Tim tit ca cac gia tri m sao cho cé thé biéu dién thanh to hop
tuyén tinh sau

(7,-2,m) =x(2,3,5) + y(3,7,8) + z(1,-6,1).

a) m=11.
b) m=15.
c) m=#l1l.
d) m=-2I.

Céu 22: Tim tit ca cac gia tri m sao cho cé thé biéu dién thanh to hop
tuyén tinh sau

(1,3,5) =x(3,2,5) + y(2,4,7) + z(5,6,m).
a) m=-10.
b) m=25.
c) m=#l1l.

d) m=10.
Céu 23: Tim cac diéu kién ctia a, b, ¢ dé hé phwong trinh sau c6 nghiém

X+ 2y—-3z=a
2x+6y—1lz=>h

x—-2y+ T7z=c
a) Sb=2a+c.
b) Sa=2b+c.
c) a=5b+2c.
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d)a=2b-"Tc.

Ciu 24: Tim cac diéu kién cia a, b, c dé (a,b,c)eR3 thudc vao khong
gian con cua R sinh béi cac véc to v =(2,1,0), v, =(1,-1,2), v3 =(0,3,-4).
a) 2a=4b+3c.
b) a=2b-3c.
c)a=5b+7c.
d) b=3a-5c.

Cau 25: Tim mgt co sé ciua khong gian nghiém cia hé phwong trinh
tuyeén tinh thuan nhat sau
X1 +2xy + 4x3— 3x4=0
3x) +5xy + 6x3— 4x4 =0
4x; +5xy — 2x3+ 3x4 =0
3x1 +8x9 +24x3 —19x4 =0
(7,-5,1,1); (4,2,0,1) }

a) {
b) {(3,-2,1,0); (-1,3,0,1) }
o) {
d) {

(8,6,1,0); (=7,5,0,1) }
(7,-5,3,5); (2,1,0,-7) }

Cau 26: it V,, V, lan lwot 13 hai khong gian véc to con ciia R’ g0om cac

véc to v=(x,x,,x3,X,) thod man h¢ phwong trinh (I) va h¢ phwong trinh

I):
(1) 93x; =5x5 —4x3 —4x, =0, (1) x; +2x, +4x; —3x, =0

Hiy tim s6 chiéu ctia cac khong giancon V,, V,, V,+ V,, Vi V,.
a) dimV) =2, dimV, =1, dimV; NV, =2,dimV; +V, =4.
b) dim# =2, dimV, =2, dimV; NV, =1, dimVj + V5 =3.
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c) dimV; =2, dimV, =2, dimVy NV, =2, dimV; +V, =2.

d) dimV; =2, dimV, =2, dimV; NV, =1, dimV; + V5 = 4.

Cau27: bat Vv, V, lan lwot 12 hai khong gian véc to con ciia R* gOm cac
véc to v=(x;,x,,x3,X,) thod man hé¢ phwong trinh (I) va h¢ phwong trinh
I1I):

Hiy tim s6 chiéu ctia cac khong gian con V,, V,, Vi+V,, V" V.
a) dimV) =2, dimV, =1, dimV; NV, =2, dimV; +V, =4.
b) dimV; =2, dimV, =1, dimV; NV, =1, dimbV; +V, =3.
c) dimV| =2, dimV, =2,dimV; NV, =2,dimV; +V, =4.
d) dimV| =2,dimV, =2, dimV|; nV, =1, dimV] +V;, =3.

A : 1 2 35
Cau 28: Giai phwong trinh : {3 }X ={ }

4 59
-1 =1
a) X = .
2 93
31
b) X = .
7 1
ny
c) X= c
& =
d) X=
_5 -

3 -2 -1 2
Cau 29: Gidi phuwong trinh: X =
5 —4| |-5 6
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5 2
a) X = :
3 -1
3 5
b) X =
-2 -4
3 -2
C) X:{ }
5 -4
5 =2
9 X{ }
-3 4
Céu 30: Giai phwong trinh AX = B véi 4n 1a ma tran X, trong dé
1 -11 1 -1
1 2 1], B= 0O 2 2
-2 1 1 -2 2
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CHUONG 6: ANH XA TUYEN TiNH

61 MUC TIEU, YEU CAU, Y NGHIA

Anh xa tuyén tinh (bién ddi tuyén tinh) tir mot khéng gian véc to ndy vao
khong gian véc to kia 1 anh xa bao toan phép cong véc to va phép nhan mot sb véi
vée to. Anh xa tuyén tinh 1a mdt nd1 dung chinh cua dai $6 tuyén tinh. Mot anh xa
tuyén tinh tir mot khong gian véc to vao chinh khong gian d6 duoc goi 1a tu dong
cau tuyén tinh (goi tat 1a ty dong cdu) hay toan tir tuyén tinh. Nha toan hoc Peano
(Italia) 14 ngudi dau tién dua ra khai niém anh xa tuyén tinh (1888).

Anh xa tuyén tinh con bao toan cac khong gian con qua cac tip anh va anh
nguoc. Nghia 1a anh qua 4nh xa tuyén tinh cia mot khong gian con 1a mot khong
gian con, anh nguoc cua khong gian con ciing la khong gian con. Pac biét anh
£ (V) cua anh xa tuyén tinh f:¥V — W 1a khong gian con cua W duoc goi 1 anh

cua f. Con anh ngugc f _1{0} la khong gian véc to con cua V' dugc goi la nhan

cia f.Chiéu cua khong gian véc to anh (V) duoc goi 1a hang cia .

Anh xa tuyén tinh va don anh duoc goi la don cAu, toan anh duoc go1i 1a toan
cdu, song anh duoc goi 1a dang cau. Néu ton tai mot dang cdu tir khong gian nay
lén khong gian kia thi ta noi hai khong gian d6 dang cau. C6 nhiing tiéu chuan
riéng dé nhan biét mot anh xa tuyén tinh 13 toan ciu, don cau hay dang cau. Mot
anh xa tuyén tinh 1a toan cdu khi va chi khi hang ctia n6 bang chiéu cua khong gian
dich. M6t anh xa tuyén tinh 1a don cAu khi va chi khi nhan cta no chi gém véc to
khong. Anh xa tuyén tinh tr mot khong gian véc to vao mot khong gian véc to
cung chiéu 14 toan ciu khi va chi khi 1a don ciu (do d6 1a dang ciu), diéu nay ciing
gidng nhu anh xa giira hai tap hitu han c6 cing s phan tu.

Mot anh xa tuyén tinh hoan toan dugc xac dinh bdi anh cua c& so bat ky qua
anh xa nay. Vi vay khi di cho co so B ={ej,...,e,} clia V' va co s§ A' caa W thi
anh xa tuyén tinh 7 :V — W hoan toan dugc xac dinh bd1 ma tran cia hé véc to
{ f(ep)s... f (en)} viét trong co s& ' . Piéu nay giai thich tai sao dai s6 tuyén tinh
thudng duge xem 13 1y thuyét ma tran. Ma tran cua tong hai anh xa tuyén tinh bang
téng hai ma trin, ma trn cta tich mot s6 v&i mot anh xa tuyén tinh bé'mg tich cua
s6 ndy voi ma tran xac dinh anh xa tuyén tinh, ma trin cta hop hai anh xa tuyén
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tinh bang tich hai ma tran ctia chiing. No6i cach khic twong tng giita anh xa tuyén
tinh va ma tran ctia n6 1a mot dang ciu bao toan phép cong, phép nhan mot sé véi
ma trin va phép nhan hai ma tran. Hang cta anh xa tuyén tinh bang hang cia ma
tran cua n6. Ma tran cia mot tu déng cAu trong hai co s khac nhau 1a déng dang.
Chinh vi 1y do ndy nén mot bai toan vé ma trin c6 thé giai quyét bang phuong
phép anh xa tuyén tinh va nguoc lai.

Cong thirc xac dinh anh cua mot anh xa tuyén tinh c6 biéu thuc toa do 1a mot
hé phuong trinh tuyén tinh. Tim véc to thudc khong gian anh twong Gmg véi tim
diéu kién cia vé sau dé hé phuong trinh tuyén tinh c6 nghiém. Nhan cta 4nh xa
tuyén tinh 1a khong gian nghiém ctia hé phuong trinh tuyén tinh thuan nhat xac
dinh 4nh xa nay.

Mot van dé quan trong cua ly thuyét ma tran la chéo hoa ma tran, d6 1a tim
mot ma tran dong dang clia ma tran cho trudc ma ma tran dong dang nay c6 dang
chéo. Van dé nay twong duong véi viée tim mot co s& gdm cac véc to riéng cua tu
d6ng ciu xac dinh boi ma tran da cho. Thuat toan chéo hoa ¢ cudi chuong s& gitp
hoc vién giai quyét dugc bai todn dang nay. Bai toan chéo hoa ma tran cé rat nhiéu
ung dung. Bai toan chéo hoa truc giao ma tran dugc xét trong chuong 7.

6.2 TOM TAT NOI DUNG
6.2.1 Anh xa tuyén tinh

Anh xa f tir khong gian véc to V' vao khong gian W thod man:

() véimoi u,velV; fu+v)=fu)+ f(v)
() véimoi u,veV, aeR; f(au)=aof (u)

duogc goi 1a 4nh xa tuyén tinh

Khi ¥V =W thi fduoc goila tu ddng ciu hay toan tir tuyén tinh.

Tap cac anh xa tuyén tinh tr V vao W duoc ky hiéu 1a Hom(V,W)
hay L(V,W). Ta xac dinh hai phép toan "+," trén tip cac anh xa tuyén tinh tir
V vao W . Vi hai phép toan nay thi (Hom(V,W),+,) c6 ciu tric khong gian véc
to va dimHom(V, W) =dimV - dimW .

Tap cac ty dong cau cia V', ky hiéu EndV , v6i hai phép toan cong va hop
anh xa thi (EndV ,+,0) la mgt vanh khong giao hodn, c6 don vi , khong nguyén.
Ngoai ra véi hai phép toan "+," thi (EndV,+,-) con 1a mot khong gian véc to.
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6.2.2 Nhan va anh

Véi 4nh xa tuyén tinh f:7 — W ta ky hiéu va dinh nghia Kerf = f _1{0} la
hat nhan va Im f = (V) 14 anh caa /. Chiéu ctia Im f dugc goi 1a hang cua anh
xa [, ky hiéu r(f).

dimV =r(f)+ dimKerf
6.2.3 Toan ciu, don cu, dflng cAu

Anh xa tuyén tinh ma toan anh duoc goi la toan cAu.

Anh xa tuyén tinh ma don &nh dugc goi la don cAu.

Anh xa tuyén tinh va song anh dugc goi 13 dang cau.

Hai khong gian V,W dugc goi 1a ddng cdu néu c6 anh xa tuyén tinh ding
cauf:V > W.

6.2.4 Ma trin bi¢u dién anh xa tuyén tinh
Cho anh xa tuyén tinh /:V > W .
Gia stt B ={ey,....,e, } 1a mot co s ciia V. B'= {wy,...,,,} 12 mot co s& clia

W . Ma tran A:[al-jJ

mxn

cua h¢ véc to {f(el),...,f(en)} trong co s& B’ dugc goi
12 ma tran cta anh xa tuyén tinh f tng hai co sé 4, B'.
Néu (xy,...,x,,) 1a toa do ctia v eV trong co sé 4.
(V]5ee» V) 12 toa dd cua f(v) e W trong co sé A" thi
N X yi=ax t et apXy

Dl=la] il By 4
[ Udnxn y
Ym *n Ym = A1 X T oot A Xy

dugc goi la biéu thuc toa d6 cua anh xa tuyén tinh f .
Tuong tmg Hom(V,W) — M,
f > A

12 mot dang cau tuyén tinh va r(f) = r(A4).
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6.2.5 Ma trin ciia anh xa tuyén tinh trong cac co s& khac nhau

Giasit f:V — W la anh xa tuyén tinh.

Goi T 1a ma tran chuyén co s& A = {ej,....e, | sang co s& B'|=1{e'],....€',}
cua khong gian V.

Goi P la ma tran chuyén coO S0 S = {a)l,...,a)m} sang co sO
By =10 ,....0", | cia W

A la ma trén cta f trong co s& A, H,, A' 1a ma tran cua f trong co so

g72dl ap
BB,

Thi A'= Pt

Dic biét néu f latu déng ciu cla khong gian véc to V. Goi 4, A' 1a ma trén
ciia f trong hai co so %, %' va T 1a ma tran chuyén tir co s& % sang &' thi:

A=T71aT
6.2.6 Khong gian riéng, gia tri riéng, véc to riéng

Vécto velV, v#0 sao cho f(v)=Av dugc goi la véc to riéng trng vdi gia

trj riéng A cua tu dong cdu f.
Néu A 1a gid tri riéng thi ¥V = {veV|f(v)= vj=Ker(f - idy)  duoc
goi 1a khong gian riéng (mg v6i gia tri riéng A.
Ao la gia tririéng cua f khi va chi khi 4y 1a nghiém cua da thuc déac trung
P(A):=det(f — Aidy )= det(A — AI)

Tu dong cau f trong khong gian véc to ¥ chéo hoa duge néu ton tai mot co
s ctia V' dé ma tran ciia f trong co so nay cé dang chéo.

Néu da thuc dic trung cua ty dong cdu f trong khong gian n chidu V' co
dang n nghiém thuc phan biét thi / chéo hoa dugc.

Gia sir da thuc dic trung cia tu déng ciu f chi c¢6 cac nghiém thuc:
P(A)=(=D" A=) (A= A)", voi my+...+m =n va cac Ay,..., A khac
nhau tirng d61i mdt. Khi d6 f chéo hod dugc khi va chi khi véi moi i =1,...,k :

dimV; =m;.
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Vay chéo hoa ta can thyuc hién cac budce sau:
Budc 1: Tim nghiém cua phuong trinh dac trung:
P(A):=det(f — Aidy )=det(4— AI)=0
= PA==D"A-3)"M.(A-1)"F.

Budc 2: Vo1 moi gia tri riéng A; ta tim cac véc to riéng v = xje; + ...+ x,e, cO

(x1,...,x,, ) 12 nghiém ctia hé phuong trinh

X1 0

[4—#1]

X, 0
Tap hop nghiém 1a khong gian con d; chiéu; d; =n—r(4— A,1).
Néu d; <m; véi i nao d6, 1<i<k thi f khong hoa chéo dugc.

Néu d; = m; thi ta chon m; véc to doc lap tuyen tinh (rng vé1 gia tri riéng A,
voi moi i =1,....,k . HE g0m my +...+my = n cac véc to riéng nay la co s¢ A’ can

tim.

6.3 CAU HOI VA BAI TAP
Caul: Anhxa f: R? - R? nao duéi day la anh xa tuyén tinh:
2) f(x.)=(x".y).
b) f(x,y)=(»,x).
c) f(x,y)=(xy+1).
d) f(x.3)=Rx3).

Cau 2: anh xa f :R? >R’ nao duéi day khong phai 13 4nh xa tuyén
tinh:
a) f(xay):(_2x9x+yax_3y)'
b) f(x,y)z(y,O,—x).
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c) f(x,y)=(x,y,xy).
d) f(x,y)=(a1x +byy,apx +byy,azx +b3y).
Ciu 3: anhxa f:./, — R nao duéi diy l1a anh xa tuyén tinh:

("’ bD
a) f —a+d.

ab‘

b)f e

o
QU

—a2+d2.

d)f

Q Q
QU

c) f } =2a+3b+c—d+1.

Ciu 4: anh xa f: P, > P, nao duéi diy 1a anh xa tuyén tinh:

a) f(ao +ajx + a2x2 )= ag + (a1 + ap)x+ (2ag — 31 )xz.

2

b) f(ao +aix+arx” |=ag +a1(x+l)+a2(x+l)2.

C) f(ao +apx + a2x2)= ap +apx.
0 ™ 2

d) f(ao +a;x+arx )— (ag +D) +ajx+arx”.

Ciu 5: Cho 4nh xa tuyén tinh f:R> > R? sao cho £(1,0,0)=(1,]),

£(0,1,0) = (3,0), £(0,0,]1) =(4,—7). Piéu nao sau diy ding:

1 1
a) Ma trén chinh tic cua f 1a A=|3 0
4 -7

b) f(1,3,2)=(-13,18).
o) f(x,yv,z)=(x+3y+4z,x-7z).

d) Véi moi (x,y,2) eR>, f(x,y,2) % (0,0).
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Ciu 6: Cho anh xa tuyén tinh f :R?> >R? ¢6 ma tran chinh tic

2 -1
{ s 4 } Véc to nao sau day thugc Im £ :
a) (1,4).
b) (-3,12).
C) (47_1)

d) (14,-2).

Ciu 7: Cho 4anh xa tuyén tinh f ‘R> 5R? ¢6 ma tran chinh tic

{461 ; ﬂ . Véc to ndo sau day thudc Kerf :
a) (1,4,0).
b) (LL-2).
¢) (6,4,3).
d) (2,0,-4).

Ciu 8: Xét anh xa tuyén tinh D:P, — P, xic dinh béi cong thirc
D(p)=p', cho twong @ng da thirc p véi dao ham p' ciia n6. Piéu nao sau diy
khong ding:

a) Ma trin chinh tdc cua D 1a 4= B (1) (2)}
b) D 1a mot toan cau.

c) Hang cia D la »(D)=2.

d) dimKerD =1.

Céu 9: Cho anh xa tuyén tinh f R* SR> ¢6 cong thirc xac dinh anh
fx,y,z,t)=(x—y+z+t,x+2z—t,x+y+3z-3¢)

HeE véc to' nao sau day khong la mét co sé cia Im /.
a) vy =(L0,1), v, =(0,1,2).
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b) v =(1,0,-1), vy =(0,1,2).

c) vi =111, v, =(0,1,2).
d) v =(LL1), vy =(1,2,3).
Céu 10: Cho anh xa tuyén tinh 1: R* > R* ¢6 cong thirc xac dinh dnh
f(x,y,z,t)=(x+3y—z+2t11y -5z +3t2x -5y +3z+t4x+ y+z+5t)
Tim hang »(f) va dimKerf .
a) r(f)=3 va dimKerf =2.
b) 7(f)=2 va dimKerf =2.
c) r(f)=3 va dimKerf =1.
d) r(f)=2 va dimKerf =1.
Ciu 11: Cho 4nh xa tuyén tinh f: R* SR> ¢6 cong thirc xac dinh anh
f(x,y,z,t)=(x—y+z+t,x+2z—t,x+y+3z-3t)
H¢ véc to nao sau day la mot co s& cua Kerf .
a) u; =(3,1,-1L4), up =(1,-2,5,1).
b) u; =(-3,1,-1,5), up =(1,-2,6,1).
c) u; =(2,1,-1,0), uy =(1,2,0,1).
d) u; =(-3,1,-1,5), up =(1,-2,6,1), u3 =(1,2,0,1).

Cau 12: Xét anh xa tuyén tinh 7:P, — P; xac dinh béi cong thirc
T ( p(x)): xp(x). Piéu nao sau day khong ding

a) T don ciu.
b) T toan cau.

c) x+ 2x% + 3x° thudc Im7T .

(0 0 O]

, 1 0 0

d) Ma tran cua T trong co s& chinh tac la 4 = 01 0
0 0 1)
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Ciu 13: Anh xa f: R’ > R* nao sau day 1a anh xa tuyén tinh c6 khong
gian anh sinh béi hai véc to v =(1,2,0,-4), v, =(2,0,-1,-3).

a) f(x,y,2)=(x+2y,2x,—y,—4x-3y).

b) f(x,y,z2)=(x+2y+z,2x+y—z,x—y,4x—y+32).
c) f(x,y,2)=(x+z,y—z,x—y,4x—-3z2).

d) f(x,y,2)=Cx+2y+z,x+2y—2z,x—-3y, 4x).

. I 2
CAu 14: Cho ma tran vudng cap hai M :{0 3} My, [y — A, 12

anh xa tuyén tinh xac dinh béi f(4)= AM — MA. Tim mdt co' sé ciia nhan ciia

DUk
oo 24 1
gt

o 2 HhaM ST}

Cau 15: Cho 4nh xa tuyén tinh f:HQ7 SR 6 hang r(f)=4. Piéu nao
sau day dang.

O =

d)

a) Khong gian nghiém ciia phuong trinh f(x) =0 c¢6 chiéu bang 1.
b) Khéng gian nghiém ctia phuong trinh £ (x)=0 c6 chiéu bang 3.
c) V6éimoi y e RS, phuong trinh f(x) =y luén c6 nghiém.

d) Cac diéu trén déu sai.

Céu 16: Cho hai anh xa tuyén tinh 1, g: R®> > R? ¢6 cong thirc xac dinh
anh
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f(x,y,2)=2x,y+2z2), g(x,y,z)=(x—-z,y). Tim cong thiac xac dinh
2f =58

—

2f—Sg)(x,y,z):(—x+52,—3y+22).
2f—Sg)(x,y,z):(Zx—y+52,5x+4y+22).

a)
b)
c)
d)

—~ e~

2f—5g)(x,y,z):(5x+y—3z,2x—3y+2z).

~—

2f - Sg)(x,y,z) =2x+y+5z,-3x—-y+2z2).
Céu 17: Cho hai 4anh xa tuyén tinh 1. g: R®> >R ¢6 cong thirc xac dinh
anh
f(x,y,z2)=(x+y+2z,y,-2), g(x,y,2)=(0,x = y,x—z). Tim cOng thirc xac
dinh g o f(x,,5).
a) go f(x,y,y)=(x+2y—z,y+2z2x—-y+32).
b) go f(x,y,y)=(x+2z,x+y,y+2).
c) go f(x,,y)=Q2x+4z,222y —6z2).
d) go f(x,9,)=0CBx+2y-5z,y+6z2x—y—-Tz).
Cau 18: Anh xa f ‘R3 5R3 ¢6 cong thirc xac dinh anh nao sau day
khong 13 mot dang ciu.
a) f(x,y,z)=(x+z,y+z,x+y+2z2).
b) f(x,y,2)=(—x+y+z,x—y+z,x+y—2).
c) f(x,y,z2)=(CBx+2y+8z3x+y+4z,x+3y).
d) f(x,y,2)=(y=z,z-x,x-Y).
Cau 19: anh xa f: R> 5R3 ¢6 cong thirc xac dinh anh
f(x,v,2)=(2x,4x - y.2x + 3y — z) 1a mot dang cau. Tim cong thirc xac dinh
anh ctia anh xa nguoc f _l(x, V,2).

a) f_l(x,y,z) :(2x,2x—7y +3z,7x -3y + z).

b) f_l(x,y,z):(x,2x—4y—z,7x—3y+22).
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C) f_l(x,y,z)=(x/2,2x—y,7x—3y—2).

d) f_l(x,y,z) = (2x,4x— 2y,5x -3y — z).

Céu 20: Ty ddng ciu tuyén tinh f c6 ma trin trong co sé {el,ez,e3,e4}
12 0 1]
3 0 -1 2
la A= .
25 3 1
1 2 3

Tim ma tran cua f trong co s¢ {e1 el +ey,e| +ey +ey,ep+ey+ez+ e4}

(1 0 2 1]
-1 2 3 5 1
a) A'=T AT = :
3 -10 2
11 2 3
-2 0 1 0
1 1 -4 -8 -7
b) A'=T AT = ;
1 4 6 4
1 3 4 7
1 €W 4]
1 3 0 -1 2
c) A'=T AT = .
DB ¥ 3N 1
2. 3]
-3-0 2 1
1 2 -6 -5 -7
d) A'=T AT = .
3 -1 8 2
15 6 9|
Cau 21: Cho 4nh xa tuyén tinh f:P, > P; xiac dinh béi

f(p)=(ax+b)p. Tim ma tridn cia f trong co s&¢@ &H = {x xl} cua P, va

RB'= {x x? xl}cua P;.
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a b 0 0
a)|0 a b 0
0 0 a b
‘a —-b 0 0
b)|l0 a -b 0
0 0 a -b
[ a 0 0 |
-b a 0
c)

0 -b a
0 0 -b
fa 0 O]

b a 0

d) )

0 b a

0 0 b

Céu 22: Cho anh xa tuyén tinh f: R> >R’ ¢c6 ma tran trong co sé chinh

0 2 1
ticla 4=|1 -4 0|.Tim ma trin cia f trong co s& {v|,v,,v3};
300

v =LY, v, =(10), v3=(1,0,0).

B WEI!
a) A=T'4T=|-6 -6 -2|.
(6 5 -1
1 -1 3
b) A=T'AT =[5 6 -4|.
7 4 2
1 2
) A=T714T =|2 5
-1
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—4 -8 -7
d) A=T7'4T=| 4 6 4
6 5 -1

Ciu 23: Cho #nh xa tuyén tinh f:R’>—>R’? xac dinh béi
f(1,23))=(1.0), f((2.53))=(1,0), f((1,0,10))=(0.1). Tim cong thirc xac dinh
anh f(x,y,z).

a) f(x,y,2)=(6x—-20y+5z,-9x+3y+2z2).
b) f(x,y,z)=(6x—-10y+52,19x+ 3y +23z).
c) f(x,y,2)=B0x—-10y —3z,-9x +3y +z).
d) f(x,y,2)=(13x+8y—-3z9x—-13y+7z).

1 3 -1
Ciu 24: Cho 4nh xa tuyén tinh f: Py > P, comatrin 4=|2 0 5
6 -2 4

trong co s B = {v;,v5,3};
_ 2 _ 2 _ 2 2
v =3x4+3x7, vp ==14+3x+2x7, v3 =3+ T7x+2x". Tim f(1+x7).
a) f(+x2)=9+x+8x°.
b) f(1+x2)=22+56x + 14x7.
A 2
¢) f(+x“)=13+25x-4x".
d) F(1+x%)=—14+19x +11x7.
Ciu 25: Cho anh xa tuyén tinh f:HR3 >R? c6ma tran trong co' s¢&

# ={(0,1,1),(1,0,),((1LL,0)} ciia R va #'={(L1),(1,-1)} ciia R? Ia

3 2 8
A= {3 . 4} . Tim cong thire xac dinh anh f(x,y,2).

a) f(x,y,z) 2%(9x+15y—3z,5x+3y—32).
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b) f(x,v,2) =%(6x —10y +5z,19x + 3y + 232).
c) f(x,y,2)=2(13x+8y—-3z9x—-13y+7z).
d) f(x,y,z)=B0x-10y-32z,-9x+3y+2z).
Céu 26: Cho anh xa tuyén tinh 1 RZ 5R> 6 cong thirc xac dinh anh

f(x,)=(x,2y,0). Tim ma tran cia / trong co s¢ 5 = {(1,1),(1,—1)} cua
R? va #'={(0,1,1),(1,0,1),((1,1,0)} ciia R.

| 3 -3
a)—|—-1 1
)3

3 -4

3 -3
b)[-1 1

3 -4

1'1 -3
c)—|-1 3
)2

|3 -1

2 =2

d)l—4 3
3

_3 -5

Céu 27: Cho anh xa tuyén tinh f: R®> > R? 6 cong thirc xac dinh anh
f(x,y,z2)=(x+y+z,x+y—2z). Tim matran 4 cida f trong co s¢

A ={(0,L1),(1,0.),((LLO)f, #'|={(LD,(0,))} va ma trin B cia f trong
co s A, =1{(1,0,0),(0,0,1),(1L,-10)}, %', ={(LD,(L-1) }.

¥ 1 2 1 01
a) A= , B= :
-2 -1 0 0 1 0
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b) A= 2
-2
) 4|’
C =
2
d)A—_3
-4

3
Cau 28: Cho ma tran A=|2
4

P(A)=det(4—Al)

2 2 1 00
, B= .

-2 0 010

-1 0 1 0 0
, B= :

I 2 0 I 1

2 1 1 3
,B= .
-2 5} {2

-1
1 0

Do O N

a) P(A) =8 - )1+ 1)>.

b) P(A)=—(8 - 1) (1+A).

) P(A)=@8+1)>(1-2).

d) P(1)=(6—

Céu 29: Cho anh xa tuyén tinh f: R®> >R3> ¢6 cong thirc xac dinh dnh

f(x,y,2)=(x-3y+4z4x—-Ty +82z,6x -7y +7z). Tim da thirc dic trung
P(2)=det|f - Aldys ).

(1 -2)2.

a) P(A)=8—-A)1+ 3= A).

b) P(A)=-(B=2)%(1+2).

) P(A)=(3= A1+ 1)>.

d) P(A)=(6—

Céu 30: Cho anh xa tuyén tinh f: R> >R ¢6 cong thirc xac dinh anh

f(x,y,2)=(x-3y+4z,4x—-Ty+8z,6x—7y+7z). Tim mt co sé& cua

A)(1- 1),

khong gian riéng wng vdi gia tri rieng 4 =—1.
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Chirong 6: Anh xa tuyén tinh

a) {(1,2,) }.

b) {(1,2,)),(2,-1,3) }.
¢) {(2,-1,3),(1,1,0) }.
d) {(2,-1,3),(0,~1,1) }.

1 2 1
Cau3l: Chomatran A=| 2 0 -2/|.
-1 2 3

Tim da thirc dic trung P(1)=det(4 - Al)
a) P(1)=(4—A)1+ 1)~
b) P(A)=(4—-21)*@2-1).
c) P(A)=-A(2-1)>.
d) P(A)=(6-)(1-A)2-A).

1 2 1
Cau 32: Choma tran A=| 2 0 -2|.Tim m{t co s& cia khong gian
-1 2 3
riéng wng vai gia tri rieng 4 =2.
a) { (2,-1,3) }.
b) {(1,0,1) }.
¢) {(2,-1,3),(1,1,0) }.
d) {(2,-1,3),(0,~11) }.
5 7 =5
Cau 33: Choma tran A=(0 4 —1|. Tim ma tran P sao cho Plap
2 8 -3
c6 dang chéo.
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1 0 1 1 0 0
a) P=|-2 0, PlaP=|0 2 0.
(3 2 -1 0 0 3
1 0 1 1 0 0
b) P=|-2 o, Plar=(0 1 o]
ER 0 0 3
201 1 1 0 0
o) P=|2 0 —1|, PlaP=|0 2 o0|.
3 2 1 00 2
2 1 1 1 0 0
d P=|1 1 -1|, PlaP=]0 2 o0].
3 2 -1 00 3
~12 6
Cau 34: Cho ma tran A4=|10 -19 10|. Tim ma tran P sao cho
12 -24 13
PlaP ¢6 dang chéo.
(1 0 1.0 0
a) P=|-2 1 0|, P7'4P=|0 1 0
(3 2 -1 0 0 -1
(1 0 1 1 0 0
by P=|-2 1 0|, Pl4aP=|0 1 0.
3.2 -1 0 0 3
(2 ~1 3] 1 0 0
) P=|1 0 5|, PlaP=[0 1 o0
0 1 6] 00 -1
Y, /17 1 0 0
dP={0 1 —1|, P luP={0 -1 0
3 2 5| 0 0 -1




Chirong 6: Anh xa tuyén tinh

2 6 -15
Cau 35: Choma tran 4=|1 1 -5 |. Tim ma tran P sao cho P lap
1 2 -6
c6 dang chéo.
1 2 1 1 00
a) P=|-2 1 5|, PlaP=|0 3 0
32 -1 0 0 3
2 1 1 0 0]
by P=|1 -1 0|, PlaP=|0 1
3 2 2 0 3]
1 -1 3 0 0]
o) P=|1 0 5|, PlaP=|0 2 o0].
0 1 6 0 0 3]

d) Khéng ton tai ma tran P.
Céu 36: Cho anh xa tuyén tinh f: P, — P> ¢6 cong thirc xac dinh anh

f(ao +apx + azxz): (ag —3a; +ay) +(Bag —Sa; +ar)x + (Bag —3a; +ay )x2
. Tim da thire dac trung P(/l): det( f—Ald P, )

a) P(1)=8—-A)(1+A)B-A1).
b) P(A)=—(3-1)%(1+ ).
) P(A)=(1=1)2+ ).
d) P(A) =2 =)(1-1)>.
Céu 37: Cho anh xa tuyén tinh f: R> >R ¢6 cong thirc xac dinh dnh

F0,2)=(x+2y+22,x+2y — z,~x + y +4z). Tim mdt co sé ciia R> gdbm
cac véc to riéng ciia anh xa tuyén tinh 1:
a) v; =(2,-1,2),vp =(LL1),v3 =(1,0,1) ;
SO =v,f(vy)=3vy, f(v3)=3v3.
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b) Vi = (2,—1,1),V2 = (1,1,0),\/3 = (15031) 5
JOD)=v, f(v2)=3vy, f(v3)=3v3.

c) vi =(-2,1,-1),v, =(2,1,1),v3 =(1,0,1) ;
SO =v, f(vp)==3vy,f(v3)==3v3 .
d) vi =(2,-1,3),v =(0,1,-1),v3 =(1,0,1) ;
S =v, f(va)=vy, f(v3)=3v3.
Céu 38: Cho anh xa tuyén tinh f: R> >R ¢6 cong thirc xac dinh anh
f(x,,2)=CBx+y+z2x+4y+2z,x+ y+3z). Tim mt co sé cia R> aé
ma trin ciia anh xa tuyén tinh / trong co s& nay c6 dang chéo:
6 0 0

a) {(1,2,1),(1,0,-1),(0,1,-1) }, matranciia / [0 2 0
00 2

b) {(1,0,—1),(1,2,1),(0,1,—1)},matrén cia f |0 6 O].

¢) {(1,0,-1),(1,2,1),(1,1,-2) }, matrancaa f |0 6 0.

d) Ca ba truong hop trén déu dung.
Ciu 39: Cho anh xa tuyén tinh f: R®> >R3> ¢6 cong thirc xac dinh dnh
f(x,y,2)=(4x =5y +22z5x-T7y +32,6x -9y +4z). Tim mot co sé caa R3
gom cac véc to riéng ciia anh xa tuyén tinh f:
a) v =(1,0,-1),vp =(-2,2,1),v3 = (1,-2,-1)
SO =v, f(v)=2vy, f(v3)=3v3 .
b) v =(1,2,1),v =(1,0,-1),v3 =(0,1,-,1)
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JO)=6v, f(v2)=2v, f(v3)=2v3 .
¢) Khong t6n tai co sé gdm cac véc to riéng ciia anh xa tuyén tinh .
d) v =(1,1,2),vy =(1,0,0),v3 =(0,1,-1)
fFOp=4v, fvp)=v2, f(v3)=v3.
Ciu 40: Cho 4nh xa tuyén tinh f: P, — P, c6 cong thirc xac dinh anh
f(ao +apx + azxz): (ag + a1 +ap)+(2ay; +ay)x+(2a; + 3a2)x2.
Tim mot co sé /3 ciia Py gdm cac véc to riéng ciia anh xa tuyén tinh f:
a) %:{vl,vz,V3}; V] :1+x+2x2, vy =1, v3 —x—x2.
Jp=4v, f(va)=v2, f(v3)=v3 .
b) B = v, v3) vy =1—x+x2, vy =1+ x+2x%, vy =x—x°.
FOD=vy, f(v)=4vy, f(v3)=v3 .
C) %:{vl,vz,V3}; V] :x—xz, 12) =1+x—x2, V3 — 24 2x +4x2.

fo)=vy, f(vp)=va, f(v3)=4vs3 .
d) Ca ba truong hop trén déu dung.
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CHUONG 7: KHONG GIAN VEC TO EUCLIDE DANG TOAN
PHUONG

7.1 MUC TIEU, YEU CAU, Y NGHIA

Euclide 1a nguoi dau tién d3 trinh bay toan hoc mot cach h¢ théng trong bo
sach "Co s¢", trong d6 Euclide da xay dung mon hinh hoc chi dya trén nam tién
dé. Cubn sach nay duoc dung lam sach gido khoa cho dén tin thé ky 19. Khong
gian Euclide ban dau dugc hiéu nhu 1a khong gian thuyc 3 chiéu véi hé tién dé
Euclide. Su m¢ rong sang khong gian nhiéu chiéu xuat phat tir nhitng cong trinh
cua Banach (1892-1945), nha todn hoc Ba Lan.

Khong gian afin dugc xay dung trén co sé khong gian véc to, trong do ta chi
khao sat cac phang va quan hé song song. Khong gian Euclide dugc xay dung trén
co sO khong gian véc to Euclide, trong do ta co thé tinh duoc do dai, quan h¢ truc
giao, khai niém goc.... Mit phang va khong gian ta gip trong chuong trinh phd
thong la cac khong gian Euclide.

Khong gian véc to Euclide 1a mot khong gian véc to vai tich vo hudng. Tich
v6 hudng 13 mot dang song tuyén tinh ddi ximg xac dinh dwong. Khai niém tich vo
huéng duoc khai quat hoa tir khai niém tich vo hudng da gip ¢ pho thong, trong d6

tich vo hudng cua hai vécto u, v laséthuc u - v = Hu H . Hchos(u ,V )

Hai véc to duoc goi 1a truc giao nhau néu tich vo hudng cua ching bang 0. Hé
véc to gém cac véc to truc giao nhau duogc goi 1a mét hé truc giao. Véc to co tich
vO hudng vt chinh néd béng 1 duoc goi la véc to don vi. Mot hé truc giao gém cac
véc to don vi dugc got 1a hé truc chuéan. Cho mét hé véc to doc lap tuyén tinh thi ta
6 thé tim dugc mot hé truc chuéin sao cho khong gian sinh bo1 hai h¢ nay 1a trung
nhau. Dé tim hé truc chuan nay ta su dung luoc d truc chuan hoa Gram-Shmidt.

Trong vién thong nguoi ta hay dung phuong phap nay trong 1y thuyét truyén

dan tin hiéu, trong ¢6 mdi tin hiéu dugc biéu dién dudi dang mot ham sé theo thoi
b

gian t. Tich v6 hudng cua hai tin hi€u f(¢), g(¢) 1a < f(), g(t)> = j f(t)g(t)dt. Lac
a

dé nguoi ta tim mot hé cac tin hiéu chuan 13 mot hé truc chuan (bﬁng cach truc
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chuan hoa Gram-Shmidt), con céc tin hiéu khac dugc biéu dién dudi dang t6 hop
tuyén tinh cia cac tin hi¢u chuan nay.

Ma tran tryc giao la ma tran vudng c6 cac véc to ¢t 1a mdt hé truc chuan. Ma
tran chuyén co s& cua hai co s& truc chuin 12 ma tran truc giao. Ma tran cua anh xa
truc giao trong co s truc chuin 1a ma tran truc giao. Ma tran truc giao kha nghich
va ma tran nghich dao béng ma tran chuyén Vi cua no.

Bai toan chéo hoa truc giao ma tran vudong A4 1a tim ma tran truc giao 7' sao

cho T'AT 1a ma tran chéo. Ma tran vudng chéo hod truc giao dugc khi va chi khi
n6 12 ma tran d6i xtmg. Dé chimg minh diéu nay ta st dung tir ddng ciu ddi xtng.

Khai niém dang toan phwong c6 rat nhiéu tmg dung.

Mot dang toan phuong duge xac dinh bai duy nhat mot dang song tuyén tinh
d6i xtmg duogc goi 1a dang cuc cua dang toan phuong d6. Ma tran cta dang cuc
cling con goi la ma trdn cia dang toan phuong. Vay ma tran cua mdt dang toan
phuong 14 ma trdn dbi xtmg, do d6 c6 thé chéo hod truc giao duoc. Bang phuong
phap nay ta co thé dua biéu thic toa d6 cia mot dang toan phuong vé dang chinh
tic (chi chira cac thanh phan binh phwong, ma tran cua né c6 dang chéo). Ngoai ra
ta c6 thé dua vé dang chinh tic bang phuong phap Lagrange va phuong phap
Jacobi, thut bién d6i ma tran.... Khi dua biéu thtc toa d6 ciia mot dang toan
phuong vé dang chinh tic bang nhitng phuong phap khac nhau thi cac hé sb trén
duong chéo ctia ma tran chéo c6 thé khic nhau, nhung s cac hé sé duong va hé sb
am ludén bang nhau, duoc goi 1a chi s6 quéan tinh ctia dang toan phuwong. Pinh Iy
Sylvester cho ta mdt tiéu chuan dé nhan biét mot dang toan phuong la xac dinh
duong hay xac dinh &m dua vao céac dinh thirc con chinh goc bén trai.

Dua vao tinh bt bién cua chi sb quan tinh cua dang toan phuong ta c6 thé
g dung dé phan loai cac dudng bac 2 trong mit phang (cac dudng cd nic: dudng
élip, hyperbol, parabol. Pay 1a 3 duong cong co ban di dugc khao sat ¢ phd thong
du6i dang phuong trinh chinh tic) va cac mit bac 2 trong khong gian. Thyc hién
phép ddi truc toa do dé dura dudng bac 2 trong mit phang va mit bac 2 trong khong
gian vé dang chinh tic.

Ham sd chi dat cuc tri tai nhirng diém t6i han (dao ham bac nhat bﬁng 0 hoac
khong tdn tai dao ham). Khi ham mdot bién s6 c6 dao ham bac 1 triét tiéu tai mot
diém nao d6 thi s6 gia ctia ham phu thudc vao dau ciia dao ham béc 2 tai diém nay.
Khi ham nhiéu bién c6 cac dao ham riéng cép 1 béng 0 tai diém t&i han tai mot
diém nao do thi sb gia cia ham tai diém nay phu thudc vao vi phan bac 2, do 1a
mot dang toan phuong. Tuy theo tinh chat x4c dinh duong, xac dinh 4m hay khong
xéac dinh cta dang toan phuong nay ta c6 thé két luan ham sd dat cuc tiéu, cuc dai
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hay khong dat cuc tri tai diém da xét. Khi vi phan bac 2 bang 0 thi bai toan s& phiic
tap hon nhiéu, nhung rat may 1a truong hop nay it gip trong thyc té.

Dang toan phuong con duoc st dung trong bai toan binh phuong cuc tiéu,
trong quy hoach dong, phan loai cac phuong trinh dao ham riéng tuyén tinh cap 2

Hoc vién nén ap dung thanh thao luoc dd truc chuin hoa Gram-Shmidt. Di
co s& dé dua biéu thuc toa d6 cua mot dang toan phuong vé dang chinh tac, dic
biét chu trong phuong phap chéo hoa truc giao.

7.2 TOM TAT NOQI DUNG
7.2.1 Dang song tuyén tinh

Mot dang song tuyén tinh trén khong gian véc to ¥ 1a mot anh xa
nVxv — R

(w,v) = n(u,v)

sao cho khi c6 dinh moi bién thi n6 tré thanh anh xa tuyén tinh doi véi bién
kia.

Dang song tuyén tinh 1 duoc goi 1a c6 tinh:

i) Pbi xing: Néu n(u,v)=n(v,u) véimoi u,veV;

ii) Khong am: Néu n(u,u) >0 véimoi uel ;

iii) Khong duong: Néu 7(u,u)<0 véimoi uel ;

iv) Xéc dinh: Néu 7(u,u) =0 khi vachikhi u=0.

Mot dang song tuyén tinh dbi xtimg xac dinh duong dugc goi la tich vo
hudng. Ta thuong ky hi¢u tich vo hudng ciia 4 va v 1a <u,v> thay cho n(u,v).
7.2.2 Khong gian Euclide

Mot khong gian véc to V' vai mot tich vo huong <> dugc goi 1a khong gian
véc to Euclide.

7.2.3 Chuin ctia véc to
Véi mdi véc to v eV ta dinh nghia va ky hiéu chuan hay mé dun cua véc to v

qua biéu thic: HVH = <v,v>.

Néu [[v| =1 thi v duge goi 1a véc to don vi.
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7.2.4 True giao, truc chuin
Hai véc to u,v eV goi la truc giao nhau, ky hiéu u 1 v, néu <u,v> =0.
Hé cac véc to S = {vl,..., vn} cua V' dugc goi 1a hé tryc giao néu hai véc to bat
ky cuah¢ S déu truc giao nhau.
H¢ truc giao céac véc to don vi dugc goi 1a hé truc chuan.
7.2.5 Truc chuin hoa Gram-Shmidt
Giasa S = {ul,...,un} la mdt hé doc lap tuyén tinh cac véc to cua khong gian
Euclide 7. Khi d6 ta c6 thé tim dugc hé truc chuan S'= {vl,...,vn} sao cho
span{vl,...,vk } = span{ul,...,uk };k =1,...,n

v k=1:Vihé S doc lap nén u; = 0. Dat VI:H
U

Vik=2: Xét vy = ~(up, vy )vy +uy, ta co vy #0. Dat vy = H , hé

{V{,vo} truc chuan va span{v;,v, } = span{ul Uy }
v’ Gia sir da xay dung duoc dén k —1. Tuc c6 {vl,...,vk_l}truc chuén sao
cho span{vl,...,vk_l 8 span{ul,...,uk_l .

k-1
Tuong tu trén ta xét vy = _Z<“kavi>"i +uy tactingcod v #0
i=1

bat v, = H_H thi vy Lv;si=1..,k-1.Vayh¢ {vl,...,vk} truc chuan va
Vi

span{vl,...,vk } = span{vl sees Vi1V }: span{ul,...,uk_l SUj }
7.2.6 Co sé truc chuin

Mot co sé& cia khong gian véc to V' ma 1a hé truc chuan dugc goi 1a mot co sé
truc chuan.

Moi hé truc chuan cia V' déu co6 thé bo sung thém dé trd thanh co s& truc
chuan.

Gia st {el,..., en} la mét co so truc chuan cua V thi véi moi1 u,velV , taco
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v=(v,e)e; +...+(v,e,)e,
(,9) = (1,00 v, 01 )+ oo (i, )00
M =(ver)” ot (ve,)’

7.2.7 Khong gian con truc giao, phan bu truc giao

Véc to velV dugce goi la tryc giao voi tap con SV, ky hiéu v L S, néu
vlu voimoiues.

Tap con S truc giao vé1 tdp con Sy, ky hiéu S; L S,, néu v Lu v6i moi

veS,ues,.
Néu v L S thi v LspanS.

Gia st {ey,...,ex | 1a mot co sé cia W thi v L W khi va chi khi v L e;, véi moi
i=1,..k .

V61 moi tap con S < V. Ta ky hi¢u st ={veV‘vJ_u,VueS}.

Tap S L 1a khong gian véc to con cuia V.

Vi moi khong gian con W cua V. Taco V = wawt, (WL)L =W

Hai khong gian con W, Wt duoc goi 1a phan bu truc giao ctia nhau.
7.2.8 Ma tran truc giao

Ma tran vuong A duogc goi la ma tran truc giao néu A'4=1.

Nhu vay ma tran truc giao A 1a kha nghich va c6 A = 4

Ma tran A truc giao khi va chi khi cac véc to cot va cac véc to hang cua 4
tao thanh hai hé truc chuén.

Taco |4'd=lll=1=> |4|=+1.

Moi ma tran vuong cap 2 truc giao déu c6 dang

CcoS sin coS sin
A:{ >4 (p} hay A:{, v (p}.
—sing cos@ singp —cos@

Ma tran cua mot hé truc chuan viét trong co s¢ truc chuan la mot ma tran truc
giao. Pac biét moi1 ma tran chuyén tir co sé truc chuan sang co so truc chuan 1a ma
tran tryc giao.

94



Chuong 7: Khong gian Véc to Euclide dang toan phwong

7.2.9 Anh xa tuyén tinh true giao
Gia su (V,< , >V) va (V',< , >V') la hai khong gian véc to Euclide. anh xa

tuyén tinh f:¥ — V' dugc goi 1a anh xa tryc giao néu véi moi u,veV :

<f(1/l), f(v)>Vv = <uav>V
Tu dang ciu f la truc giao khi va chi khi ma tran cila ty dang cau f trong
mét co s& truc chuan 1a mot ma tran truc giao.

7.2.10 Bai toan chéo hoa truc giao

Cho ma tran A tim ma tran truc giao 7 sao cho T YAT 1lama tran chéo.
A chéo hoa truc giao dugc khi va chi khi 4 1a ma tran ddi xung.
7.2.11 Thuéat toan chéo hoa truc giao
Mudn chéo hoa truc giao mot ma tran ddi ximg A, nghia 1a tim ma tran truc
giao T saocho T PAT ¢o dang chéo, ta thuc hién cac budc sau:

Budc 1: Tim cac gia tri riéng clia ma tran dbi ximg 4 (nghiém cua da thirc
dac trung).

Budce 2: Trong mo1 khong gian riéng tim mdt co s¢ va truc chuan hod Gram-
Shmidt co s& nay.

Budc 3: Gop cac co s¢ da dugce truc chuan hod & budc 2 ta c6 mdt co sé truc
chuan cua V' . Ma tran céac véc to cua co sd nay la ma tran truc giao 7' can tim.

7.2.12 Dang song tuyén tinh va dang toan phwong

Gia st 7:V xV —R 13 mot dang song tuyén tinh trén khong gian véc to V.
B =1e|,...,e, } 1amdt co so cia V

Ma tran A:[al-j] . Q) :n(ei,ej)

dugc goi la ma tran ctia dang song tuyén tinh 7 trong co s& A

Vu, velV; u=xe +..+x,e, va v=yie +...+y,e,

n(u,v) =n(xe +...+x,e,,yie; +...+ y,e,)
n n
= D onlee))xiy= D ajxy,
i,j=l1 i,j=1

duoc goi la biéu thirc toa d6 trong co s& A .
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n
Nguoc lai 4nh xa 77:¥ xV —R xéc dinh boi 7(u,v) = D a;x;y; 1a mot
i,j=1

dang song tuyén tinh c6 ma trin A4 = [al-j] . ag =1(e,e;).

Gia st 7n:V xV — R 1a dang song tuyén tinh trén khong gian véc to V.

Anh xa 0:V —> R

v = 0W)=n,v)
duogc goi 1a mdt dang toan phuong trén V' . Do @6
n n ,
o(v)= Zaijx,-xj , VO v = Zx,-el- 1a biéu thirc toa do trong co s¢ 4.
i, j=1 i=1

Mot dang toan phuong O: V — R 1a mét ham s6 xac dinh trong khong gian
véc to ¥V ¢ cong thic xac dinh anh O(v) 1a mot da thic thuan nhat bac hai doi
v6i cac toa do cuia véc to v trong co s& bat ky.

Mbi dang toan phuong O chi ¢6 duy nhat mét dang song tuyén tinh ddi xtimg
n, dugc goi la dang cuc cua Q, sao cho Q(v) =n(v,v).

Néu A4 la ma tran cua dang cuc 77 cua QO thi A4 cling con dugc goi la ma tran

cua dang toan phuong Q.

7.2.13 Biéu thirc toa d ciia dang toan phuwong trong cac co sé khac nhau
Gia st Q la dang toan phuong trong khong gian véc to V.A4A= [al-j] ,

A'= [a'l-j] 1a hai ma tran ctia Q trong hai co s& B = {ey,...,e, }. B = e,.e,}

cua V . Goi T:[tij] 14 ma trn chuyén tir co s& & sang #B' thi A'=T'AT.

7.2.14 Biéu thirc toa do dang chinh tic ciia mdt dang toan phuwong

Ta can tim mét co s cua V' dé trong co s¢ nay ma tran cua dang toan phuong
la ma tran chéo, nghia la biéu thirc toa do c6 dang chinh tac:

2 2 2
Q(V) =ap1X] t+taxxy +..+a,;x,

Pua vé chinh tac bang chéo hoa truc giao:
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Gia st Q la dang toan phuong trong khong gian Euclide V voi co sé  truc
chuan & = {el,...,en} cO ma tran A= [aij] (ma tran doi xtmg). Chéo hoa truc

giao ma tran A= [al-j] , nghia la ta tim dugc ma tran tryc giao 7 dé T'AT 1a ma
tran chéo. T 1a ma trin chuyén tir co s& B sang co so truc chuan ' gdm cac
véc to riéng cia A. Vi vdy biéu thic toa d6 ctia O trong co sd ' c¢d dang chinh
tac.

Pua vé dang chinh tic theo phuong phap Lagrange:

Gia sir trong co sO & = {el,...,en} ctia khong gian véc to V' (khong gia thiét
khong gian Euclide) biéu thirc toa do cta dang toan phuong O c6 dang:

n
Q(V)= Zal-jxl-xj, aij :aji ,V=inel-.

i, j=1 i=1
Ta thuc hién cac phép d6i toa do sau:

¢ Truong hop 1: Gia str ¢6 a;; #0, chang han a; # 0 thi ta c6 thé sap xép

lai:

n
2
OW)=ayq| X1~ +2x —xl Zal]xl X j
. ~d11
) i,j=2

. n
o 1 \ 2 '
Dit o1 thi QW) =ayy”+ D d vy,
4 i,j=2

n
Tiép tuc qua trinh nay véi biéu thirc Za'ij ViV -
i,j=2
¢ Truong hop 2: Néu moi a;; =0 thi ton tai aj; # 0, chéng han aj, #0.
Xp=)1+t12 n n
Dat 1 xy =y -1 thi Q)= D ayxix; = Y 'y yiy;

=yj 5 J=3..n L=l L=l
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c6 a'|1=apy # 0, vivay ta c6 thé dua vé truong hop 1.

Pua vé dang chinh tic theo phuong phép Jacobi:

Cho dang toan phuong O trong khong gian véc to ¥ (khong gia thiét khong
gian Euclide) v6i dang cuc twong tng 77 va c6 ma tran trong co s & = {el,..., en}
la A:[al-j] Doay :n(el-,ej); i,j=1...,n.

Néu céc dinh thic con chinh cia 4 déu khac khong:

g 4 all aln
1 12¢O,...,Dn:5 B E £

Dl =dal] ¢0, D2 =
a1 a4y

Ayt & F Byl
thi voi mdéi j =1,...,n cac hé phuong trinh Cramer sau
ajx) +apxy +..+ap;x; =0
a|xy +axpxy +..+ap;x; =0

'.Xj =

ludn c6 nghiém duy nhat ky hi¢u 1a (e ;.7 ;... ;).

fl=a11e
< fo=a1e +ane

Xét hé véc to

thi biéu thtrc toa do clia O trong co so AB'= { flsees fn} c¢6 dang chinh téc:

Dy, 2
nlyn'

1 2 D 2
v=y1fi++Vafn 3Q(V)=—D V1 +D—1y2 +..+ b
1 2 n

7.2.15 Luat quan tinh
So céc hé sb duong va s6 cac hé sd am trong dang chinh tic ctia mot dang
toan phuong O la nhitng bét bién cta dang dé (tirc 1a khong phu thudc vao viée
lya chon co s06). S6 cac hé sd duong dugc goi la chi ) quan tinh duong va sb céc
hé sb am duge goi la chi ) quan tinh am.
Gia st (p,q) 1a cap chi s6 quan tinh duong va am ciia dang toan phuong O

trong khong gian n chiéu V thi p+¢ =r (hang cua Q).
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Néu r =n thi O duoc goi 1a khong suy bién;
p =n thi Q duogc goi la xac dinh duong;
g =n thi Q duoc goi la xac dinh am.

Dinh ly Sylvester: Gia sir dang toan phuong Q c6 ma tran la 4 trong mot co
s0 nao do cua V. Khi do:

(1) Q x&c dinh duong khi va chi khi cac dinh thirc con goc tréi cua 4 ludn
duong.

(i) O xac dinh am khi va chi khi cac dinh thirc con goc trai cap chén 1a

duong va cap 1¢ 1a am.

7.3 CAU HOI VA BAI TAP
Cau 1: V(xy,y1),(x9,17) € R? , biéu thirc nao sau diy ciia 7 xac dinh mét
dang song tuyén tinh ciia khong gian véc to R2.
a) 7((x1, 3. (x2.2))=(x1 = y)* +(x2 + ¥2)* .

b) 7y (x2.2))= (1 = x2)% + (31 = »2)*.
o) 7((x1, 31, (x2,72))= 2x133 + 133177 = 5135
d) 7((x1,21)5(x2,32))=2x1 + x5 = 3x1¥2 +5y177.
Cau 2: V(x1,1),(x2,12) ele, dang song tuyén tinh 7 nao sau day ciia
khong gian véc to R ¢6 tinh xdc dinh.
a) 7((x1,21),(¥2,¥2)) = 2x127 +13x172 =512
b) 7((x1, 31 (x2,¥2))=3x1x0 = 63172 +2x2 91 —4¥1¥>.
o) 7((x1, 31, (x2,2)) = 2x135 + 5x1 5 + 4x21 +10y1y5.
d) (e, 31),(x2,2))= X192 +8x21 + 5112
Cau 3: V(x1,31),(x2,10) € |R2, dang song tuyén tinh 7 nao sau day ciia
khong gian véc to R? ¢6 tinh dbi xurng.
a) 7((x1,31),(x2,72)) = 2x132 + X192 + 6177

b) 7((x1, 1), (x2.¥2))=3x1x5 + X1y + 2x21 + 3115
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¢) (1,01 (x252))=2x1%3 — 4x1yy +4x291 =212

d) 7((x1, 1)5(x2,¥2))= X172 + X231 = 3y12.
Cau 4: V(x1,y1),(x2,10) € |R2, dang song tuyén tinh 7 nao sau day ciia
khong gian véc to R? 1a mdt tich vé huéng.
a) 7((x1,31),(x2,72))=2x123 +8x172 = ¥132.-
b) (1, 31),(x2,12)) = 3x1x7 + 531y +2x2y1 + Y12
¢) ((x1,31),(¥2,12))= 23133 +X1¥2 =327 + V172
d) 7((x1, 1), (x252)) = X102 + 2% +30172 -
Cau 5: Gia st <,> 12 mét tich vé6 huéng ciia khéng gian véc to V. Diéu
nao sau day khong ding.
a) Néu <u,v>:O voimoi veV thi u=0.
b) <u +v,u+ v> = <u,u> + <v,v> .

C) <u,u>>0 voimoiuel vau=#0.
d) Yu,veV,VkeR, <ku,kv>=k2<u,v>.

Cau 6:V(x1,71).(x2,2) €R?,
(X1, 1) (x2,¥2)) = X133 = X3 — Xp 1 +3y1y, xdc dinh mt tich vé huong

cua khong gian véc to RZ. Tim mé dun HvH ,v=(34).

a) [v]=+33.
b) |v]=>5.
o) M=+12.
3 W =1.

Cau 7: Trong khong gian véc to R> xét tich vo huéng thong thudng. Tim

2 2 .1
véc to' u truc chuan hoa cia véc to v= (— g,l,g).
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0 =~ 555 )

S I 1)
U V307430730

D= rrrj

Cau 8: Ky hiéu HvH =./ <v,v> la m6 dun cia véc tor v trong khong gian véc

to Euclide 7 . Piéu nao sau diy khong dung.
a) |v|>0; va |v|=0 khi va chi khi v=0.

b) [ = [k v]-
) [y <[]+ [ -
d) v = <[] =[] -

Cau 9: Cho khong gian véc to Euclide /' véi tich vo huéng <,> Picu nao
sau day khong dung.
a) HuH = HVH khi va chi khi <u +v,u — v> =0.

1 2% 2

b) {u,v) = +v|7 = e =)

¢) | +v|* =Jul* +|v|* Khi va chi khi u Lv.
1 21 2

d) (v = tv]" = ="

Cau 10: Ta goi d(u,v) = Hu - vH 1a ham khoang cach trong khong gian véc
to Euclide /. Diéu nao sau day khong dung.
a) du,v)=0;va d(u,v)=0 khivachikhi u=v.
b) d(ku,kv)=k>d(u,v).
c) du,v)<du,w)+dw,v).
d) d(u,v)=d(v,u) .

Cau 11: Trong khong gian véc to R> xét tich vo huéng thong thwong.
Tim mot véc to don vi w truc giao vo6i hai véc to u; = (1,2,3), Uy = (0,1,3).
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2 we| L =3 1 )
BT TRNYA
-3 1
oy OW’TOJ'
o wo[ 2L 3 1)
R TRNA
d)y w=(-13-1).

Cau 12: Trong khong gian véc to RZ xét tich v hwong thong thuong.
Truc chuin hoa Gram-Shmidt ciia h¢ véc to 1y =(1,-2), u, =(2,0).

| 2
a) V| = ﬁ’__SJ’ 1% :(1,0)
1 2 2 1
o= ()
I 2 2
C) V| = _ﬁ’_SJ’ %) :(—S,Oj
1 2
d) V= —ﬁ,—Sj, vV :(2,1)

Cau 13: Trong khong gian véc to R> xét tich v huwéng thong thuwong.
Truc chuin hoa Gram-Shmidt cua hé véc to
up =(LL1), up =(0,1,1), u3 =(0,0,1).

el (e (3
-Gk )
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2
V(g p1)s(x2,52) €R™, (31,015 (32, 72)) = 01x2 = 2x197 = 22391 +5y172
xac dinh mot tich vo hudng ctia khong gian véc to RZ. Truc chuan hoa Gram-
Schmidt co s¢ {e; = (1,0), e = (0,1)} cia R>.

a) vi =e; =(1,0), v, =ey =(0,1).
b) vi =e; =(1,0), vy =(2,1).

C) V] = (1,2), Vy) =€) = (0,1)

d) v _(L ij v _(__2 Lj
SR WENC) e NN A
Cau 15: Trong khong gian véc to R* xét tich v hwéng thong thwong.

Tim mdt co s& ciia khong gian /¥ gdém cic véc to true giao véi hai véc to
up =(1,-2,3,4), uy =(3,-5,7.8).

a) v; =(3,1,0,-4), vo =(1,-3,5,4) .
b) v =(4,1,0,6), v, =(2,-13,0), v3 =(1,-1,3,2).
c) vi =(1,2,,0), vy =(4,4,0,1).
d) v =(2,4,2,0), v =(5,6,1.2).
Cau 16: Trong khong gian véc to R> xét tich vo hwéng thong thuong.
Tim mot co sé ciia phan bi true giao w ciia khong gian
W =span{y; =(1,2,3,-1,2), uy =(2,4,7,2,-1)}.
a) {v =(2,-1,0,0,0), v, =(-17,0,5,0,1), v3 =(13,0,-4,1,0)}.
b) {n =(2,-1,0,0,0), v, =(-17,0,5,0,1)}.
¢) {v =(

d) {v =(2,-1,0,0,0), v, =(-17,0,5,0,1), v3 =(15,1,-5,0,-1)}.

2,-1,0,0,0), v5 =(7,0,5,0,1), v3 = (13,0,~4,1,0)}.

Cau 17: Gia st W, W, 1a hai khong gian véc to con cia khong gian véc to
Euclide 7 . Piéu nao sau diy khong ding.

a) (W +W, )" =T iy,
b) (1 )" =T+
¢) (W "Iy )" = oyt
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dy Wy Wy = Wt swyt

Ciu 18: Xdc dinh xem co s& nao sau day 1a co sé true chuan ciia khong

gian véc to R>.

a) {(1,-11), (0,L1), (2,0,1)}.
b) {(1,2,2),(2,0,1), (-1,0,1)}.

{53640033)

FwaEwaE Rl

Cau 19: Ma tran nao sau day khong phai la ma tran truc giao

2
EX

w|»—
wll\)

cosp —sing 0
a) |sing COS(p
0

(O NN

b)

I
W

1
w‘ | w‘ I QIR ulw
—_ \®)
|
WlNW | —

I
S}

(@)
ey
S o S5t

d)

W NW | — W
o S=5= . '

L
NG
fad
2

Ciu 20: Cho ma trén truc giao 4. Piéu nao sau day khong ding

a) H¢ cac véc to cot cia 4 1a mot hé truc chuan.

b) H¢ cac véc to hang cua 4 1a mot hé truc chuan.
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¢) Pinh thirc ciia 4 ludn bang 1.

d) Ton tai ma tran nghich dao A = 4
Ciu 21: Picu nao sau diy khong ding.

a) Ma tran cua mot hé truc chuan trong co s& bat ky 1a mdt ma tran truc
giao.

b) Néu A 1a ma tran truc giao thi A cling 1a ma tran truc giao.

c) Ma tran tryc giao chi nhdn cac gia tri riéng 1a 1 hoac —1.

d) Néu A4, B 13 hai ma tran truc giao thi AB cling 1a ma tran truc giao.

2
3
Cau 22: Tim x, y, z sao cho ma tran 4= y la ma tran truc
1

NG

O R W

I
s“_Nt»HI\J

giao va det 4 =1.

)y 3 M 3'

4 -1 -1
, V= - ——.

3V277 32T 342

|

-4 1

s V= s 2= .
VMR ¢ R
d) x=—4\/§,y:\/§,22\/5.

Ciu 23: Picu nao sau day khong ding

a) x=

W | N

b) x=

C) x=

a) Tu dong cau f 1a tw ddng cdu truc giao khi va chi khi ma trin cua f
mot trong co sO truc chuin 1a ma tran tryc giao.

b) Tu dong cdu f 1a ty dong cdu dbi xing khi va chi khi ma tran cia f
mot trong co s& truc chuan 1a ma tran d6i xung.

¢) Moi ma trén ddi xtng déu chéo hoa truc giao dugc.

d) Ma tran d6i x(mg chi nhan céc gid tri riéng khac 0.
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0 2 2
Ciu 24: Cho A=(2 3 —1/|. Tim ma tran truc giao P sao cho P'AP
2 -1 3
c6 dang chéo.
/A3 0 2/ 300
a) P=| 13 142 -1/J6|, Plap=]0 5 o]
~1/43 1/V2  1/V6 00 9
—2/\6 0 1/43] 42 080
by P=| I/N6 N2 N3, PTlaP=| 0 4 0]
~1/\6 -1/42 1/43 0 0 4
/3 1N2 16 ] 0 0 0
o) P=|1/3 -1/N2 1/\e6 |, Plap=|0 3 o]
N3 0 -2/Ve 0 0 3
A6 N2 1/43] 0 0 0
d) P=| 1/J6 -1/N2 13|, PTlaP=[0 6 0]
~2/J6 0 13 0 0 6
5 &N
Cau 25: Cho A=(—-1 5 2|.Tim ma trin truc giao P sao cho P'AP
22

c6 dang chéo.

/A3 0 2/J6 3
a) P=| 1/B /N2 -1/\6|, Plap=|0
~1/AB3 12 146 0

S »n O
o O O
I |

—2/\J6 0 1/3] -2 0 0
b) P=| /N6 1/N2 13|, PTlap=| 0 4 o]
-1/N6  —1/N2 13 (0 0 4

0 0
/A3 =142 Ve |, PTlaP=|0 3
N30 -2/ 0 0
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Chuong 7: Khong gian Véc to Euclide dang toan phwong

1/\6 12 143 000
d) P=| 1/N6 —1/¥2 13|, Plar=|0 6 o]
—-2/\6 0 143 00 6

Céu 26: Viét ma tran ciia dang toan phwong Q trong co sé chinh tic:

Q(XI,X2,X3) = 3)(712 + 2)622 - X32 + 2X1X2 - 4XIX3 + ZXZ)C3

3 2 —4
a) A=l 2 2 2
-4 2 -1
3 2 —4
b) 4=|0 2 2
0 0 -1
3 1 -2
c) A=| 1 2 1
-2 1 -1
-3 2 -4
d A=| 2 -2 2
—4 2 1

Cau 27: Cho dang toan phwong QO RZ SR xde dinh béi

O(x, y)=2x2—6xy+y2 .. Tim ma tran cida Q trong co s&
{1 =10), v =D |

2 =3
a) {_3 1]
b 2 -1
)2 |
2 -6
C) {—6 1]
d 2 -6
) 0 11|
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Chuong 7: Khong gian Véc to Euclide dang toan phwong

Cau 28: Cho dang toan phuwong Q: R’ >R xdc dinh béi
O(x,v,z)=xy +xz+ yz. Tim chi s6 quan tinh dwong p va chi s6 quan
tinh 4m g¢.
a) p=1,g=2.
b) p=2,q9=1.
c) p=1l,q=1.
d) p=0,g=2.
Cau 29: Cho dang toan phwong Q: R* SR xac dinh béi
Q(x,y,z,t):?,x2 +2y2 —z2 27 +2xy —4yz +2yt. Tim chi sé quan tinh
dwong p va chi s6 quan tinh 4m ¢ .
a) p=1,g=3.
b) p=3,g=1.
c) p=2,9=2.
d p=1lg=2.
Cau 30: Cho dang toan phuong Q: R> >R xac dinh boi

2

O(x,y,2)=x> +y% + 2% +4xy + 4xz + 4yz. Tim modt co s& {vy,vp,v3} cla

R> sao cho biéu thirc toa d6 ctia O trong co s& nay co dang chinh tic.

(x,y,2)=Xv| + Yvp + Zv3; Q(x,y,z):a)(2 +,6’Y2 +722

a)v:(L__lijv :(Lioj‘,:(ii__zJ
S SVERNEANE Y WA AN B NN AN |
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Chuong 7: Khong gian Véc to Euclide dang toan phwong

d)v_(zz—_lj‘,_(l—_z—_z)v_(zlz).
737373 )27 (37373 )37 (3°3°3)

a=5p8=5y=-1.

Cau 31: Cho dang toan phwong Q: R’ >R ¢6 ma tran trong co sé' chinh

17 -2 -2
tic A=|-2 14 —4|. Tim mdt co s& {vy,vy,v3} cia R’ sao cho biéu thirc
—2 -4 14

toa dd cia O trong co sé nay co6 dang chinh tic. (x,y,z) =Xv| + vy + Zvy;

Q(x,y,z)=aX2 +,6’Y2 +}/Zz.

a=9,0=18,y=18.

o 5s)(FwY % E)

Ciu 32: Véi gia tri nao cia tham s6 m thi dang toan phwong

0: R’ > R, O(x,y,z)= 2x% + y2 +322 + 2mxy + 2xz xac dinh dwong.

a) m=1.

b) | <%

c) m#0.
d) m>0.
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Chuong 7: Khong gian Véc to Euclide dang toan phwong

Cau 33: Cho dang toan phuwong Q: R®> >R ¢6 ma tran trong co’ sé chinh
I m -1
tic A=| m 1 2 |.Véigia tri ndo ciia tham s6 m thi dang toan phwong O,
-1 2 5
xac dinh dwong.
a) m>1.

b) m<i.

NE]

c) m#0.
d) _?4<m<0.

Ciu 34: Véi gia tri ndo cia tham s6 m thi dang toan phwong
0: R> >R , O(x,y,z)= —4x? - y2 +4mz? + 2mxy —4mxz +4yz xac dinh am.
a) m>-—1.
b) ‘m‘<2.
c) —2<m<-1.
d) m>-2.

Céu 35: Tim k dé dang song tuyén tinh xac dinh nhu sau

Ve 02 (2. 2) €R, (e, 31 (2. 2)) = 3130 = 33132 = 3323 + kv
1a mét tich v6 huwdng cia khong gian véc to RZ.
a) k>9.
b) £>0.
c) 0<k<9.
d) £#0.
Céu 36: Tim diéu kién a,b,c,d dé dang song tuyén tinh xac dinh nhu sau
V() (62, 32) €RZ, (e, 31).(x2,32)) = axixy + bxy vy + cxpyy +dvy v
1a mét tich v6 huwdng cia khong gian véc to R2.
a)a>0,b>0,c>0,d>0.
b) a>0,d>0,ad —bc>0.
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Chuong 7: Khong gian Véc to Euclide dang toan phwong
c)a>0,b=c,ad —bc>0

d)a>0,d>0,ad —bc<0.
Ciu 37: Hay dwa cic duong bac hai c6 phwong trinh sau vé dang chinh
téc va viét tén ching 3x” +8xy -3y +180=0.
Ciu 38: Hay dwa cic duong bac hai c6 phwong trinh sau vé dang chinh
téc va viét tén ching  4x2 +9xy +12y% —4x+ 6y +1=0.
Ciu 39: Hiy dwa cac mit bac hai c6 phwong trinh sau vé dang chinh tic
va viét tén ching 7x° +7y% +102% —2xy —dxz + 4yz —12x +12y + 60z = 24.

Céu 40: Hiy dwa cac mit bic hai c¢6 phwong trinh sau vé dang chinh tic
va viét tén ching 2xy+2xz+2yz—6x—-6y—12z=0.
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Pdp dn va hudng dan gidi bai tdp

DAP AN VA HUONG DAN GIAI BAI TAP

CHUONG 1

Cau | DPap an Cau Pap an

1 C 21 a) 120, b) 48, c) 72, d) 250
2 d 22 C

3 b 23 d

4 C 24 d

5 d 25 b

6 d 26 b

7 b 27 a) 210, b) 62, ¢) 203, d) 70
8 a 28 d

9 d 29 a

[E—
S
()
S

b

[E—
[
o
(98]
[S—
(@)

p—
[\
(93]
(\9}
Qo

—
(O8]
(@]
(93]
(O8]
(@)

[um—
~
(O8]
N
on

[E—
(9]
o
(98]
(9]

C

p—
[®)
(@)

(93]
(@)

a,c,d tuong duong

17 b 37 b
18 C 38 b
19 b

20

Céu 3, 4, 5, 6, 7: Stir dung 16gich ménh dé.
Ciu 9: a) Khong dbi xing. b), c) Khong bic cau.
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Pdp dn va hudng dan gidi bai tdp

Cau 10: Lop tuong duong cla a 13 a = {x eR

Cau 12:

Q|
Il
8
|
AN
+

néu ‘a‘>2/\/§
néu ‘a‘:l/\/g

a) A:{er‘xSI}, B:{xeﬁ‘x2<2}.

b) A:{er‘x2<2}, B:{er‘x<2}.

c) A:{er‘x<2}, B:{er‘xS2}.

d) A:{er‘0<x, x2<2jl

Cau 13: Giai phuong trinh  f(x)=y.

Cau 14: a) f o g(n) = {

n—1 néu n lé

n néu n chan

(a—x)(az+x2 +ax—1):0}

Jaz 2)&}1ﬁq4<y¢%@M¢vJ§
néu ‘a‘ = 2/\@

b

b) go f(n)=g(2n)=n; vi moi sd nguyén n.
¢) fof(n)=4n
d) fegef=f

R 1 2 3 4
Cau 20: a) oo U= ,

b poo o2 3 4
#2970 3 4 2
4 (1 23 4
c)o =
341 2
d)_l_'1234
#7302 4

|

2 4 3 1
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Pdp dn va hudng dan gidi bai tdp
Ciau 15, 16, 17, 18, 19: St dung 16gich ménh dé, dinh nghia va cac tinh chat
cua anh xa.

31
Cau29: (37+19)°' = 3 ¢537%19°17%; pat ap =5 377 19°1F
k=0

k Amki031-k

CX.37%19
xa o GRTIT T kel 19 g 18y,
gyl Gy 377197 31—k 37 56

= Vk<20taco: a; <aj ;= a; <ap

Vk 221taco: a; >ap1 = ap <apy
Vay ayge =ag) =C31377.1910 = 3937211910

Cau 30, 31, 32, 33, 34: St dung truc tiép dinh nghia phép hop thanh, nhom,
vanh va truong.

Cau 35:

m
a) Néu xy=yx thi (x+y)" = ZC,];xkym_k. Gia st x =0, "2 =0 thi
k=0

(x+yyn1™m =0.

m_m

b) Néu xy = yx thi (xy)m = 6
Gia st x" =0, y"2 =0 thi (xy)1 "2 =0.

d) Néu x" =0 thi (l—x)(l+x+....+xn_1):1 .

3 (l—x)_1 =14 x4+ X"

Cau37: Tu xv(xaz)=x va (Y'Az)v(yAaz)=z
= mang twong duong don gian hon c6 dang x v z.
Cau 38: Cong thuc Boole tuong ing ciia mang
A=(xAyAz)Vv (x/\ [(y'/\z)v (y /\z')])
=xAly A v (A V(Y AD)]=x A (v 2)

= mang tuong duong don gian hon c6 dang x A (y v z).
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Pdp dn va hudng dan gidi bai tdp

CHUONG 2

Cau | DPap an Cau | Dap an
1 d 16 a)3;b)2;c) 3;d) 3
2 C 17 C

3 b 18 a

4 c 19 c

5 c 20 c

6 21 b

7 b 22 C

8 a 23 d

9 c 24 a

10 b 25 C

11 C 26 d

12 c 27

13 b 28

14 a)3;b)2;c) 1;d) 3 29

15 C 30

Cau 1,2, 3, 4, 5: Str dung truc tiép dinh nghia khong gian véc to va khong
gian véc to con.

20+30+ y=17
Cau 6: a) Giai hé phuong trinh <3a+74 -6y =-2
Sa+8pB+ y =15

= a=1L=-5y7=0 = u=1lvy +(-5v, +0v3.
Giai cac hé phuong trinh tuong tu ta c6 cac két qua sau
b) u=3v;+5v) +(-Dw3 c) u=vy+2vy+3v3.

d) u=vi+vy+v3.
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Pdp dn va hudng dan gidi bai tdp

Céu 7: Bai toan twong duong véi viée tim gia tri cuia A dé hé phuong trinh

20+3p+ y=7
sau co nghiém <3a+7-6y=-2 = A=12.
Sa+88+ y=A4

Céu 8: Thyc hién cac phép bién ddi so cip va ap dung dinh 1y 2.17 suy ra:

a) 12 mot hé sinh cua R’; b) ¢) d) khong phai 1a hé sinh cia R’.
20+3fF+y=a

Hodc hé phuong trinh <a + 28—y =>b
-3a-5p +y=c

ludn c6 nghién véi moi  (a,b,c) € R> con hé phuong trinh tuong Ung vai

truong hop b) ¢) d) khong phai lun c6 nghién véi moi (a,b,c) eR>.
Cau 10: a) Hai véc to u,v ty 1€ vdi nhau nén phu thudc tuyén tinh;

Bang hai phuong phap nhu cdu 8) suy ra:

b) doc 1ap tuyén tinh; ¢) d) phu thudc tuyén tinh.
Cau 11: Ap dung dinh 1y 2.17
A =12 -1/2 A —12-1 -1/2-2
12 A 12| =12 A+1/2 0
-2 12 2 ~1/2 0 A+1/2

A-1 —1/2-4 -1/2-4
(néu 1 #—-1/2) o 00 A+12 0
0 0 A+1/2

Vay hé véc to phu thudc tuyén tinh khi 2 =1 hay 1 =-1/2.

Céu 17: Bing phuong phap twong tu vi du 2.14, thuc hién cac phép bién doi
so cAp va ap dung dinh 1y 2.17, nhan xét 2.18 suy ra:

dimV} = r{vp,vy,v3§=2, dimVy = r{ug,uy ,uz }=2,
dlm(Vl +V2)=F{V1,V2,V3,ul,uz,u3}=3 = dll’n(Vl ﬁV2)=2+2—3=1.

Cau 18, 19: duogc giai tuong tu.
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Pdp dn va hudng dan gidi bai tdp

CHUONG 3

Cau | Dap an Cau | Dap an
1 b 11 a
2 c 12 a
3 a 13 C
4 d 14 a
5 C 15 b
6 a 16 d
7 b 17 C
8 d 18 C
9 d 19 a
10 b 20 b

Cau 11: Quy nap theo n.

o 17T
Cau 12: i
10

500
o 17 (fo 17t 0o 1T [0 -1
-1 0 {l=1.0 -1 0| [1 o]
Cau 13: Néu ton tai 4, B sao cho AB— BA=1 thi Tr(4B — BA)=0 nhung
Trl =n vo 1y.

n %
Cau 14: A" :{x :I

[

0o "
A"=1 = x"=z"=1 = x=41, z=4I.

1 =+

ex=z=41 = A" = " = y=0.
0 1

2 |10 -

¢x=—2z=11 = 4" = 0 1 = y tuyy.
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Pdp dn va hudng dan gidi bai tdp

CHUONG 4

Cau Dap an Cau Pap an
1 b 14 C
2 c 15 b
3 a 16 d
4 d 17 b
5 c 18 a
6 c 19 c
7 a 20 b
8 b 21 a
9 d 22 d
10 c 23 c
11 b 24 b
12 a 25 C
13 a

Ciu 9: Khai trién Laplace theo 2 hang dau ta duoc

. i . 3
D:‘l 3‘(—1)”2“*24 ~2  3/=1790.
2 5 -1

Céu 10: Ap dung dinh thitrc Vandermond c6 cac phan tir twong ing —1,2,4, x
ta co
D=30(x+1)(x—-2)(x—4).
Céu 11: Khai trién Laplace theo hang thit ba va thir tu ta duoc

. 2 0 1
D:‘ ‘(—1)3“‘”*23 2 -3 =-115.
4 5
-1 -3 5
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Pdp dn va hudng dan gidi bai tdp

3 m 2
Caul4: detd={4 1 m=m—-4)(m+5)(m-1).
m 1 4

Vay A4 kha nghich khi m #-5,4,1.
Ciau 17: Ap dung conh thirc 4.19

4 1 -1
A=|1 4 —-3|cOdetd=-7.
7 -4 2
4 -3 > -3
1+1 1+2
A = (-1 — 4, A, =(-1 -3
n=chr 2‘ =D 2‘
1 4 1 =1
1+3 2+1
A3 = (-1 =32, Ay =(-1 <2,
13=CDT _4‘ 21=(=D""1, 2‘
4 -1 4
242 243
Ary = (-1 =15, Ay =(-1 =23,
2=CED77 2‘ 23 =D _4‘
1 - 4 -
3+1 3+2
Ax1 =(-1 =1, Az, =(-1 =11,
3=CD") _3‘ =D _3‘
4 1
3+3
Axr = (-1 =15,
33 =(-D . 4‘
~4 Q@3 Lan|! 4 2 1
Vay Y ISy B X =—% ~23 15 11].
1 11 15 -32 23 15

Cau19: a) (I— AN+ A+..+ A" V)=t = a7V =ps as v am),
b) 31— A)A=34-A>=1 = A =31-4.
d) detd=0 =347 = BHA ' =(CH4™ = B=C .

Cau 22: det(A)=(m+3)(m-1)> .
Khi m#-3,1 hang r(4)=4.
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Pdp dn va hudng dan gidi bai tdp

Khi m=1 matran 4=

[ W ) UG t—y

suy ra hang r(A4) =3.

1

1
1
1

S W ) UG G—y

tran

1

1
1
1

suy ra hang r(A4)=1.

A=

120

5

dinh

thic



Pdp dn va hudng dan gidi bai tdp

CHUONG 5

1 d 16 b
2 b 17 d
3 a 18 b
4 b 19 a
5 b 20 C
6 C 21 b
7 a 22 d
8 C 23 b
9 b 24 a
10 d 25 C
11 b 26 b
12 d 27 d
13 b 28 a
14 a 29 c
15 C 30 b

Str dung phuong phap khir Gauss ta co trhé giai cac bai tap tir cau 7- cau 25.

Céu 17: Ta thuc hién cac phép bién d6i twong dwong 1én cac hang ctia ma
trdn bo sung cta hé phwong trinh

2 5 1 3 2] 2 5 1 3 2 2 5 1 3 2
~ 12 =3 3 m 7 4 6 3 5 4 0 -4 1 -1 0
A= > &

4 6 3 5 4 4 14 1 7 4 0 8 -2 2 0

4 T4 17 4] 2 -3 3 m 7] 0 -8 2 m-3 5

2 5 1 3 2] 2 9 0 4 2]

0 -4 1 -1 0 0 -4 1 -1 0
<> > .

0O 0 0 0 0 0O 0 0 0 0

0 0 0 m-1 5] 0 0 0 m-1 5]
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Pdp dn va hudng dan gidi bai tdp

2x1 +9xp +4x4 =2
H¢ tuong duong —4xy) +x3 — x4 =0
(m—1)x4 =5

Khi m =1 hé vé nghiém.

Khi m#1 hé co nghiém
X __5 x3=4xy + > X —1—2)( _ 10
-1 T o T 2 e

Xy tuy y.

Cau 24: Véc to (a,b,c) thudc vao khong gian con sinh boi vy,v,,v3 khi va
chi khi hé phuong trinh sau c6 nghiém

2x 4y =a
x -y +3z =b
2y -4z =c
Ma tran bd sung
2 1 0 a 1 -1 3 b I -1 3 b
A=[1 -1 3 b|e|0 2 -4 c|le|0 2 -4 ¢
0 2 -4 ¢ 2 1 0 a 0 3 -6 a-2b

Vay véc to (a,b,c) thudc vao khong gian con sinh bdi vy,vy,v3 khi va chi
khi 3c=2(a—2b) hay 2a=4b+3c.

2 -3 -3 =2
Ciu 26: Matranhésdctuahé (/) 1a|3 -5 —4 —4/|cohangbang?2.
1 -2 -1 =2

Do d6 dimV;=4-2=2.Tuong ty ta cing c6 dimV, =4-2=2.

Khong gian con V; V5 la khong gian nghiém cua hé (/) va hé (/) c¢6 ma

AR -2]
3NV -4 -4
1= ml =2 o
tran h¢ so c6 hang bang 3. Do d6 dim(J; nV,)=4-3=1.
2 1 =10 9
1 2 4 -3
3 5 6 —4]

Suyra dim(V] +V,)=dimV| +dimV, —dim(V; N V,)=2+2-1=3.
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Pdp dn va hudng dan gidi bai tdp

CHUONG 6

Cau Dap an Cau | Dap an
1 b 21 d
2 c 22 a
3 a 23 c
4 d 24 b
5 c 25 a
6 b 26 C
7 d 27 b
8 b 28 a
9 a 29 c

[E—
)
(on
(UV]
>
o

[U
—
o
W
[E—
(@)

p—
(\)
on
(98]
(\9]

[um—
W
o
98]
W
o | o

[um—
N
o
w
~
o

[E—
()}
on
W
()]
o

16 a 36 C
17 b 37 b
18 d 38 d
19 c 39 c
20 b 40 d
Céac cau 1, 2, 3,4, 5 ap dung truc tiép dinh nghia 4nh xa tuyén tinh.
Cau 10: Ma trdn cia f trong co sO chinh tic cula R* 1a
1 3 -1 2]
A= (2) 115 _35 T r(A)=3 = r(f)=3 = dimKerf =4 —r(f)=1.
4 1 1 5
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Pdp dn va hudng dan gidi bai tdp

Céu 18: Pinh thtc ctia ma tran cia 4nh xa tuyén tinh f trong c& sé chinh tic

trong cac trudong hop tuong ing

1 0 1 -1 1 1 32 8
a) [0 1 Il==1,b) |1 -1 1|=4,¢)[3 1 4/=36,
111 11 -1 1 30
0 1 -1
d) -1 0 1]=0.
1 -1 0

Vay anh xa trong truong hop d) khong dang ciu.

Cau 20: bat
el=el ep=e
6'2 =e +e ey = —e'1 +€'2
8'3 =e +tey +e3 - ez = —8'2 +e'3
6'4 =e +ey +te3zt+ey eq = —6'3 +€'4

f(e'l ) = f(el) =e + 362 + 283 +ey = e'l +3(— e'l +€'2 ) + 2(— 6'2 +€'3 ) + (— 6'3 +€'4)
= —26'1 +€'2 +€'3 +€'4 .

Tuong tu ta tinh dugc f(e'n)=—4e'y+4e'3+3e'y.
f(€'3 ), - 6'1 —86'2 +6e'3 +4€'4 .

f(€'4 ) = —76'2 +4€'3 +7€'4 .

-2 0 1 0]
. ) 7 1 -4 -8 -7
Vay ma tran ciia f trong co sé mdila A'= . 46 :
1 3 4 7]

1 -3 1
Ciu 36: Matran ciia f trong c6 s chinh tic cia P,laA=|3 -5 1
3 -3 1

Da thirc dac trung cua 4

-2 -3 1| |-2=4 2+4 0
PA)=| 3 -5-4 1 |=| 3 -5-1 1
3 3 1-2 3 3 1-2
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Pdp dn va hudng dan gidi bai tdp

-2-2 0 0
= 3 —2-1 1 |=(1-1H2+1)%
3 0 1-4
1 2 2
Céau 37: Matran cia f trong c6 sé chinhticla A= 1 2 -1
-1 1 4

Da thtrc déac trung cua 4

-1 2 2 | |1-4 2 ®| S E 0 2
PA=| 1 2-2 -1]=[1 2-2 -1|=/ 1 3-1 -1
“1 1 4=l |0 3-23-al 10 0 3-2

=(1-A)(A-3)%.
Do ddé A cocéacgiatririéng A =1 va A, =3 (kép).

*)Gia tririéng A =1 cb véc to riéng v = (x, y,z) 1a nghi€ém cua h¢ phuong

0 2 2 ||x 0
trinh: 1 1 —-1(ly|[=|0
-1 1 3|z 0

LA . x+2y =0 x=-2y
c6 hé phuong trinh tuong duong: =

y+z=0
v=(=2y,y,~y)=-»(2,-L1) chon v; =(2,-1]).
**) Gid tri riéng A =3 ¢6 véc to riéng v =(x, y,z) la nghiém ctia hé

— 2 2~ 2 || x 0
phuong trinh 1 -1 —-1||y|=|0
-1 1|z 0

H¢ phuong trinh trén twong duong voi phuong trinh: x—y —z=0.
v=(y+z,,2)=y(11,0)+ z(1,0,l) chon v, =(1,1,0),v3 =(1,0,1).
{vl, vy, V3} 14 mot co s& gdm céc véc to riéng ciia f

SO =v, f(v2)=3vy, f(v3)=3v3.
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Pdp dn va hudng dan gidi bai tdp

CHUONG 7

Cau Dap an Cau Pap an
1 C 19 d
2 a 20 c
3 d 21 a
4 C 22 b
5 b 23 d
6 a 24 b
7 C 25 d
8 d 26 C
9 b 27 b
10 b 28 a
11 a 29 c
12 b 30 b
13 d 31 a
14 b 32 b
15 C 33 d
16 a 34 c
17 c 35 a
18 c 36 c

Cau 30: Ma tran cua dang toan phuong O trong co sO chinh tic 1a

N

Il
NN =~
N =N
—_— NN

-4 2 2 5-4 2 2
Pa thirc dac trung ‘A—/II‘: 2 1-4 2 |=5-4 1-4 2
2 2 1-A 5-4 2 1-A
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Pdp dn va hudng dan gidi bai tdp

10 0
=5-1 -1-2 0 |=1+1)*G5-2)
10 -1-2

e Véigiatririéng A4; =5, véc toriéng v =(x,y,z) la nghiém cua hé

—4 2 27x] [o
2 -4 2 ||yl=|0
2 2 —4||z]| |0

H¢ phuong trinh trén twvong duong voi hé

{x -y =0

conghiém x=y=z
y—z=0

= v=(x,x,x)=x(1,L1). Chon u; =(LL1).

Tryc chuan hod dugc v, = (l/\/g,l/\/g,l/\/g).

¢ Vi gid tri riéng Ay = —1(nghiém kép), véc to riéng v =(x,y,z) la nghiém

cua hé
2 2 2|lx 0
2 2 2|ly|=|0
2 2 2|z 0

H¢ phuong trinh trén twong duong vé1 phuong trinh x+ y+z=0
= v=(x,1,2)=(-y—-zy,z)=y(-1,1,0)+ z(~ 1,0,1).
Chon uy =(1,-1,0), u3 =(1,0,~-1).
Truc chuin hod hai véc to ndy ta c6
vy =(1/N2.~1~2.0), vy =(1/6.1/v6,-2/6).

x| (N3 1N2 16 |[x
y|={VAB —yN2 N6 || Y| 0=5x2-y?-7?
z| |13 0 —2/J6| z

Cau 37: Xét dang toan phuong cé biéu thirc toa do trong co s& chinh tic

x,y=x+xy—y
3x2 4 8xy — 32
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Pdp dn va hudng dan gidi bai tdp

Ma trdn ctia Q trong co so chinh tic 1a A= L } chéo hoa truc giao ma

trin ndy ta tim dugc co so truc chuan méi vy = (1/\/_;— 2/\/3), V) = (2/\/3,1/\/5) ;

V) =Xv + Yy = O(x,y)=-5X2 +572.
(x;») ] 2 Y

14 2 X
Nhu vay néu doi toa do Yl 1/ Vs 2/ Vs thi duong bac 2 da cho
v [=2/A5 N5 LY
2 2
. X° Y
co dang chinhtaic —— —— =1: Hyperbol
ang 36 36 yp

) x| (313 2/N13([X] .2 10 24 N
Cau38{y}—{_2/\/E 3/\/5}{)7},1& +\/EY \/EXH_O'

Parabol

x| [-1/Ne N2 13 |[x
Cau39. |y|=| /N6 12 -1/\3]| Y |;
z| |26 0 13 ||z

LSRN0 R +(Z+ﬁ)2 —1 : Ellipsoid
17 34 34
x| |3 N2 N6 [x
Caudo.|y|=[1/"3 —1/¥2 1/J6 |1 |;

z| |13 0 —2/Ne|z

(X — 2ﬁ)2 — r2 - (Z — \/8)2 =1 : Hyperbolic 2 tang
9 18 18
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