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Ty 6n luyén thi dai hoc mon toan

Chweng 1: Phweng trinh va bat phweng trinh
Bai 1: PHUONG TRINH BAC NHAT VA BAC HAI

I. Cach giai ’
1) Phuong trinh hic nhit: ax+b=0, ahllR.

« Néu a#0 thi phrong trinh c6 nglim duy nfat x = -

b
.

« Néua =0, bz 0 thi phrong trinh vé nghim.

« Néu a=b =0 thi pliong trinh nghdm ddng Wi moi x UIR.
2) Pheong trinh hic hai  axX + bx + ¢ =0, az0.

«  Néu A= b’ - 4ac < 0 phong trinh v6 nghim.

+ Néu A= 0 phrong trinh ¢6 nghéim képx, =x, = - 2£
a

-b++/A
2a

 Néu A > 0 phrong trinh c6 hai ngkim phan bit x,, =

Il. Pinh i Viét va h¢ qua vé ddu cac nghgm
1) Pinh li Viét: Néu phrong trinh aX + bx + ¢ = 0, a# 0 ¢6 hai nghim x,,x, thi

b . c
S=x,+x,=-— va P=x,X,= —.
a a

2) Hé qui: Phrong trinh c hai agk+bx+c=0,a20 co hai ngkéim:

c A=0
Traidiu = —<0 Cungdl - {¢
a —>0
a
A=0 A=0
X c N c
Cung drong = —>0 Cung &me —>0
a a
_E>O —E<O
a a

. Pinh Ii vé dau ciaa tam thirc bac hai
Cho tam tirc bic hai f(x) = a% + bx + ¢, az 0 tacé
1. Pinh [i thuin:
« Néu A = b —4ac < 0 thi a.f(x) > 06 Ox.
« Néua=0thiaf(x)>0ui Ox #- 2—2.
« Néu A > 0 khidd f(x) c6 hai nghim phan bit x; < x, va
a.f(x) > 0 Wi x ngoai[x; X, 1.
a.f(x) <0 Wi x, <x<X,.
2. Pinh li @do: Néu ton tai s6 a sao cho a.fft) < 0 thi tam tiic ¢ hai nglim phan bit
va $ a nam trong khang hai nghim d6: x, <a <x,.
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Ty 6n luyén thi dai hoc mon toan

V. Ungdung
1. Piéu kien d@é f(x) = ax + bx + ¢ khongdsi ddu vsi moi x
{a—b—o { a=b=0
_ c>0 c=0
fx)>0wi Ox < f(xX)=2 Owi OXx -
a>0 a>0
| A<O A<O0
_{a:b:O {a:b:O
. c<O0 _ c<0
fx) <O0Owi OX = fx) < 0wi OX =
a<o0 a<0
A<O A<O

2. So s&nh ngldim tam thic bic hai i so thuc a
«  Diéu kién dé f(x) c6 hai nghtm phan bitva x,<a<x,la: a.f@)<O0.
« Diéu kién dé f(x) c6 hai nghdm phan bit va a nam ngoai khang hai

" A>0
nghiém:
af(a)>0

A>0

- Néu a nam bén phi hai nghém: x, <x, <a =Jaf(a)>0
S b
_:—_<a
2 2a
A>0

- Néu a nam bén trai hai nghim: o <x, <X, =Jaf(a)>0
S b
_:—_>a
2 2a

*  Diéu kien dé f(x) c6 hai nghtm phan bit va mjt nghiém ram trong, not nghiém
nam ngoaidoan [a;B]1a:  f(a).f(B) <O.

3. Diéu kién dé f(x) c6 nghim thva man x >a:
* Truong hop 1: f(X) c6 nghtm x, <a <x, < a.f(a) <O0.

A=0
e Truong hyp 2: f(x) c6 nghim a <x, <x, = <af(a)>0
S
a<—
f(a)=0
* Truong hop 3: f(x) c6 nghim a =x, <X, < S
a<—
2

('Lam trong ty voi truong hop x < a va khi xiy ra diu bing) 7
Ngoai ra ta cha y thémtinh |i sau: Gi sir ham $ y = f(x) lién tc. Khi d6 diéu kién dé
phueong trinh f(X) = m ¢é nglem la minf(x)< m< maxf(x).
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Ty 6n luyén thi dai hoc mon toan

Bang tom tit dinh ly thuan vé diu caa tam thirc bac hai

Néu A<0 Néu A=0 Néu A >0

| f(x) > 0 \6i x ngoai[x,; X,]
a.f(x) > 0wi Ox i D ) X
af(x)>0wi Ox # 3 a.f(x) < 0wi x, <x<Xx,

Bang tom tit so sanh nghém tam thiec bac hai véi sb thuc a

Piéu kién dé f(x) = ax + bx + ¢ c6 hai ngim phan bit va

a nam gira khaing hai nghgm o nim ngoai khang hai nghtm
X, <O <X,
A>0
af(a)>0
X, <X, <0 X, <X, <0
afa) <0
A>0 A>0
af(a)>0 af(a)>0
S _ S_
2=-—<a 2=-—_>a
2 2

Vidu 1. Tim mdé phrong trinh x? —=2(m+4)x + m? +8= @6 2 nghtm durong.

Vi du 2. Xacdinh adé biéu thic (@+1)x? - 2(@-1)x + 3a—3 ludn drong

Vi du 3. Tim mdé bt phuong trinh x? +x — 2> m nghigm ddng Wi moi x.

Vi du 4. Tim mdé phuong trinh x* +mx+2m = 0 c6 hai ngléim x,,x, thoa man
-1< X, <X,

Vi du 5. Tim mdé phrong trinh x? — 2mx + 2m? =1=0c6 nghém théa man
-2<X,£X,<4

Vi du 6. Cho phrong trinh x® +(m+2)x +3m- 2=0

Tim mdé phrong trinh ¢ hai ngkm phan bit nho hon 2
Vi du 7. Tim mdé phuong trinh x? = 2mx+m+2= 0c6 nghém I6n hon 1
Vi du 8. Tim mdé phueong trinh x* —6mx+9m? - 2m+2= 6 nghém x, <x,< 3
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Ty 6n luyén thi dai hoc mon toan

Bai 2: PHJONG TRINH TRUNG PHUONG VA

PRUONG TRINH CHUA GIA TRI TUYET POI
I. Phwong trinh trung phwong ax'*+bx*+c=0az0 (1)

Patt=x2 = 0 phrong trinh (1) té thanh: &+ bt+c=0 2)

« PT (1) c6 nghim khi va cfi khi (2) c6 it nlat mét nghiém khéng am.

* PT (1) cédung hai nghim phan bit khi va ch khi (2) codung ndt nghiém duong.

« PT (1) co6ding 3 nghdm phan bit khi va ch khi (2) c6 ndt nghiém bing 0 va nat
nghiém duong.

* PT (1) codung 4 nghtm phéan bit khi va ch khi (2) cé hai ngiim deong phan
biét.

Vi du 1. Cho plrong trinh: % + (1-2m)X + mf — 1 = 0.
a)Tim c&c gia frcaa mdé pheong trinh v nghim.
b)Tim céc gia frcia mdé phuong trrinh ¢6 4 ngléim phan bit.
Vi du 2. Tim m sao chdb thi ham é y=x'-2(m+4)X + nf + 8
cit tryc hoanhdn luot tai 4 diém phan bit A, B, C, D Wi AB = BC = CD.
Il. Phwong trinh chira gia tri tuyét doi
1) Cac ding @ bhan:

b=>0
la|=b @{ " la|=|b|- a=zb
a=+
b0 b<0
lajsb <4 la|zb = |[b=0
a’ <b?
B a’=b?

la|z|b]| e a*2b?

Vi du 1. Giai phuong trinh |R—3x+2]-2x=1.

Vi du 2. Giai bat phuong trinh X-|4x—5|<0.

Vi du 3. Giai va bién luan phrong trinh [2x—=m | = x.

Vi du 4. Giai phuong trinh 4|sinx| + 2cos2x = 3.

Vi du 5. Giai va bién luan bit pheong trinh | 3%-3x —m |< | ¥ —4x+m|.

2)Phuwong phéapdo thi:
a) Cach & do thi ham é y = | f(x) | khida biét db thi ham & y = ().
- Chiadd thi ham $ f(x) ra 2 plan: phin d6 thi nim phia trén trc hoanh (1) va
phan d6 thi nim phia ar6i truc hoanh (2).
- V& phan d6 thi d6i xang Wi phan db thi (2) qua tac hoanhduoc phin d6 thi
@3).

VE.

b) Binh Ii: $ nghiém cia phrong trinh g(x) = h(m) la&giao diém cua duong thing
nam ngang y = h(m) & d6 thi ham ¢ y = g(x). Khi gip phrong trinh co6 thamésta tach rleng
ching & mot vé caa phrong trinh 6i vé do thi ham $ y = g(x) vaduong thing y = h(m) 8i ap
dungdinh Ii tréndé bién luan.

-Pothi ham § y = | f(x) | 1ado thi gom phan d6 thi (1) va plan db thi (3) wra

Vi du 6. Tim mdé phwong trinh | %x—1|=m—nf+1 c6 4 ngim phan bét
Vi du 7. Bién luan theo m & nghiém cia phrong trinh | x — 1 |+ [ x + 2| =
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Ty 6n luyén thi dai hoc mon toan

Bai 3: PHJONG TRINH VA BAT PHUONG TRINH VO TY

I.C4c dang oo ban

Dang 11 2nff(x) =¢(x), nUN" = f(x) =[$(x)]*""

R SENCIOR
Dang 2: 4709 =¢(x) ,nUN {f(x)z[q)(x)]z“

Dang 3:
f(x)=0 f(x)=0
JE) <00 = 160>0 . JIx)<4(x) = 16(x)20
f(x) <[o(x)]? f(x) <[(x)]?
Dang 4:
{f x)=0 {f (x)<0
d(x)<0 d(x)=0
VEX) >(x) = {q)(x)zo : VEX) 2¢(x) = {q)(x)zo
f (%) >[(x)]? f(x) 2[o(x)]?
Vi du 1. Gidi phuong trinh VXx?=2x+3=2x+1

Vi du 2. Giai bat phrong trinh Vx?=-x-12<x
Vi du 3. Giai bat phrong trinh V2x2+5x -6 >2-x
Vi du 4. Tim mdé pheong trinh ¢6 nglim x —m=+/2x*+mx-3
Il. Cac phwong phap gii phwong trinh, bat phwong trinh vo ty khéng oo ban
1) Phrong phép &y thra hai \é:
- bt diéu kién truge khi bén 510| )
- Chi dugc binh phwong hai \é ciia mjt phuong trinhdé dugc phrong trinh trong duong
(hay binh plrong hai ¢ cia mbt bat phuong trinh va g nguyén chiu) néu hai  cua ching
khong am.
- Chuy céac phép &n doi can thac VA? =|A].
Vi du 5. Giai phuong trinh  \/x+1=3-+/x+4
Vi du 6. Giai bit phrong trinh VX +324/2x-8++7-x
Vi du 7. Giai bat phrong trinh 3/x —/Bx+5>1
Vi du 8. Giai bat phrong trinh Jx+2-x+1</x
Vi du 9.Giai phuong trinh~ v/2x2 +8x +6++/x2 —1=2x +2
Vi du 10.Giai bat phrong trinhv/x? —4x +3-/2x2 -3x +1>x -1
2)Phiong phapdat an phu: 7 7
- Nhirng bai toan cé thanbkhi dat an pha phai tim tap xacdinh aiaan mai.
- Chly céac bngdang thic (@+b)® =a*+ 2ab+b?, a>-b?= @+b)(a-b), ...
Vi du 11Giai bat pheong trinh V5x2+10x +127-x2 - 2x
Vi du 12idi phuong trinh  x+8+2Jx +7 +y/x +1-+/x +7 =4

Vi du 13 Giai phuong trinh Vx+2 ++/x-2 =4x-15+4J/x* -4

Vi du 14.Giai phuong trinh \/gxi \/m

Vi du 15.Giai bat phrong trinh 5\/_+—<2x+—+4
preng 2Jx 2
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Ty 6n luyén thi dai hoc mon toan

Bai 4: HE PHUONG TRINHDOI XUNG

|. H¢ phwong trinh dbi xing loai 1 ﬂ
1)Khai ném: La k¢ ma noi phuong trinh khongioi khi ta thay x Ii y va thay y i x.
2)Tinh clat: Néu (X, Yo) la mdt nghiém cia ke thi (yo, Xo) ciing la nghém caa he.

3)Céch gii:
s R Ar A N A A 3 X+ y = S
Bien doi hé pheong trinh ¢ dang: H da cho P (2)
Xy =

Khi @6 x, y la nghém cia phrong trinh: t* —=St+P =0 (2)
Néu A = & — 4P > 0 thi phong trinh (2) c6 hai nghin t; # t, nén k& phuong trinh (1) c6 hai
nghiem phan bit (t1, to), (t, t).
Néu A = 0 thi plrong trinh (2) c6 ngléim kép t = t; nén 1§ (1) c6 nghém duy nhit (. t).
Diéu kién dé hé (1) c6 it nlat mot cip nghém (x, y) thha man x= 0,y = 0

A=S-4P>0

S=>0

P>0

X+y=2 XJy +yv/x =30 X—-y-xy=3
Vi du 1.Giai hé phrong trinh s y 5 Yy 2 d 2 /

X+y’ =26 |x/x+y,fy=35 [x*+y’+xy=1

VX+1+,y-1=m {xy(x+2)(y+2) =5m-6

X+y=m’—-4m+6 X2 +y?+2(x+y)=2m

Vi du 2.Tim mdé h¢ sau cé ngt@i’n{
. H & phwong trinh déi xng loai 2

1)Khéi niém: La k¢ pheong trinh ma trong diphuong trinh tadéi vai trd x, y cho nhau
thi phrong trinh r tro thanh plrong trinh kia.

2)Tinh clit: Néu (xo, Yo) 1& mbt nghiém aia ke thi (Yo Xo) ciing la nghém aia .

3)Céch gii:

Trir vé véi vé hai phrong trinh @ia k¢ taduoc phrong trinh ¢6 dng:
x=-y).f(x,y)=0= x-y=0hac f(x,y) =0.

1
2X2 =y +=
Vi du 3.Giai Cécféphmngtrinh{ , )2/ Oy { )2’ y2 y
y” +Xx°y =40x Xy —4=Xx 2y2:x+1
X
A 2X+\/ -1=m X = 2 _ +m
Vi du 4.Tim mdé hé sau c6 nghim: y { yz y
2y +4/x-1=m y=x’=x+m
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Bai 5: MOT SO HE PHUONG TRINH DANG KHAC

.HEé vO ty

JX2+y? + . [2xy =8Y2

Vi du 1. Giai hé pheong trinh{

Ix+.Jy =4
Vi du 2. Gii va bién luan x+y+yy =a
Xx-y=a

o -2
Jy+x =y =Vx =1
Vx -y2-y =42
V2-x+,Jy =42
Yx+1+\y=m
Jy+1++4x =1

;+ﬂ =1
x2+y?-1 X

Vi du 3. Giai hé phuong trinh{
Vi du 4. Giai h¢ phaong trinh{

Vi du 5. Tim mdé hé c6 nghém {

IIl. H & hitu ty

Vi du 6. Giai h¢ phaong trinh
2 o 4X
X +y +—=22

x*-y*=7

Xy(x-y) =2

x> +4y =y® +16x

1+y® =51+x?)

x -y =a(l+xy)
Xy+x+y+2=0

2y(x* -y?) =3x

X(x* +y?) =10y
X+y=m

Vi du 7. Giai h¢ phaong trinh {
Vi du 8. Giai hé pheong trinh {
Vi du 9. Tim adé hé c6 nghém {
Vi du 10. Giai hé phrong trinh {

Vi du 11Tim mdé h¢ c6 hai nghdm phan bit: {  °
X -y +2x =2

xZ-xy-y*=-11
(x*-y*)xy =180
x?—y® =19(x —y)
X +y? =7(x+y)

Vi du 12. Giai hé¢ pheong tr‘lnh{

Vi du 13 Giai hé¢ phrong trinh {
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luong giac © ban. Ta @n ghi nhy bang sauday:

Chwong 2: Phrong trinh lwong giac, mi, logarit

Bai 1: PHJONG TRINH LUONG GIAC

I. Phwong trinh lweng giac @ ban ’ o
Khi giai cac phrong trinh lrong gidc cadi cung din dén phép gii cac phrong trinh

Phrong trinh

Diéu kién c6 nghém

Pua ¢ dang Nghém
sinx =m -1<m<il sinx = sim X =0 +Kk2m
X =T—a +k2m
cosx=m -1l<mg<l COSX = COS! ta +k2n
tgx=m nmoi m tgx = tga o +Kkn
cotgx =m noi m cotgx = cotgx a +kn

O bang trén k nAn moi gla ti nguyén kdZ) . bon vi goc throng dung la radian.

Dé thuin loi cho viéc chon o ta én nhy gia ti cia ham frong giac 4i cac gocdic biét. Puong
tron lrong giac § giup ta nlé mot cach rd rang dm.

sina’} tga 47
1 n 1
3 4 3 Sl 3/ N 3
2n é@;@ | cotga
3 25 LR Yey
Py A 112 L ! &
6 ] < L
n g .
A3 21 142431 cosa
2 2 2 22 2
L
3
-1
3
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Vi du 1. Giai phuong trinh:
J2

a) sin3x =~ b) sin(2x -g) =1 ¢)sinkn)=0.
Vi du 2. Giai phuong trinh:
a) cos2x = cog; b) cos(3x —2) = cos(Xx +g); C) cosx = sin(2x +§).
Vi du 3. Giai phuong trinh: cosz(g cosx —8—;) =0.
Vi du 4. Giai phuong trinh: cos(isinx) = cos@nsinx)
Vi du 5. Giai phuong trinh: cog x —sin?(+/2x) =1

Il . Phirong trinh bac nhét ddi véi sinx va cosx: asinx + bcosx = ¢(1),a*+b*#£0
Chia hai ¢ cua phrong trinh (1) choya® +b? , tadugc:

Q) = a sinx + b Ccosx = ° (2)
JaZ +b’ Jal +b’ Vva® +b?
bat 2 - sing ; b

— = CO09).
vaZ +b? Va2 +b? *

Khi d6 phrong trinh lrong giac co dng:  cos(x -¢ ) = ¢

e O

Phrong trinh c6 ngléim khi va ch khi: <1 a’+b*>c?

__c

/a2+b2

Khi d6 $n i o 0[0;n] sao chocosa =——~— nén ta c6:
[a2+b2

(1) = cosk-¢)=cosa < x=¢xa+k2n; kOZ

Vi du 6. Giai phuong trinh:  2sin4dx +/3 sinx = cosx.
Vi du 7. Cho phlwong trinh:  sinx + mcosx = 1
a) Giai phugng trinh \6i m = - /3.
b) Tim mdé pheong trinh vé nghim.
Vi du 8. Gidi phuong trinh:  cog X +2+/3sinx cosx +3sin? x =1
Vi du 9. Tim a dé phrong trinh sau c6 ngéin x L IR:
J3cosx +sinx+a)=2

Vi du 10 Giai phuong trinh: Sin8x — cosbx = \/§(Sin6x +C0s8X).
Vi du 11 Tim mdé phuong trinh sau c6 ngéin x D{O;]—ﬂ:

€C0S2X —msin2x =2m -1
Vi du 12 Giai phuong trinh: sin8x — cos6x =/3 (sin6x + cos8x).

Vi du 13 Gidi phuong trinh: cos 4x —cosx.cos4x —sin® x +% =0
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lll. Phwong trinh dang cap, phuwong trinh ddi xing doi véi sinx va cosx

1) Phrong trinhdang aip bdic caodsi véi sinx va cosx:

Khéai niém: Mot pheong trinh sau khi Bn doi vé cosx, sinx mab tat ca cac 9
hang c6 tng $ mii caa cosx va ga sinx hdc déu 1a $ ty nhién clin haic déu 1a $ tu
nhién B thi phrong trinhdé duoc goi 1a “ ding dip” ddi véi cosx va sinx. @i k 1a £ Ion
nhat trong cacdng $ mi noi trénduoc goi la bic caa phrong trinh.

Céch gii: - Xét tnrong hop cosx = 0 thr vao phrong trinh

- Khi cosx # 0 chia hai ¢ phuong trinh cho  cd% sau do dat

an phu t = tgx.
Vi du 14.Giai phuong trinh: 2sifix = cosx
Vi du 15. Gidi phuwong trinh: sin®(x +2) =+/2sinx

Vi du 16. Tim mdé phuong trinh ¢6 nghéim:
msin2x + cos2x + st +m = 0.

Vi du 17: Tim mdé phueong trinh sau cddng hai nghim x ram trong khang (—

)

NS

3sirfx — 2(m+2)sifx.co$x + (1 — nf)cos4x = 0.

2) Phrong trinhdsi xing sinx va cosx:

_Khai nigm: Mot phrong trinh sau khi IBh doi vé cosx, sinx ma caedshang c6
chira ©ng (cosx+ sinx ) hac chra tich cosx.sinduoc goi la phrong trinhdoi xtng doi
vai cosx va sinx. Vid phrong trinh: a(cosx +sinx) +bcosxsinx+¢c=0.

2

Céch ghi: Dat t = sinx + cosx, ta cdt|<+/2. Khi do: sinx.cosx =

2

Néu dat t = sinx - cosx, ta cdt| < V2 . Khi d6: sinx.cosx =

Vi du 18 Cho phrong trinh: sinx.cosx = 6 ( sinx + cosx + m).
a) Giai hé¢ pheong trinh \6im = - 1.
b) Tim mdé pheong trinh cé nghéim.

Vi du 19. Gidi phuong trinh: 1+sin® x + cos x :gsinZX

Vi du 20. Giai phuong trinh:1+sin® 2x +cos’ 2x = gsin4x

Vi du 21 Tim mdé phuong trinh sau c6 ngéin XDBT%H}
cos x +sin*x =m.
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IV. Phwong trinh dwa V@ dang tich

Céc phrong trinh trong gidc khéng cé dng nhr nhitng phrong trinhda trinh bayy cac
muc trude, ngroi ta throng ngh téi phéan tich ching thanh iahg phrong trinh @ ban.

Viéc phan tich thanh tich ab chit & di tim thra $ chung @a cac 6 hang cé trong
phueong trinh.Dé lam duoc didu d6, chang ta an phai thanh tho cac cong tic lvong giac, cac
hang ding thic dai s dang nié va ding éin phii cé kinh nghém nhin nfain mbi quan 1§ gitra
cac $ hang co trong phong trinh.

e Thir cAc nghim dac biét nhr sinx =1, sinx=i% , COSX =#1, cosx:i%

va phrong trinh c6 cha thra $ (cosx * sinx). Sr dung ding thrc sirfx + co$x
=1.

« Dung cac cong trc bién doi nhu ha bac, bién doi tong thanh tich , Bn déi tich
thanh ong, ham & lugng gidc d@a hai géc co lién quadic biét. Cha thém ndt
so bién doi sauday:

1
sin2x

cotgx +tgx =

2 , cotgx—tgx =2cotg2x , cotgx —cotg2x =
X

+ Dat cac nhantt chung (nhanit chung suy rait nghiém da thir dugc).
Tham khio thém lang hp cac béu thirc cd nhanit chung.

f(x) Biéu thirc chira thira  f(x)

sinx sin2x, tgx, tg2x, ...

COSX sin2x, tg2x, cotgx, ...
1+cosx

co§§, cotgzg, sirfx, tg’x

1-cosx . .
sin? X, 192X, sirfx, tePx
2 2
1+sinx .
codx, cotdx, cof(L-2), sin? (2 +2)
4 2 4 2
1-sinx

n x. ..,7 X
cogx, cotdx, cof(—+2), sin®(—-=
g (4 2) (4 2)

sinx+cosx cos2x, cotg2x, 1+ sin2x, 1+ tgx, 1+ cotgx,-tgatgx
SiNX-CcOosX C0s2x, cotg2x, 1 - sin2x, 1 - tgx, 1 -geotgx - cotgx

Vi du 1.Giai phuong trinh: cos3x — 2cos2x + cosx = 0.

Vi du 2.Giai phuong trinh: sifx + sirf2x + sirf3x = g

Vi du 3.Giai phuong trinh: cos3x.cos4x + sin2x.sin5x—;=( COS2X + C0S4X).

Vi du 4.Giai phuong trinh:  2sifx + cos2x + cosx = 0
Vi du 5.Giai phuong trinh:  sindx — cos4x = 1 + 4(sinx — c0OSXx)

Vi du 6.Gidi phuong trinh: 119X
1-tgx

=1+sin2x

Vi du 7.Giai phuong trinhsinx.cos4x —sin’ 2x = 4sin2(g—§j :
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Bai 2: PHJONG TRINH, HE PHUONG TRINH MU, LOGARIT

I. Cac két qua co' ban
1) Ham 8 mi: y=4d, O<azl
» Tap xacdinh: IR.
« Tap gia ti: IR*. (@6 thi luébn rim phia trén wc hoanh)
« Khia>1hamé&dong bién.
Khi 0 < a < 1 hamdnghich bén.
« Dangdo thi:

f@>1 ;Z":l

L

2) Ham 8 logarit:  y =logx, O<azLl.
a) C4c tinh cit:
« Tap xacdinh: IR (x>0).
 Tapgiati: IR
* Khia>1ham &dong bin. ,
Khi 0 < a <1 hama&nghich bin.
« Dangdo thi:

y=Ilo
fa=1)

y=log x
{a<1)
Chu y: Trong céac Bt pheong trinh nii, logarit, @ s a kbn hon hay bé
hon 1 quyt dinh chéu aua kit phuong trinh. Vi vy phai cha ydén chigu caa bit pheong trinh
trong qua trinh Bin ddi.
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b)Céac cbng tlc cha vy:

b>0
. log, b c6 ngha -
% J {O<a¢1
_log.b R 2 Lo,
. Iogab—l—C ( ConNg thirc d6i co 0 v6i b>0, 0<a#1, 0<c#1l).
0g.a

- log, b"="log,b (Véib>0viD<azl)
n

+ log, b* =2k.log, |b| voi kOZ.
Il. Cac phwong trinh, bat phwong trinh c6 dang oo ban
1) Phwong trinh na:
ChoO<az#l.

b>0

Dang 1:a® =b «
ang -4 {f (x) =log, b

a>1

{f (x)<log,b
O<ax<l

{f (x)>log, b

Dang 2:a'™ <b (véi b > 0) =

Dang 3:a' ™ >b

- Néu b<0 bat pheong trinh nghém ding i moi x thudc tip xacdinh

cua bit phrong trinh.

a>1
, s . | (F(x)>log,b
- Néu b > 0, khido bat pheong trinh trong duong Wi:

O<axl
f(x) <log,b
{a>1
Dang 4:a'® <a®™ - 69<a()
) {O <a<l
f(x) >g(x)

Nguyén B¢ Tuén I¢p 44C1 Dai hoc Thay lgi Ha ndi
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2)Phirong trinh logarit
Dang 1:log, f(x)=b < f(x)=a".

a>1
o<f(x)<a’
Dang 2:log, f(X)<b <

O<ax<l1
_{f(x)>ab
[(a>1

f(x)>a

Dang 3:1og,f(x)>b =

O<ax<l
_{0<f(x)<a"

a>1
{0<f(X) <g(x)
O<ax1l
{0<g(x) <f(x)

Dang 4:10g, f (x) <log, g(x) -

‘x2—4x+ﬂ
Vi du 1. Cho phlrong tr‘lnh:(gj =m*-m’+1

a)Gii phuong trinh khim = 1.

b)Tim mdé pheong trinh c6 4 ngléim phan bit.
Vi du 2. Giai bat pheong trinh: log, (5x° -8x +3)>2
Vi du 3. Tim mdé phueong trinh sau c6 hai nghm phan bit: log, (9" +9m®) =x
Vi du 4. Giai phuong trinh:

log, (cosx —sinx) +log, (cosx +cos2x) =0

X

Vi du 5. Giai bat phurong trinh: Iogxllog3(9X —72)]31

Vi du 6. Giai bat phurong trinh: log, (v5-x) <log, (3—X)
3 3
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ll. Cac phwong trinh, bat phwong trinh khéng co' ban

« Phai dat diéu kién.

« Nhitng bai toan c6 thanbsdit an phy phai tim tip xacdinh aia an moéi.

« Nhitng bai toan ptiong trinh, 4t pheong trinh nii, logarit maan x vira ¢ s
mii caa liy thira, vira ¢ hé sb, thuong chuyn vé viéc phan tich thanh tia s,
nham nghém va chiing minh nghém duy nhit d6i véi phuong trinh; xét du
cua tichddi véi bat phuong trinh.

« Khi bai toan plic tap, ¢ nhiing phin tir gibng nhau hay nhari tgiong nhau

ta co ti¢ dat an phy dé dua bai toan o léndon gian hon.

Vi du 7. Giai phuong trinh: 34" +%9X+2 =64 —%9”1
Vi du 8. Giai phuong trinh: 83 +32 =24+6"
log, (35— x°)

Vi du 9. Giai bit phuong trinh: >3 (voi O<a#l).

log, (5-x)
Vi du 10. Gii phuong trinh: log,, (x> —5x +6)° = Iogﬁ(XT_lj +log,(x —3)*

Vi du 11 Giai phuong trinh: lg(lgx) +lg(lgx*-2)= 0
Vi du 12 Giai phuong trinh:
x%.log, V5% —2x =3 - x.log, (5x* —2x —3) = x* +2X
6

Vi du 13. Giai bat phrong trinh: log, VX? —5x +6 + log, vx -2 >%Iog1(x +3)

3 3

Vi du 14. Giai phuong trinh: log, (x -1 +log, (x+1) —-log, (7-x)=1
2 2 2

Vi du 15. Giai phuong trinh: lg*(x -1 +1g?(x-1)° =25
Vi du 16. Giai phuong trinh: log,, ., (9+12x +4x%) +log,, ., (6x*> +23x +21) =4
Vi du 17. Tim mdé phuong trinh sautay c6 hai nghim tréi diu:

(m+ 3116 +(2m-4)4"+m+1=0
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Chwong 3: Khdo sat ham $ va cac bai toan lién quan
Bai 1: KHAO SAT HAM SO
So d6 khao sat ham $
1) Tim #p xacdinh aia ham é (Xét tinh cfin l¢, tinh tudin hoan (du co)).
2) Khao sét g bién thién ham &
a) Xét chéu bién thién @a ham é
* Tinhdao ham
« Tim cécdiém t6i han
(Piém t6i han thusc TXD va ti d6 f'(x)khong xaatinh hdic bing 0)
«  Xét diu ariadao ham trong cac khmg xacdinh boi cacdiém toi han.
(Giira haidiém t6i han ké nhau thif'(x) giit nguy&n njt dau)
 Suy ra chiu bién thién ham &trong ndi khoang
(Bong bién réu f'(x) >0, nghich bién réu f'(x) <0).
b) Tinh cac gc tri (Suy ra ngaytt phan xét chéu bién thién)
c) Tim cAc gbi han cia ham 8
« Khi x dan ti vb crc (X — +o0 va X — —o0)
« Khi x dan ti bén trai va bén pii, cac gia ti caa x &i d6 ham $§ khong
xacdinh (x - +X,, X - =X,)
« Tim tiém can (réu 1a ham & phan thic)

- Néu lim f(x) = oo thi x = % la mot tiém can dang cia ham é
X — 00

-Tiém cén xién:y =ax + b . Trondg6 a=Ilim o) ; b=Iim[f(x)—ax]
X X

(hi X — +00 (X — =), X — +X,(X — —x,) thi d6 12 tém cin bén phi (trai))
d) Xét tinh bi, I6m va timdiém udn ciadd thi ham $ (néu 1a ham & da thic)

« Tinhdao ham ép 2

« Xét diu ciadao ham ép 2

« Suy ra tinhdi, I6m vadiém uén caadd thi (1ap bang 16i 18m)

(néu f"(x) <0véi Ox O (a:b)thi dd thi ham $ 15i trén khding d6)
e) Lap bang bién thién  (ghidt ca cac Kt qua tim duoc vao lang bién thién)

3)Vé do thi
« Chinh xac héadb thi (tim giaodiém ciado thi véi cac tuc toadd va nén
|y thém ndt sd diém aiado thi, nén & tiép tuyén & mot sb diém dic biet)

» V& d6 thi (doc lai cAc vi di mdu SGK tr trang 8Qdén trang 97).
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BAI 2: CAC BAI TOAN LIEN QUAN BEN KHAO SAT HAM SO
I. Tim giao diém cia hai dwong
Gia st ham $ y =f(x)c6 d6 thi la (C) va ham & y =g(x) c6 d6 thi 1a (C,). RS rang

M, (X,;Y,)1a giaodiém caa (C) va(C,) khi va chi khi (x,;y,)la nghém cia k¢ phrong trinh
{y =f(x)
y =9(x
Do d6 dé tim hoanhio cac giaatiém aia (C) va(C,) ta gai phuong trinh: f (x) =g(x) (1)
S6 nghiém aia phrong trinh chinh la&giaodiém aia haidd thi (C) va(C,) .
Néu x,,X,,...1a cac nghim cia (1) thi cacdiém M (x,;f(x,)),M,(x;f(x,))...1a cac
giaodiém aia (C) va(C,).
Bai toan: Tim mdé db thi ham $ cit duong thing ki mot s diém thoa man yéu au bai toan.
Vi du 1. Bién luan theo m & giaodiém ciado thi cac ham &

_X?-6x+3

va y=Xx-m
X+2

Vi du 2. Bién luan  nghiém cia phrong trinh -~ x*+3x?-2=m

2 —
Vi du 3. Véi gié tri ndo Ga k thiduong thing y = kx —k + 2 it dd thi ham & y = L’(ll
X p—

4i hai diém phan bit.

x2+4x +3

Vi du 4. Tim kdé duong thing y = kx + 1 dt d6 thi y = tai hai diém phan bit

2 - 2
Vi du 5. Tim mdé duong thing y = -x +m cit d thi y _Xirx-l tai hai diém phan bjt

mx?+x+m

N cit truc hoanhdi 2 diém phan bit c6 hoanh
X —

Vi du 6. Tim mdeé d6 thi ham ¢ y =

d6 duong.

-x?+3x-3

tai hai diém A va B
2(x-1)

Vi du 7. Tim mdé duong thing y = m ét ¢ thi ham ¢ y =

sao chalo daidoan AB = 1.
Vi du 8. Tim mdé do thi y =x*+3x?+mx+1 cit duong thing y = 1 4i 3 diém phan bit.

Vi du 9. Tim mdé db thi y=%x3 —mx2 - x +m+§ Gt truc hoanhdi 3 diém phan bit.

tai hai diém

Vi du 10. Tim adé duong thing y =a(x +1) +1 cit dd thi ham & y =x+1+ i
X

c6 hoanhio trai diu.
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1. Vi & phwong trinh ti ép tuyén
Cho ham é y = f(x) c6do thi (C)
a) Phrong trinh tép tuyén ciaduong cong (C)4i diém M _(x,;f(x,))
Y=Y, =F(x)(X=X,)
b) Phrong trinhduong thing di quadiém M, (x,;y,)va tiép xtc \6i (C)
Puong thing ddi qua M, (x,;y,)co cang y -y, =K(x—-x,) = y=K(X-x,)+Y,
Dé choduong thing d tép xuc i (C), he phuong trinh sau pdi c6 nghgm:

y=k(x=x)+y,
{f'(x):k

Hé phuong trinh nay cho phép xdinh hoanhis x_ cia tiép diém va g sb gock =f'(x)

Chu y. Haido thi ham ¢ y =f(x) vay = g(x) tiép xic \6i nhau r¢u va ch néu he
phueong trinh sautay cé nghém:

{f (x) =9(x)
f'(x) =g'(x)

c) Phrong trinhdudng thing co & sb goc k va tép xac (C).
Phrong trinhduong thing c6 18 sd goc k co dng y = kx +b tiép xtc \6i do thi (C), ta gai
phuong trinh f'(x) =k tim dwoc hoanhd¢ cac tép diém x,,X,, X, ,.. Tir d6 suy ra phrong
trinh cac #p tuyén phai tim:

y-y, =k(x-x;) (i=0,1,..)

Bai toan : Viét phuong trinh tép tuyén caa ham 8 khi biét pheong aia tiép tuyén haic di qua

mot diém cho trrdc naodo.

Vi du 1. Viét phuong trinh tép tuyén ciadd thi (C) cxaham 8  y = (2—x?)? biét tiép
tuyén d6 di quadiém A(0 ; 4)

Vi du 2. Viét phrong trinh caetuong thing vuéng goc & duong thing y :%x +3 va tép xuc

voi d6 thi ham $ y=f(x)=-x3+3x"-4x +2
Vi du 3. Viét pheong trinh tép tuyén ciadd thi (C) cia ham 8 y = —x? +3x +1 biét tiép tuyén
d6 song songdi duong thing y = -9x +1
Vi du 4. Tir goc toadd co the ké dugce bao nhiéu éip tuyén caado thi ham $
y=x>+3x%+1 Viét pheong trinh céac fip tuyén do.
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Vi du 5. Cho ham & y = —%x“ _ax? +g c6dd thi 1 (C)
a) Viét phrong trinh tép tuyén ciadd thi (C) tai cacdiém uon.
b) Tim tiép tuyén cia (C)di quadiém A (O g)

Vi du 6. Cho ham é

y:3X+2
X+2

c6do thi la (C).

Ching minh &ng, khéng c6 €ip tuyén nao @add thi (C) di qua giaadiém cia hai ttm cin cia
d6 thi do.
Vidu 7. Cho ham &

1

c6dd thi la (C)
X+1

y=x-

Ching minh &ng trén (C) &n tai nhitng cip diém ma tép tuyén tai d6 song songdi nhau.
Vi du 8. Cho ham é
_x*+mx-2m-4
X+2
Gia sir tiép tuyén tai M O(C) cat hai tém can tai P va Q. Cling minh ing MP=MQ

c6dd thi (C)

2 - r N r r
Vi du 9. Viét phrong trinh tép tuyén v6i d6 thi ham § y :LX;-S biét rang tiép tuyén di

quadiém A(1;1).
X —X

Vi du 10. Viét phrong trinh tép tuyén cia d6 thi y=—+1_1 biét tiép tuyen song song i
X

duong thingy = - x.

x?-x-1

Vidu 11.Cho hamé y = c6do thi 1a (C)

Tim tit ci cacdiém trén tuc tung maw d6 co tié ke dugc 2 tép tuyén voi db thi (C)

2
Vi du 12. Tim adé b thj y=>_"X*a

c6 tiép tuyén vdng goc vi duong thing y = x.
Vi du 13 Tim mdé d6 thi y = 2mx® - (4m? +1)x* +4m? tiép xUc \6i truc hoanh.

mx? +3mx +2m+1
X+2

Vi du 14. Tim mdé do thi y = tiép xUc Wi duong thing y = m.

Vi du 15. Tim adé tiém cin xién @iado thi

y= 2x*+ (@+1)x -3
X+a

tiép xdc i parabény = x?+5.
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l1l. Sw dong bién, nghich bién cia ham $
Cho ham é y = f(x) c6dao ham trén khing (a;b)
a) Ham $ f(x) dong bén trén (a;b)~ f'(x) =20 vsi Ox O (@:b)
b) Ham $ f(x) nghich bén trén (a;b)« f'(x) <0 véi Ox O (a;b)

Bai toan : Yéu ciu tim mdé cho ham & dong bién, nghich bién trong nét khaing naodo

Chay: Can nim virng cacadinh ly v diu caa tam thirc bac hai

Vidu 1.Cho ham § y = x®-3mx? + 3(2m-1)x +1

X&c dinh m sao cho hand sténg bén trén ap xacdinh.
Vi du 2.Cho ham & y = 2x? + 2mx+m-1

X&c dinh m sao cho handstdng bién trong kh@ng (—1;+c)
Vi du 3.Cho ham & y = x®+3x? +(m+1)x +4m

Tim mdé ham $ nghich bién trén (-1,1)

XZ+2(m+1)x +2

Vidu4.Chohamé y =
X+1

Tim mdé ham $ déng bién trong khang (0;+)
Vidu 5. Cho hamé y=%x3—mx2 +(2m-1)x-m+2

Tim mdé ham $ nghich bién trén (-2;0).

2x%-3x+m
x-1

Tim mdé ham $ dong bién trén (3,+o)

Vidu6.Chohamé y =

Vidu 7.Choham é y =x® -3(m-1x? +3m(m-2)x +1

Tim mdé ham $ dong bén trén p hop cac gia trcua x sao chd.<|x|< 2
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IV.Cwc dai va cuc tiéu
Cho ham &y = f(x) , % thudc tip x&cdinh aia ham 8. Néu khi x di qua % dao hamdoi
dau thi % la mot diém arc tri caa ham 8.
o Néu ddi diu tir + sang — thi xla diém arc dai caa ham 6.
o Néu ddi dau tir - sang + thi xla diém ayc tiéu cia ham 6.
Pé tim cacdiém arc tri cia ham 6 ta c6 hai quyac:
o Tim cacdiém t6i han saud6 xét diu ciadao hamf’ (x)
0 Giai phuong trinhf' (x)= 0. Goi X, la cac nghim. Xét diu cia f" (x)
Bai toan : Tim mdé ham $ y = f(x) c6 arc tri va caadiém arc tri thoa mandiéu kién naodo.
- Tim diéu kién mdé chodao ham éa ham 8 cddéi dau (sH 1an d6i dau bing $ cuc tri)
- Tim toadd caa cacdiém cyc tri rdi dat tiép didu kien cia mdé thoa mandiéu kién ma
bai toan yéu au.
O XP+mx+1

Vidu 1. Tim mdé ham ¢ y=-———= dat cyc dai tai x = 2.
X+m

Vidu2.Chohamé y=(m+2)x®+3x?+mx+m
Vi gid tri ndo @a m, ham & c6 arc dai va arc tiéu.
X2 +2x+m

luén c6 ndt cuc dai va mbt cuc tiéu.
X2 +2

Vi du 3. Chiing minh &ng ham 8 y =

Vidu 4. Cho hamé y =x®-3mx* +32m-1)x +1

Xac dinh m sao cho hambxé nt cuc dai va mot cuc tiéu. Tinh ba do cua diém arc
tiéu.
Vidu 5. Chohamé y =-x*+2mx*-2m+1

Bién luan theo mé&cuc tri caa ham 8.

X2+ mx+2m+1

Vidu 6.Chohamé y=
mx+1

XA&c dinh m sao cho hand 06 arc tri va tiém cin xién @add thi di qua dhc toa do.

x2+mx-2m-4
X+2

Vidu7.Chohamé y=

Xac dinh mdé ham $ c6 hai e tri.

Vi du 8. Tim a va hié cac ac tri cia ham 8

y:ga2x3+ 2ax° —9x +b

déu la nhing $ duong vax, = —g ladiém cuc dai.
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Vidu 9.Chohamé y=2x*+2mx+m-1
Xacdinh m sao cho hand 6 arc tri trong khang (—1,+c)

Vi du 10. Xacdinh m sao cho hanbs

_mx®+ (2-4m)x +4m-1
y_
x-1
C6 arc tri trong mén x > 0.

Vidu 11. Cho ham é y:M :
X+m
Tim mdé ham $ khéng co6 ac tri.
Vi du 12.Cho ham & y = x* =3mx? +(m? +2m-23)x + 4.
Tim mdé d6 thi ham $ c6 arc dai, cuc tiéu im ¢ hai phia tac tung.

X2 +X+m

Vidu 13. Chohamé y =
X+1

Tim mdé d6 thi ham $ c6 arc dai, cuc tiéu im ¢ hai phia tac tung

X2+ (2m+3)x +m*+4m

Vi du 14. Tim tit ca céc gia tr cia tham 6 mdé ham $ y = " c6 hai
X+m
cuc tri va gia ti caadiém ayc tri twongng trai diu nhau.
2
. . g Xx“+(m+Hx-m+1 , . Cn g 2 .
Vi du 15.Cho ham s y = ( ) c6 hai oc tri va gia tf cia diém arc tri twong

X—m

rng cung du nhau.
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