Tran ST Tung Tich phén

Nhic lai Giéi han — Pao ham - Vi phian
1. Cac gidi han dic biét:

a) |lim 222 =
x—0 X
Hé qua: |lim—— =1 lim MU0 lim %) _
x—0 sin X u(x)=>0  u(x) u(x)—0 sinu(x)
. 1y
b) hm(1+—) =e,xeR
X—>»00 X
1 X
- . In(l . ~1
He qui: [lim(1+x) —e. [lim20FX limE— =1
x—0 x—0 X x—0 X

2. Bang dao ham cdc ham s6 so cAp co ban va cac hé qua:

(c)’ =0 (c 1a hiing s0)
(X(x)l — ax(xfl (u(x)l — au(xflul
(l).__i (lj-__l'
X x2 u u’
1 u'
(Vx) = (Vu)'=
2Wx 2Ju
(eX)lzeX (eu)lzul.eu
(a*)'=a".lna (a")'=a".Ina.u’
1 u'
(In|x)' == (Infuf)' = L
X u
ul
(log, |x|") = (log, |ul)' =
x.Ina u.lna
(sinx)’ = cosx (sinu)’ =u’.cosu
(tgx)' = 12 =1+1tg’x (tgu)' = u2 = (1+tg’u).u’
COSs” X cos“u
(cotgx)'= ._21 =—(1+ cotgzx) (cotgu)' = _121 =—(1+ cotgzu).u'
sin” X sin” u

3. Viphan:
Cho ham s6 y = f(x) x4c dinh trén khodng (a ; b) va ¢6 dao ham tai x € (a; b). Cho s6
gia AX tai X sao cho x+ Ax € (a; b). Ta goi tich y’.Ax (hodc f’(x).Ax) 1a vi phan ctia
ham s6 y = f(x) tai x, ky hiéu 1a dy (hoic df(x)).
dy =y’ .Ax (hodc df(x) =’ (x).Ax
Ap dung dinh nghia trén vao ham sd'y = x, thi
dx = (x)’Ax = 1.Ax = Ax
Vivay ta cé: dy =y’dx (hodc df(x) = f’(x)dx)
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Tich phén Tran ST Tung

NGUYEN HAM VA TiCH PHAN

1. Dinh nghia:
Ham s& F(x) dugc goi 12 nguyén ham ctia ham sd f(x) trén khodng (a ; b) néu moi x
thudc (a ; b), ta c6: F'(x) = f(x).
Néu thay cho khodng (a ; b) 1a doan [a ; b] thi phdi ¢6 thém:
F'(a") =f(x) va F'(b") = f(b)

2. Dinhly:
Néu F(x) 12 mot nguyén ham ctia ham s6 f(x) trén khodng (a ; b) thi :

a/  V6imoi hiing s6 C, F(x) + C cling 12 mdt nguyén ham ctia ham so f(x) trén
khoang d6.
b/ Ngudc lai, moi nguyén ham cia ham s6 f(x) trén khodng (a ; b) déu c6 thé
viét dudi dang: F(x) + C v6i C 1a mot hiing s6.

Ngudi ta ky hiéu ho tit ci cdc nguyén him cia ham so f(x) la If(x)dx. Do
dé viét:

[fx)dx = F+C

Bé dé: Néu F'(x) = 0 trén khodng (a ; b) thi F(x) khong d6i trén khodng dé.

3. Céc tinh chat ctia nguyén ham:
. ( [ f(x)dx)' - f(x)
. j af(x)dx = a j f(x)dx (a#0)
. j [£(x)+g(x)]dx = j f(x)dx + j g(x)dx

. j f(H)dt =F(t)+ C = j flu(x)]u'(x)dx = F[u(x)]+C = F(u)+C (u=u(x))

4. Sy ton tai nguyén ham:

e Dinh Ij: Moi ham s6 f(x) lién tuc trén doan [a ; b] déu c6 nguyén ham trén doan dé.
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Tran ST Tang

Tich phan

BANG CAC NGUYEN HAM

Nguyén ham cua cdc ham sé so cap
thuong gap

Nguyén ham cua cidc ham so hgp
(du6i day u = u(x))

Idx:x+C Idu:u+C
X(x+1 u(x+1
j x“dx = +C  (a#-1) j udu = +C  (a#-1)
o+1 o+1
jd—X:1n|x|+c (x #0) jﬂzlnlunc (u=u(x)#0)
X u
Iexdx:eX+C Ie“du:e“+C
X a’ " a"
jadx= +C  (O<azl) jadu= +C  (0<azl)
Ina Ina

_[cosxdx =sinx +C

Icosudu =sinu+C

Isinxdx =—cosx+C

Isinudu:—cosu+C

[ C:S’; —= Ja+tgx)dx =tgx+C

_[ codsl; . = _[(1 +tg’u)du = tgu+C

_[ si?;x = _[(1 +cotg’x)dx = —cotgx +C

_[ siil;u = _[(1 +cotg’u)du=—cotgu+C

=Jx+C

(x>0)

dx
e

=Ju+C

(u>0)

du
e

j cos(ax + b)dx = Lsin(ax + b) + C (a#0)
a
j sin(ax + b)dx = —lcos(ax +b)+C (a#0)
a
I dx :lln|ax+b|+C
ax+b a
j " Pdx = Len ™ 4 C (a#0)
a
dx 2
=—+ax+b+C az0
J.\/ax+b a ( )
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Tich phan Tran ST Tang

Bai toan 1: CMR F(x) 12 mot nguyén ham cla ham s6 f(x) trén (a ; b)
PHUONG PHAP CHUNG

Ta thuc hién theo cac budc sau:

+ Budc 1: Xac dinh F’(x) trén (a ; b)

+ Budc 2: Chitng t6 ring F'(x) =f(x) v6i Vx € (a; b)

Chui y: N€u thay (a ; b) biing [a ; b] thi phdi thyc hién chi ti€t hon, nhu sau:
+ Budc 1: Xac dinh F’(x) trén (a ; b)
X4c dinh F’(a%)
Xdc dinh F'(b)
F'(x)=1f(x), Vxe(a;b)
+ Budc 2: Chitng t6 ring <F'(a*) = f(a)
F'(b”) = f(b)

Vidu 1: CMR hamsd: F(x)=In(x++vx*+a) véia>0

trén R.

12 mot nguyén ham ctia ham s6 f(x) =
x> +a

Gidi:

2x

(x+m)'_1+2m
x+vxita x4V +a

B \/m+x B 1

- \/x2+a(x+\/x2+a) - \/x2+a
Vay F(x) v6i a > 0 12 mot nguyén him cda ham s6 f(x) trén R.
e khi x>0
x> +x+1 khi x <0

Ta c6: F'(x) = [In(x+vx* +a)]' =

=f(x)

Vidu 2: CMR ham s6: F(x):{

e’ khix>0
trén R.
2x+1 khix<0O

La mdt nguyén ham ctia ham s6 f(x) = {

Gidi:
D€ tinh dao ham cia ham s& F(x) ta di xét hai trudng hop:
a/ V61 x#0,taco:

F'(x) = e’ khi x >0
2x+1 khix<0

b/ V6ix =0, ta co:
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Tran ST Tung Tich phén

N A 2. 2 N ~ . R
e Dao ham bén trdi cua ham s6 tai di€ém x, = 0.

2 0
F(0) = lim TR =FO) _yp xaxslze

X—0" x—=0 X—0" X

e DPao ham bén phai ctia ham s6 tai di€m x, = 0.
X 0
F'(0") = lim F®O-FO) . e -e

x—0" x—=0 x—0" X
Nhan xét ring F'(07) =F'(0*) =1 = F'(0) = 1.
< khix>0
Tém lai: F'(x)=4° Y b
2x+1 khix<0

Vay F(x) 12 mdt nguyén ham clia hAm sd f(x) trén R.

Bai todn 2: Xac dinh cdc gi4 tri cia tham s6 d€ F(x) 1a mot nguyén ham clia ham so f(x)
trén (a ; b).

PHUGNG PHAP CHUNG
Ta thuc hién theo cac budc sau:
+ Budc 1: Xac dinh F’(x) trén (a ; b)
+ Budc 2: P& F(x) 1a mot nguyén ham ctia ham s6 f(x) trén (a ; b), diéu kién 1a:
F'(x)=f(x) v61 Vx € (a; b)
Diing dong nhat clia ham da thifc = gid tri tham s6.
Chii y: Né&u thay (a ; b) bing [a ; b] thi phdi thuc hién chi ti€t hon, nhu sau:
+ Budc 1: Xac dinh F’(x) trén (a ; b)
X4c dinh F’(a")
Xdc dinh F'(b)
+ Budc 2: P& F(x) 1a mot nguyén ham ctia ham s6 f(x) trén (a ; b), diéu kién 1a:
F'(x)=1f(x), Vxe (a;b)
F'(a*) = f(a) => gid tri clia tham s0.
F'(b™) = f(b)

Bai toan 3: Tim hiing s6 tich phan

PHUONG PHAP CHUNG
e Dung cong thuc da hoc, tim nguyén ham: F(x) = G(x) + C
e Dua vao dé bai di cho d€ tim hiing s C.

Thay gid tri C vao (¥), ta ¢ nguyén ham can tim.
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Tich phén Tran ST Tung

x? khi x <1
ax+b khix>1

Vidu 3: Xicdinha,bdé€hamsd: F(x) = {

A s . . 2X khix<1
12 mot nguyén ham cua ham sd: f(x) = ) trén R.
2 khi x > 1
Gidi:
D€ tinh dao ham ciia ham s& F(x) ta di xét hai trudng hgp:
) 2x khi x <1
a/ Véix=#1,tacd: F'(x)= )
2 khix>1

b/ V6ix=1,taco:

Pé ham s6 F(x) ¢6 dao ham tai di€m x = 1, trudc hét F(x) phai lién tuc tai x = 1, do
dé : limF(x) = limFx)=f(1) © a+b=1<b=1-a ()
x—1" x—1t

e DPao ham bén trdi cda haim s6 y = F(x) tai diém x = 1.
2
F() = im0 =FO X =1
=l x—1 -1 x —1

e Dao ham bén phai cia ham s8 y = f(x) tai di€m xo = 0.

F'(1%) = 1imw _ ime_l _ 1imw —a
x—>1* Xx—1 -t x—1 x—>1* X —1
Ham s6 y = F(x) ¢6 dao ham tai diém x = 1 <F'(I") = F'(1") < a = 2. @)

Thay (2) vao (1), ta duge b = 1.
Vay ham s6 y = F(x) ¢6 dao ham tai di€ém x =1, néu va chin€ua=2,b=-1.
Khi d6: F'(1) = 2 = f(1)

Tém lai véia =2, b =1 thi F(x) 12 mot nguyén ham clia hAm sd f(x).

Vidu 4: Xacdinha,b,cdé hamsd: F(x)=(ax’ +bx +c)e ™ 12 mot nguyén ham cia
F(x) = —(2x” —8x+7)e™* trén R.

Gidi:
Ta c6: F'(x)=(2ax +b)e > —2(ax> + bx + c)e > =[ 2ax> +2(a—b)x +b—2c |e ™

Do d6 F(x) 1a mot nguyén ham cia f(x) trén R
< F'(x) =1(x), VxeR

< —2ax’+2(a—b)x+b—-2c=-2x"+8x-7, VxR
a=1 a=1

&<a-b=4 < {b=-3
b-2c=-7 c=2

Vay F(x) =(x* =3x+2)e ",
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Tran ST Tung Tich phén

BAI TAP

5
g 2 4

Bii 1. Tinh dao ham ctia hAm s6 F(x) = In

. 1
T d6 suy ra nguyén ham cia ham s6 f(x) = .
COSX
2
- L Inx"+D Lo
Bai 2. Chitng t0 rang ham s6 F(x) = X
0 ,x=0
2
o o o 2 Inx +1)’X¢0
12 mot nguyén ham cua ham so6 f(x) =9 x> +1 x°
1 ,x=0

Bai 3. X4c dinh a, b, ¢ sao cho ham s& F(x) = (ax” +bx +c¢).e™* 12 mdt nguyén ham cia
ham s f(x) = (2x> =5x+2)e™* trén R.

DS: a=-2;b=1;c=-1.
x* +3x* +3x -7
(x+1)°

Bai 4. a/ Tinh nguyén ham F(x) cta f(x) = va F(0)=8.

b/ Tim nguyén ham F(x) ciia f(x) = sinzg va F(g) - %.

2

ps: a/ F@):%;+x+

; b/ F(x):l(x—sinx+1)
x+1 2

Biai 5. a/ Xic dinh c4c hiing s8 a, b, ¢ sao cho ham s&:

F(x) = (ax” + bx + ¢)v2x —3 12 mdt nguyén ham ctia ham so:

2
f(x) = 20" Z30x +7 trén khoang (é, +oo)
J2x -3 2
b/ Tim nguyén ham G(x) cta f(x) véi G(2) = 0.
DS: a/ a=4;b=-2;c=1, b/ G(x) =(4x* -2x+10)v/2x -3 —22.
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Tich phan Tran ST Tang

Vidu 1: CMR , néu j f(x)dx = F(x)+C thi j f(ax + b)dx =~ F(ax + b)+ C v&i a = 0,
a

Gidi:

Ta luén c6: f(ax+b)dx = lf(ax +b)d(ax +b) v6i a = 0.
a

Ap dung tinh chat 4, ta dudgc: [f(ax +b)dx = 1 [(ax + byd(ax + b)LF(ax+b)+C (dpem).
a a

Ghi chii: Cong thifc trén dugc 4p dung cho cdc ham s6 hgp:
j f(t)dt = F(t)+ C = j f(u)du = F(u)+ C, véi u = u(x)

Vidu 2: Tinh c4c tich phan bat dinh sau:

X 2
a/ j(2X+3)3dX b/J‘cos4 x.sin xdx c/j %e dx d/j—d(21nx+1) X
e +1 X
Gidi:
4
a/ Tac6: [(2x+3) dx_—j(2x+3) d(2x+3)_l(2XI3> C:(Zx;r3) c
b/ Ta cé: jcos“ x.sinxdx:—jcos4 xd(cosx):—COS *iC

c/ Tacé:j %e 1d —2j(1(e—+11) 2In(e* +1)+C
e’ +

d/ Ta co: IM X

d :%j(Zlnx+1)2d(21nx+1) =%(21nx+1)3 +C.

Vi du 3: Tinh c4c tich phan bat dinh sau:

a/ j2sin2§dx b/jcotgzxdx c/jtgxdx d/j tgx dx
cos’ x

Gidi:

a/ Ta cé: j2sin2%dx :j(l—cosx)dx =x—-sinx+C

: 2

b/ Ta cé: jcotgzxdx = j(
sin” x

—ljdx:—cotgx—x+C

= —In|cosx|+C

¢/ Ta c6: jtgxdx :j Sinx X = _J‘d(COSX)

COSX COSX
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Tran ST Tung Tich phén

sin X d(cosx) 1

1
&/ Taco: [~ gx= [0 gy = [FEOBX oo x4+ C= vt C.
COs” X cos” X cos” X 3 3cos’ X
Vi du 4: Tinh c4c tich phan bit dinh sau:
al [——dx b/ J.Z;dx
1+x X" —=3x+2
Gidi:
) X 1 cdd+x%) 1 5
a/ Ta co: dx=—|—==—In(1+x")+C
‘[1+X2 2-[ 1+x* 2 ( )
b/ Tacé:j > ! dx:j 1 dx:j( I - I )dx
X —3x+2 x—-D(x—-2) x—-2 x-1
—Inlx—2/=Inlx =1+ C =X =2+ C.
X_
BAITAP
Bai 6. Tim nguyén ham clia cdc ham sd:
al f(x):coszg; b f(x)sin’x.
1 ) 1 3
DS: a/ E(x+s1nx)+C; b/ —cosx+§cos‘x+C.
Bai 7. Tinh céc tich phan bt dinh :
e" 2%.3%.5"
a/ |e*"(2—e")dx;b/ —dx ; c/ ———dx.
Jere-emax [ =5
e’ +1 e
& [———dx; o  [—dx
e e +2
. e’ 6"
DS:a/ 2e¢"—-x+C; —+C; c/ +C
(1-1n2)2" In6
1
d/ —gez’GX—e’X+C; e/ In(e* +2)+C.
Bai 8. Tinh céc tich phan bt dinh :
a/ I x'+x*+2dx; b/ I\3/x§/;dx; c/ Ix x> +1dx;
J3-41
& [(1-2x""dx; e/ Iﬁdx
X
x* 1 5 1
bS:al Z——+C: b/ 7€/>7+c; ¢/ §(x2+1)\/x2+1+C;
X
1 (1-2x)*" 1 Nerwiee
d/ ——+C; e/ —B+4Inx)vV3+4Inx +C.
2 2002 6( )
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Tich phén Tran ST Tung

Véin dé 3: XAC BINH NGUYEN HAM BANG PHUONG PHAP PHAN TiCH

Phudng phdp phin tich thyc chat 13 viéc st dung cdc ddng nhat thiic d€ bi€n ddi bi€u
thitc dudi dau tich phan thanh tdng cic bi€u thifc ma nguyén ham cta mdi bi€u thic dé
c6 thé nhan dudc tir bAng nguyén ham hoic chi bing cdc phép bi€n ddi don gidn da biét.
Chi y quan trong: Piém mau chdt 12 phép phin tich 13 c¢6 thé rit ra y tudng cho riéng
minh tr m§t vai minh hoa sau:

e V4i f(x)=(x’ —2)* thi viét lai f(x) = x® —4x’ + 4.

2
o V6i £(x) =TT ki viet lai £(x) = x —3 4 ———.
x—1 x—1
» 1 . e 1 1
e VGi f(x) =———— thi vi€t lai f(x) = -
X" —=5x+6 x-3 x-2

1
V2x +1++/3-2x

o Vi f(x) =(2" —3") thi viét lai f(x) = 4* 2.6 + 9.

e Vdi f(x) =

thi vi€t lai f(x) = %(\/3 —2x —/2x+1)

e V4i f(x) = 8cos’ x.sinx thi viét lai f(x)= 2(cos3x +3cosx).sinx
=2co0s3x.sinX + 6cosx.sinX = sin4x —sin2x + 3sin2xX = sin4x + 2sin 2Xx.
o tg’x=(1+tg’x)—1
e cotg’x=(l+cotg’x)—-1
"(I+x*)+1
x(1+x7)+ e 1

1+x° 1+x%

D6 chi 12 mdt vai minh hoa mang tinh dién hinh.

Vidu 1: Tinh tich phan bat dinh: T = j x(1-x)**dx.

Gidi:

St dung déng nhat thic: x =1— (1 —x)
ta dugc: x(1—x)"7 =[1-(1-x)]1-x)"? = (1-x)™ —(1—x)*>.
Khi d6:
I= j (1-x)*dx —j (1-x)"dx = — j (1-x)22d(1-x)+ j (1-x)"%d(1-x)

. (1 _ X)2003 . (1 _ X)2004

2003 2004

Téng quét: Tinh tich phan bat dinh: 1= j x(ax +b)*dx, v6i a # 0

St dung déng nhat thic: x = l.ax = l[(ax +b)-b]
a a
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Tran ST Tung Tich phén

Ta dudgc:
x(ax +b)* = L[(ax + b)—b)(ax +b)* =L j (ax +b)*d(ax + b) — j (ax +b)*d(ax +d)]
a a
Ta xét ba trudng hgp :

e Véia=2,taduge: 1= iz[ j (ax +b)'d(ax + b)— j (ax +b)2d(ax + b)]
a

1
=—[In|ax + bl + 1+C.
a

ax+b
e VGia=-1,tadudc:
I= %[Id(aﬂb)—j(a“b)1d(ax+b)] = iz[ax+b—1n|ax+bl]+c.
a a

1 (ax+b)"? . (ax + b)*"

e VGi aeR\{-2;-1}, ta dudc: [=— 1+C.
a o+2 o+l
p P A 1N dx

Vi du 2: Tinh tich phan bat dinh: I = .[2—

X —4x+3

Gidi:
Tacé:21 _ 1 1(x1)(x3)1(L_1)
x —4x+3 (x-3)xx-1) 2 (x-3)(x-1) 2\x-3 x-1

Khi d6: Ile ) Id(x 3) d(x-D, 1

—E.(ln|x—3|—ln|x—1|)+C

x-3 x—1
:lln X3 +C.
x—1

Vidu 3: Tinh tich phan bat dinh: I =

dx
'[\/x+2+Jx—3

Gidi:
Khi¥ tinh vo ti 3 mAiu s6 bing cich truc cin thic, ta dugc:

1 1 S >
:g_[(\/x+2 +Jx—3)dx:g[j(x+2) d(x+2)+j(x—3) d(x -3)]

:%[\/(X+2)3 +Jx-3r1+C

Vidu 4: Tinh tich phan bat dinh: T = [— x|
SN X.CoS X
Gidi:

St dung déng nhat thiic: sin® x +cos” x =1,
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Tich phén Tran ST Tung

1
.2 2 . . —
Ta dugc: — 1 : :sm' x+.cozs X _ s1n2x N '1 _ s1n2x L2 1
SIN X.COS™ X sin x.sin” X COS"X SINnX COS X 2 X X
cos” — tg—
2 72
sin X 0 d(cosx) d(tgx) X
Suy ra: I:I > dx+_[ 2 dx:—j > +I 2) _ +In|tg—{+C.
cos” X 2 X X cos” X X COSX 2
cos” —tg— tg—
2 72 2
z 2 z A A . dX
Vidu 5: Tinh tich phan bat dinh: I = j i
cos” X
Gidi:
, » ) dx
Su dung két qua: — =d(tgx)
cos” X
1 dx 2 2 1 3
ta duge: = [————=[(I+1g"x)d(tgx) = [d(tgx)+ [ tg’xd(tgx) = tgx +~tg’x + C.
COS™ X COS” X 3
BAITAP

B2i 9. Tim ho nguyén ham clia cdc ham sd:
24x —x’e* =3x*

al f(x)=(1-2x*)7"; b/ f(x)= — :
2
o £(x) _erdor f(x) = !
Jx Px+4 -3x+2
DS: a/ x—2x3+2x5—§x7+C ; b/ - 4 —e* +Inlx|+C;
5 7 3x+/x

o/ 6i/x7+%><9/§+%x$/x7+c; d/ é[\/(3x—4)3+\/(3x+2)3}+c-

Bai 10. Tim ho nguyén ham ctia cdc ham s6:

1 4 2 1
al f(x) = —5——1 bl f(x) = P FEOxHL
X" —6x+5 2x +1
3 2 3
o 1) = U fx)= XXl
2X+1 9_4X
ps:al ~n[X22lsc; b/ x>+ 2x—~In2x +11+ C;
4 x—1 2
2
32 2 4 2 12 [2x+3

Bai 11. Tim ho nguyén ham clia cic ham s6:
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Tich phan

Tran ST Tung
. 2 s " 3
a/ (sinx+cosx); b/ cos(2x—§).cos(2x +Z); ¢/ cos” X;
d/ cos*x; e/ sin* x +cos* x: f/ sin® 2x + cos® 2x.
1
DS:a/l x——cos2x+C ; b/ isin(5x+ﬁ)+lsin(x—l)+C
2 10 12) 2 12

c/ isinx+Lsin3x+C; d/ gx+lsin2x+%sin4x+C;

e/ %xﬁ”llg"m; f 2x4 > sin8x+C.
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Tich phén Tran ST Tung

Véin dé 4: XAC DINH NGUYEN HAM BANG PHUONG PHAP D01 BIEN SO

Phuong phap d6i bién s6 dudc sit dung kha phd bién trong viéc tinh cic tich phan bat
dinh. Phuong phdp ddi bi€n s6 d€ xdc dinh nguyén ham cé hai dang dua trén dinh 1y sau:
Dinh Iy:

a/ Né&u j f(x)dx = F(x)+C va u=@(x) 1a ham s6 ¢6 dao ham thi j f(u)du = F(u)+C.

b/ N&u ham sd f(x) lién tuc thi khi dit x = @(t) trong d6 ¢(t) cing v6i dao ham clia né
(¢’(t) 1a nhitng ham s6 lién tuc, ta s& dugc: j f(x)dx = j flo(0)].¢'(H)dt.

Tir d6 ta trinh bay hai bai todn vé phuong phdp ddi bi€n nhu sau:
Bai todn 1: St dung phuong phap d6i bién s6 dang 1 tich tich phan bt dinhI = If(x)dx.

PHUONG PHAP CHUNG
Ta thuc hién theo cac budc:
+ Budc 1: Chon x = ¢(t), trong d6 ¢(t) 12 hAm s6 ma ta chon cho thich hgp.
+ Budc 2: LAy vi phan dx = ¢’(t)dt
+ Budc 3: Biéu thi f(x)dx theo t va dt. Gid st ring f(x)dx = g(t)dt
+ Budc 4: Khidé I= j g(t)dt.

Ly y: Cdc ddu hiéu din tdi viéc lua chon 4n phu ki€u trén thong thudng Ia:

Dau hiéu Céch chon

x =|alsint véi —ES t SE
Va® —x? 2 2

_x:|x|cost vii0<t<m

x:i V6ite{—£;£}\ {0}
\/ﬁ sint 2 2
—a
: ol . n
X = v6it €[0; w]\{—}
cost 2

L. T T
x =|altgt véi —— <t <=
2 2

a’+x’
| X =lalcotgt v6i 0<t<m
a+x . Ja—x
hodc X = acos2t
a—x a+x
(x—a)(b—x) x =a + (b —a)sin’t

Vidu 1: Tinh tich phan bat dinh: I= [———

dx
Ja-x>)
Gidi:

o . T T
bit x =sint; ——<t<—
2 2
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Tran ST Tung Tich phén

dx _costdt  dt
\/(1—x2)3 cos’t cos’t

Suy ra: dx =costdt & = d(tgt)

Khi d6: I:Id(tdt):tgt+C: +C.

1-x*
Chii ¥: Trong vi du trén s& di ta c6: /(1-x*)’ =cos’t va tgt=

aY; COS2 t =cost

cost =+/1—sin’t =+/1-x

1—-x

12 bdi: —%<t<§:>cost>0:>{

2
Vidu 2: Tinh tich phan bét dinh: I= [ J’lﬂ
x -1
Gidi:
Vi diéu kién |x| > 1, ta xét hai trudng hop :
e VGix>1
2cos?2
bat: x =— ;()<t<E Suy ra: d)(z#tdt
sin 2t 4 sin” 2t
o xdx2dt  2(cos’t+sin’ t)’dt
Jxi—1  sin’2t 8sin’ tcos’ t
1 1 1 1
=——(cotgt. + tgt. + dt
4( Bsintt | cos sintcost)
1 1 1 2 1
= ——(cotgt.——+tdt. +—
4 sin” t cos’t tgt cos’t
1
= _Z[ cotgt.d(cotgt)+ tgt.d(tgt)+2 (tgt)
d(tgt)

Khi d6: 1:——[ [cotgtd(cotgt)+ [ tgtd(tgt)+2j

1 1 1
= __(_E cotg’t + Etgzt + 21n|tgt|) +C= g(cot gzt —tg’t) —Eln|tgt| +C

:lx x -1 —%ln|x—x2 ~1+cC.

e V§ix <-1Dé nghi ban doc ty lam
Chii y: Trong vi du trén s& di ta c6: cotg’t —tg’t =4x/x” —1 va tgt=x —/x* -1

<o 5 ,cos*t—sin*t 4cos2t 4+1-sin’2t 4 1
la boi: cotg't—tg't = =5 = — =— ————1
cos t.sin” t sin” 2t sin” 2t sin2t \ sin” 2t

sint 2sin’ t _I—-cos2t coS 2t
cost 2sint.cost  sin2t sm2t sinZ 2t s1n2t sin? 2t
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Vidu 3: Tinh tich phan bét dinh: I= [ ad—xzf
+X7)
Gidi:

dt dx B cos’ tdt

— = cos tdt.

T T
bat: x=tgt; ——<t<—. Suyra: dx= & =
' &5 2 Y cos’ t \/(1+x2)3 cos’t

Khi d6: I= jcostdt:sian: +C

X
J1+x32
Chu y:

1 . .
=cost va sint =

X
J1+x32 J1+x32
\Jcos®t = cost

sint = tgt.cost =

1. Trong vidu trén sd di ta co:

S 17 T T

la béi: ——<t<—=cost>0= X
2 2

NES'S

2. Phuong phdp trén dugc 4p dung dé€ gidi bai todn tong quat:

I= I dx , V61 k € Z.
\/(a2+X2)2kH

Bai todn 2: St dung phuong phap d6i bién s6 dang 2 tich tich phan I = If(x)dx.

PHUGNG PHAP CHUNG
Ta thuc hién theo cac budc:
+ Budc 1: Chon t = y(x), trong d6 y(x) 12 hAm s6 ma ta chon cho thich hdp
+ Budc 2: X4c dinh vi phan dt = y'(x)dx.
+ Budc 3: Biéu thi f(x)dx theo t va dt. Gia st ring f(x)dx = g(t)dt
+ Budc 4: Khidé 1= j g(t)dt.

DAu hiéu Cach chon
Ham s6 miu cé t 12 miu so

Ham s& f(x, \/o(x) t = Jo(x)
Ham f(x) = —&SMXH0.C0SX 10X (i cosX 2 0)
c.sinx+d.cosx+e 2 2

eViix+a>0&x+b>0,dit:
1 t=+Xx+a++x+b

J(x+a)(x+b) e Vdix+a<0&x+b<0, dit:

t=+/x—a++-x-b

Ham f(x) =
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Vidu 4: Tinh tich phan bat dinh: T = j x}(2-3x%)%dx.

Gidi:

Pit: t =2-3x>.  Suyra: dt = 6xdx

-3 dx = (2 3x)xdx—%:%.tg.(—%dt):l—lg(tg—2t8)dt.
Khi dé6: 1=ij(t9—2t8)dt:i(it“’—3t9)+czit“’—it9+C
18 18L10 9 180 81
x*dx
Vidu 5: Tinh tich phan bat dinh: I—I
NIED ¢
Gidi:

bit: t=+/1-x = x=1-t
x‘dx  (1-t2)*(-2tdy)

\/1—X - t

Khi d6: I = 2j(t4 —2¢ + dt = —2@6 —%ﬁ +t)+C = —%m“ —10t* +15)t+C

Suy ra: dx =—2tdt & =2(t* —2t* + Ddt

:—%[3(1 —x)* =101 -x)+15]W1-x +C = —%(3){2 +4x +8)W/-1x +C

Vidu 6: Tinh tich phan bat dinh: T = j X331 -2x%) dx.

Gidi:

Pit: t=31-2x> = x* = S Suy ra: 2xdx :—%tztdt,

3
1= 2x7) dx = X Y1 —2x°) xdx= 1= 2(—%8&) 2t —t)dt.

Khi dé: Izgj(t7—t4)dt:§(lt8—lt ) C=i(5t6—8t3)t2+c
8 slg 5 320

= %[5(1 —-2x%)* -8(1-2x")R/1-2x*)* +C
= 3—;0(2())(4 —4x* -3)J/1-2x*)* +C.

Vidu 7: Tinh tich phan bat dinh: T = j sin® xv/cos xdx.

Gidi:
bit: t =+/cosx = t* =cosx

dt = sinxdx,
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sin’ x+/cosxdx =sin” x~/cosx sinxdx =(1 — cos” X)v/cosx sin x dx
=(1—-t*).t.(2tdt) = 2(t* — t*)dt.
. z 6 2 1 7 1 3 2 6 2
Khi d6: Izzj(t —tHdt =2| =t" —=t* |[+C = =3t = 7)t +C
7 3 21

2
= E(cos3 x —7cosx)vcosx +C.

cosx.sin® xdx

Vidu8: Tinh tich phan bat dinh: T= | —
I+sin” x

Gidi:
bit: t =+4/1-x = x =1—-t"at=1+sin’x

Suy ra: dt = 2sinx cosxdx,

1—=

cosx.sin’ xdx _ sin’ x.cosx.sinxdx _ (t—1dt _ l( 1)dt
- Ja.

1+sin’x 1+sin’x 2t 2

. 1 . .
Khi d6: 1= Ej(l—%)dt = f12(t—Inlt|+ C :%[1+sm2x—ln(1+sm2 x)]+C

2
. L1 s A LA cos” xdx
Vidu 9: Tinh tich phan bat dinh: I = .[—8
sin® x
Gidi:
bat: t = cotgx
Suy ra: dt = ————dx,
sin” x
2 2
cos”xdx cos"x dx 1
——— =— ———— =cotg’x———— =cotg’x.(1+cotg’x)’ —
sin® x sin” X sin” x sin” x sin” x sin” X

= t*.(1+t%)dt.

Khi d6: T = Itz.(1+t2)dt - j(t6 +2t* +t2)dt = GU +%t5 +%t3)+C

1
= E(lScotg&+42cotg5x+3500tg3x)+C.

Vi du 10: Tinh tich phan bt dinh: 1= [— dx
€ —¢
Gidi:

Pit: t=e™?

1
Suyra: dt =——e"’dx < —2dt = d)/(z’

2 e

dx dx e™dx  —2udt

1
eX_eX/Z ex(1—67X/2) eX/2(1—67X/2) 1—t ( t—l)
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Khi d6: 1= 2](1+L1)dt =2(e™? +Inle " +1))+C.
t_

Chii ¥: Bai todn trén da dung t6i kinh nghiém d€ Iya chon cho phép ddi bién t=e ',

tuy nhién véi cach dit t =e*'* ching ta ciing ¢6 thé thyc hién dudc bai todn.

. 1 s A LA e dx
Vidu 11: Tinh tich phan bat dinh: I = j Nyt
Gidi:
Cdch I:
bit: t=vl+e* @ t° =1+¢"
2tdt dx 2tdt  2tdt

Suy ra: 2tdt =e*dx < dx =

& = = .
-1 Ji+e¢ -1 -1

y dt [t—1| l+e* -1
Khido: 1=2 =In +C=In————|_+C
Itz— lt+1| Ji+e +1
Cdch 2:
bit: t=e*'?

dx

1
Suy ra: dt :Ee’mdx & —2dt =

dx _ dx _ dx _ —2dt
Ji+e'  Jere+1)  e'e +1 N+l

% = —21n|t+\/t2 +1|+C :—21n|e*”2 ++/e”* +1|+C

Khi dé: 1:—2j

Vidu 12: Tinh tich phan bat dinh: I = j v6ia#0..

dx
Jxi+a

Gidi:

bit: t =x+Vx* +a

Suy ra: dt = (1 + dt

X JxZP+a+x dx
— XX & —=—
Jx*+a Jx®+a Jx?+a ot

Khi d6: I = I%:ln|t|+Czln|x+\/x2+a|+C.

Vidu 13: Tinh tich phan bat dinh: I =

J- dx
Jx+D(x+2)

Gidi:
Ta xét hai trudng hop:

biat: t=+x+1+vx+2
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Suy ra:

dt_( 1 1 jdx (Wx+1+vx+2 2)dx dx _2dt

2Wx+1 " 2Wx+2 2(x +1)(x +2) \/(X+1)(x+2) Tt

Khi d6: I:2_[%:21n|t|+C:21n|\/x+1+\/x+2|+C

Pit: t = —(x +1) +/-(x +2)

Suy ra: dt= ! — 1 dx = [J=(x+1) +y=(x +2)]dx
2J-(x+1)  2{~(x+2) 2 Jx+D(x+2)
dx _2dt

d Jx+Dx+2) ot
Khi d6: I:—2]%:—21n|t|+C:—21n|\/—(x+1)+\/—(x+2)|+C

BAITAP
Bai 12. Tim ho nguyén ham clia cic him sd sau:
4 2
_ -1
al f(x)=x2(x=1) b/ f(x) =———: ¢/ f(x)=— X d/fx-X :
x)=x*(x~1) ()= 5 o 0= 5 0=777
1 )
bS: a/i(x—1)12+3(x—1)”+i(x—10)1°+c. b/ —In x° +C.
12 11 10 20 |x°+2
1 —xv2 +1
¢ Inlx—2|- 22X (¢ d/ 1nX X2+ +C.
(x 2)? 2 x|
Bai 13. Tim ho nguyén ham clia cic him sd sau:

2x b ) = (a>0): o (%)

1
_x+\/x2—1’ (x*+a’)’ ’ Q/X—z—\/;
ps:  al §x3—§\/(x2—1)3+C; b/%+€;

3
c/ 6(§+ Ux +1n|\6/x—1|j+C.

a/ f(x)

Bai 14. Tim ho nguyén ham clia cic him sd sau:

cos’ X 1 sin X + cosx
a/ f(x)=——; b/ f(x)= ; c/ f(x)= ;
(x) = \/smx COSX ) i/sinx—cosx
cos’ x 1

sin* x

psS: a/ %\3/ sin® x +%\3/ sin'* x —%\3/ sin® x + C;

d/ f(x) = . e f(x) =
SlIlX
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Tich phan

b/ In c/

3t
g 2 4

1 .
In|sin x| —Esm2 x+C;

+C;

d/ e/

Bai 15. Tim ho nguyén ham clia cdc him sd sau:

o) F(x) = —m b fx) =L
1+ e x(1+xe")
of f(x)=—3 . J  fx)e— 1
9% —4* xInx.In(Inx)
PS:  a/ —In(e*+vVe ™ +1)+C; b/
! Pl W
2(In3-1n2)" |3* +2°

%\3/1 —sin2x +C;

—%cotg3x —cotgx +C.

2

xe*

In +C;

1+xe*

In|In(Inx)|+ C.
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Cong thifc tinh tich phan tirng phan: I udv = uv — I vdu.

Bai todn 1: St dung cong thiic tich phan titng phan xdc dinh I = If(x)dx.

PHUONG PHAP CHUNG
Ta thuc hién theo cac budc sau:

+ Budc 1: Bi€n d8i tich phan ban ddu vé dang: I= [f(x)dx = [f,(x).£,(x)dx.

u =1 (x) N {du

+ Budc 2: bat:
{dv =1, (x)dx

v

+ Budc3: Khidé: 1=uv—jvdu.

xIn(x +vVx* +1)
\/x2 +1
Gidi:

Vidu 1: Tich tich phan bt dinh: 1= j

Vi€t lai I du6i dang: 1= [In(x+vx* + 1)%&;.

Vx©+1

1+x

u=In(x+vx*+1) /
N du: X2+1 — dX
X x+\/x2+1 \/x2+1

/ 2
X+l \V=\/X2+1
Khi d6: I=\/x2+lln(x+\/x2+1)—Idx=\/x2+11n(x+\/x2+1)—x+C.

Vidu 2: Tich tich phan bat dinh: I = I cos(Inx)dx.

bat :
dv =

Gidi:
-1
= 1 - g
Pit : u = cos(Inx) . du " sin(In x)dx
dv =dx
V=X
Khi d6: 1= xcos(Inx)+ j sin(lnx)dx. (1)
Xét J= j sin(In x)dx.
. 1
= 1 - _
Pt u =sin(Inx) . du Xcos(lnx)dx
dv =dx

vV =X.

Khi d6: J=x.sin(Inx)— J.cos(ln x)dx =x.sin(Inx) -1 2)
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Tich phan

Thay (2) vao (1), ta dudc: I=x.cos(Inx)+x.sin(Inx)-1 < I = %[cos(ln x)+sin(Inx)]+C.

Chii y: N&u bai todn yéu cau tinh gid tri cia mot cip tich phan:
I, = Isin(lnx)dx va I, = Icos(ln x)dx
ta nén lya chon céch trinh bay sau:

o St dung tich phan tirng phan cho I;, nhu sau:

X

5 u =sin(Inx) du= lcos(ln x)dx
bat : =
dv=dx

v=X

Khi d6: I, =x.sin(Inx) — Icos(ln x)dx = x.sin(Inx) - L,. 3)

o St dung tich phan titng phan cho L, nhu sau:
5 u = cos(Inx) du = —lsin(ln x)dx
bat : = X
dv=dx
V=X

Khi d6: I, = x.cos(Inx) — Isin(ln x)dx =x.cos(Inx)+1,. (4)
° Tu hé tao bdi (3) va (4) ta nhan dugc:

I, = %[sin(ln x)—cos(Inx)]+C. I, = %[sin(ln x)+cos(Inx)]+C.

s . 1
Vidu 3: Tich tich phan bt dinh: I = j&f")dx
COS™ X
Gidi:
] u = In(cosx) du=— sin X dx
bat : dx = COSX
dv= 5
cos” X vV =1gx

Khi d6: I = In(cosx).tgx + Itgzxdx = In(cosx).tgx + J( 12 - ljdx
cos” X

=In(cosx).tgx +tgx —x +C.

Bai toan 2: Tinh 1= IP(X) sinaxdx (hodc IP(x)cos axdx) v6i P 1la mot da thie thudce

R[X]va aeR".

PHUONG PHAP CHUNG
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Ta lva chon mdt trong hai cich sau:

e Cdch I: (St dung tich phan tirng phan). Ta thuc hién theo cic budc sau:

/ 1= P(x) du =P'(x)dx
+ Budc 1: bat : ) = 1 .
dv = sinaxdx V =——C0SaX
o

. 1 1
+ Budc 2: Khi d6: I=——P(x)cosa +—IP'(X).cosax.dx.
o o

+ Budc 3: Tiép tuc thi tuc trén ta s& “khi” dugc da thic.
e Cdch I: (St dung phuong phdp hé sd bat dinh). Ta thuc hién theo cdc budc sau:
+ Bu6c1:Tacéo: I= IP(x)cos oaxdx = A(x)sinox + B(x)cosax+C. (1)

trong d6 A(x) va B(x) 1a cdc da thitc cung bac véi P(x).
+ Budc 2: Lay dao ham hai v& cda (1), ta dudc:

P(x).cosax =[A'(x)+B(x)].sina +[A(x)+ B'(x)].cosx (2)

St dung phuong phap hé so bat dinh ta xdc dinh dugc cic da thitc A(x) va B(x)
+ Budc 3: K&t luan.
Nhdén xét: NEu bic cda da thitc P(x) 16n hon hoiic bing 3 ta thdy ngay cach 1 t6 ra qué
cong kénh, vi khi d6 ta can thyc hién thi tuc 13y tich phan tirng phan nhiéu hon ba Ian.
Do d6 ta di t6i nhan dinh chung sau:
— Né&u bic ctia P(x) nhd hon hoiic biing 2, ta Iya chon céch 1.

— N&u bac ctia P(x) 16n hon 2, ta lua chon céch 2.

Vidu4: Tinh: I:Ix.sinz xdx (PHL_1999)

Gidi:

Bi€n d6i I vé dang cd ban:
I= Ix ﬂ dx :ljxdx—lIXCOSZde :lx2 —ljxcos2xdx (D)
2 2 2 4 2
Xét ] = Ixcostdx.
du=dx =

= 2
bat : a=x = x“+1
dv = cos2xdx

V:lsinZX
2
el X . 1¢. X . 1
Khi dé: J:—smzx——jsmzxdx:—sm2x+—cos2x+c. (2)
2 2 2 4

1 . 1
Thay (2) vao (1) ta dugc: I :sz +%sm2x+§cos2x +C.

Vidu 5: Tinh: Izj(x3—x2+2x—3)sinxdx.
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Gidi:

Ta c6: [ = j(x3 —x% +2x —3)sinxdx
=(a,x’ +bx* +¢x +d,)cosx +(a,x’ +b,x* +c,x +d,)sinx +C (1)

LAy dao ham hai v& cida (1), ta dudc:
(x* —x* +2x - 3)sinx =[a,x’ +(3a, + b,))x* +(2b, +c,)x +¢, +d,].cosx —

~[a,x* —(3a, —b,)x* =(2b, —¢,)x + ¢, —d,].sinx (2)
Péng nhat dang thic, ta dudc:
a,=0 —-a, =1
3a,+b, =0 _ |3a,-b,=-1
() va (I1)
2b,+¢, =0 2b, —c, =2
¢c,+d, =0 —C, +d; =-3

Gii (I) va (II), ta dugc: a, =—1,b,=1,¢,=4,d,=1,a,=0,b, =3, ¢, =-2,d, =—4.

Khi d6: I =(—x’ + x> +4x+ 1)cosx + (3x> —2x +4)sinx + C.

Bai toan 3: Tinh I = Ieax cos(bx)dx (hoac Ieax sin(bx)) véia, b#0.

PHUGNG PHAP CHUNG
Ta lra chon mdt trong hai cich sau:
e Cdch I: (St dung tich phan tirng phan). Ta thuc hién theo cic budc sau:

u = cos(bx) du = —bsin(bx)dx
+ Budc 1: bat : = 1 .
dv =e""dx v=—e
a
. z 1 ax b ax .
Khidé: 1=—e cos(bx)+—je sin(bx)dx. 1)
a a

+ Budc2: XétJ = je“ sin(bx)dx.

du =bcosx(bx)dx

u =sin(bx
Dat{ (bx) .

dv =e*dx v=—e"
a

1 .
Khi d6: J= leax sin(bx) —Ejeax cos(bx)dx = —e" sin(bx) —EI. (2)
a a a a

1 ; 1 )
+ Budc 3: Thay (2) vao (1), ta dugc: I =—e" cos(bx) +E[—eaX sin(bx) —EI]
a aa a

o1 [a.cos(bx)2+ b.szln(bx)e LC
a“+b
e Cdch 2: (St dung phuong phdp hiing sd bat dinh). Ta thuc hién theo cic budc :

+ Budcl:Tacé: I= Ieax cos(bx)dx =[A cos(bx) + B.sin(bx)]e™ + C. (3)

trong d6 A, B 1a cdc hiing sd.
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+ Budc 2: Lay dao ham hai v& cla (3), ta dudc:
e"*.cos(bx) = b[-Asin(bx) + Bcos(bx)]e* + a[A cos(bx) + Bsin(bx)Je™
=[(Aa+ Bb).cos(bx) + Ba— Ab)sin(bx)]e™.

Ao 2
< s . Aa+Bb=1 a2+ p?
bong nhat dang thic, ta dudc: =
Ba-Ab=0 b
B=——>5
a“+b
+ Budc3: Vay: I = [a.cos(bx)jb.szm(bx)]e LC
a“+b
Chu y:
1. Né&u bai todn yéu cau tinh gid tri cia mot cip tich phan:
I = je“ cos(bx)dx va I, = je“ sin(bx)dx.
ta nén lga chon céch trinh bay sau:
e St dung tich phan tirng phan cho I;, nhu sau:
u = cos(bx) du =-bsin(bx)dx
bat: = I .
dv =e"dx v=—¢
a
. 1 X ax 1 ax
Khi d6: I, =—e” cos(bx)+EIe sin(bx)dx =—e cos(bx)+212. 3)
a a a a
e St dung tich phan tirng phan cho I;, nhu sau:
u = sin(bx) du =bcos(bx)dx
bat: = I .
dv =e"dx v=—¢
a
. 1 X . ax 1 ax ¢
Khi d6: 1, =—e" s1n(bx)—RIe cos(bx)dx =—e s1n(bx)—211. 4)
a a a a

e T hé tao bdi (3) va (4) ta nhan dugc:

_ [a.cos(bx) + b.sin(bx)]e"

- a’ +b’

2. Phuong phéap trén cling dugc ap dung cho céc tich phan:
J, = [e™sin*(bx)dx va I, = [e™ cos’ (bx)dx.

_ [a.sin(bx) —b.cos(bx)]e™™ N

L a’ + b’

+C. I, C.

Vidu 6: Tinh tich phan bt dinh: I = [e*.cos’ xdx.

Gidi:
Cdch 1: Vi€t lai I du6i dang:

1 X 1 X X _1 X X
I:EIe .(1+cos2x)dx:E(Ie dx+je c0s2xdx) = (e +je .cos2xdx) (1)

e Xét]= Iex.cos2xdx.
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u=cos2x du = —2sin2xdx
bit: =
dv=e"dx v=ege"
Khi d6: J = * cos2x +2je* sin2xdx  (2)
e Xét: K= [e"sin2xdx.
u =sin2x du =2cos2xdx
bit:
dv=e"dx v=ege"
Khi d6: K = €* sin2x — 2jex cos2xdx =e*sin2x—-2]  (3)
Thay (3) vao (2), ta dudc:
. 1 . x
J=¢e"cos2x+2(e"sin2x-2]) < J :g(cos2x +2sin2x)e* +C (4)

Thay (4) vao (1), ta dudc:

I:%[eX +%(cos2x+2sin2x)ex]+C :%(5+cos2x+2sin2x)eX +C

1 . X
Cdch 2: I= Ejex.(l +cos2x)dx =(a+b.cos2x +c.sin2x)e” +C.

LAy dao ham hai v& cda (5), ta dudc:

(5)

1 ) )
Ee" (1+cos2x)=(—b.sin2x +2c.cos2x)e” +(a+ b.cos2x + c.sin2x)e”

=[a+(2x +b)cos2x +(c—2b)sin2x]e".
2a=1 a=1/2
Péng nhat dang thic, ta dude: 12(2c+b)=1 = b=1/10.
2c=2b)=0 |c=1/5

1 ) <
Vay: I= E(S +cos2x +2sin2x)e” +C.

(6)

Bai toan 4: Tinh 1= IP(x)e“de vdi P 12 mot da thic thudoe R[X] va aeR’.

PHUGNG PHAP CHUNG
Ta lra chon mdt trong hai cich sau:
e Cdch I: (St dung tich phan tirng phan). Ta thuc hién theo cic budc sau:

u="Px) du=P'(x)dx

+ Budc 1: bat : = 1
dv =e™dx v=—=¢

. 1 X 1 ox
+ Budc 2: Khi d6: T=—P(x)e* ——jP'(x).e dx.
(04 (04

+ Budc 3: Ti€p tuc thi tuc trén ta sé& “khi” dugc da thic.
e Cdch 2: (St dung phuong phdp hé sd bat dinh). Ta thyc hién theo cic budc :
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+ Budc 1: Tacé: 1= jP(x).e“X dx=AX)e®+C. (1)

trong d6 A(x) la da thic cung bac véi P(x)
+ Budc 2: Lay dao ham hai v& cida (1), ta dudc:
P(x).e™ = [A'(X) + aA(x)].e™ )
St dung phuong phap hé s6 bat dinh ta x4c dinh dudc A(x).
+ Budc 3: K&t luan
Nhdn xét: Néu bac clia da thitc P(x) 16n hon hoic biing 3 ta thdy ngay cdch 1 td ra qué
cong kénh, vi khi d6 ta can thuc hién thi tuc 14y tich phan titng phan nhiéu hon ba 1an.
Do d6 ta di t6i nhan dinh chung sau:
e N&u bac clia P(x) nhd hon hoic bing 2, ta lya chon cdch 1.
e Né&u bac ctia P(x) 16n hon 2, ta lya chon cach 2.

Vidu7: Tinh:I= jxe3de.

Gidi:

U= x du =dx | | | |
bit: . = 1 , - Khidé: I:—xe3x——Ie3x.dx:—xe3x——e3x+C.
dv =e""dx v=—e’" 3 3 3 9

Vidu 8: Tinh: I:I(2x3 +5x% —2x + 4)e>*dx

Gidi:
Tacé: I= j(2x3 +5x> —2x +4)e™dx = (ax’ + bx” +cx +d)e™* +C. (1)

LAy dao ham hai v& cida (1), ta dudc:

(2x” +5x% —2x +4)e™* =[2ax’ + (3a+2b)x* + (2b+2¢)x + c+ 2dJe** (2)
2a=2 a=1
. L ) 3a+2b=5 b=1
Dong nhat dang thic ta dugc: =
2b+2c=-2 c=-2
c+2d=4 d=3

Khi d6: I=(x’ +x* —2x +3)e** +C.

Bai todn 5: Tinh 1= jx“.ln xdx, v6i o e R\ {-1].

1
bat : =
dv = x%dx | R
V= X
o+1

Xoc+1 o Xoc+1 o+l
Khi d6: I==—Inx-[——dx==—Inx— .

o+ a+1 a+1 (a+1)
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Vidu 9: Tinh I = sz In2xdx.

du dx
u=In2x R 3 3 3
Pit : = X Khi dé: I:X—1n2xjx2dx:x—ln2x—X—+C.
dv =x“dx | 3 3 9
V==X
3
BAITAP
Bai 16. Tim ho nguyén ham clia cic ham s6 sau:
a/ f(x)=Inx; b/ £f(x) = (x* + 1)e™; ¢/ f(x) = x*sinx;
d/ f(x)=e"sinx; e/ f(x)=x.cosVx; f/ £(x)=e*(1+tgx + tg’x).
DS:  a/ xInx—-x+C b/i(2x2—x+3)ezx+C;
) 1 .
¢/ (2-x)*cosx +2sinx +C; d/ Eex(smx—cosx)+C;

e/ 2\/;(x —6)sin\/; + 6(x —2)cos«/; +C; f/ e*tgx +C.

Bai 17. Tim ho nguyén ham clia cic ham s sau:
2
1
al f(x)=e"; b/ f(x) =(E) ol fF(xX)=(x +1)? cos® x;
X

d/ f(x)=e**.cos3x; e/ f(x)=sin(Inx); f/ f(x)=+vx>+K, (K # 0);

2
In“ x

ps:  a/ 2(x -De* +C; b/ 2Inx —2x — C;
X
3 2 . .
/ (x+1) N (x+1)"sin2x N (x +1)cos2x 3 sin2x L C
6 4 4 8
-2X
d/ 613 (3sin3x —2cos3x)+C; e/ %[sin(lnx)+cos(lnx]+C;

t/ %x/xz +K +%1n|x+\/x2 +K|+C.

Bai 18. Tim ho nguyén ham clia cic him sd sau:
a/ f(x)=x’Inx (HVQY_1999) b/ f(x)=(x’+2)sin2x  (DHPP_2000)

¢/ f(x)=xsinvx (PHMDPC_1998)

BS:  a/ Ax*Inx——x*+C b L +2)c052x+§sin2x +icos2x +C

c/ —2\/x_300s\/;+6xsin\/§+12\/;cos\/;—12sin\/;+C.
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Y twéng chi dao cia phuong phdp xdc dinh nguyén ham ciia f(x) bing k¥ thuat ding ham phu 1a
tim ki€m mot ham g(x) sao cho nguyén ham clia cic ham s¢ f(x)+ g(x) dé xdc dinh hon so vdi

ham sd f(x), tif d6 suy ra nguyén ham F(x) ctia ham s6 f(x).

Ta thuc hién theo cac budc sau:

+ Bu6c 1: Tim ki€m ham s g(x).

+ Budc 2: Xdc dinh cdc nguyén ham cda cdc ham s6 f(x) + g(x), tdc la:
{F(x) +G(x) = A(x)+C,

D
F(x)-G(x) = B(x)+C,

+ Budc 3: T hé (I), ta nhian duge: F(x) = %[A(X) +B(x)]+C

12 ho nguyén ham ctia ham s6 f(x).

] s pa Sinx
Vidu 1: Tim nguyén ham ham s6: f(x) =——.
sinX —cosXx
Gidi:
s X COSX
Chon ham s6 phu: g(X) =———
sinX —cosXx

Goi F(x) va G(x) theo thit ty 12 nguyén ham ctia cdc ham sd f(x), g(x). Ta c6:

Sin X + COSX
fxX)+gx)=———
SIN X + COSX
:>F(x)+G(x):Ide :J-d(s'mx—cosx) :ln|sinx—c0sx|+C1.
SINX —COSX SINX —COSX
£(0) - g(0) = 2E o] = F(x)-G(x) = [dx =x+C,.
SINX —COSX

F(x)+G(x) = In|sinx - cos x|+ C,

= Fx)= l(1n|sinx - cosx| +x)+C.
F(x)-G(x)=x+C, 2

Ta dudc: {

COS4 X

Vidu 2: Tim nguyén ham ham s6: f(x) =

sin* x + cos* x

Gidi:

sin® x

Chon ham s6 phu: g(x)=— -
sin® X + cos” x
Goi F(x) va G(x) theo thit ty 12 nguyén ham ctia cdc ham sd f(x), g(x). Ta c6:
. 4 4
F()+g(x) =X ] = F(x)+G(0) = [dx =x+C,
sin® X + cos” x

cos* x —sin* x B cos’® x —sin® x COS2X

f(x)-g(x) = = =
sin® x +cos*x  (cos” x +sin” x)* —2cos” x.sin’ x 1— lsinz Ix
2
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2cos 2x d(sin2x) |s1n 2X — \/_|
= F G _—
(%)= Glx) = I —s1n2x J‘sm 2x—2 2[ |51n2x+f|
F(x)+G(x)=x+C, \/_
Ta dugc: 1 2asinx :F(x)—l( 2J“S“QX}LC.

G(x)= 2 —sin2
F(x)-G(x) = 2[ f—stx ) \/_ \/_ sin2x

Vidu 3: Tim nguyén ham ham s8: f(x) = 2sin” x.sin 2x.

Gidi:
Chon ham s& phu: g(x) =2cos” X.sin 2x.
Goi F(x) va G(x) theo thit ty 12 nguyén ham ctia cdc ham sd f(x), g(x). Ta cé:
f(x) + g(x) = 2(sin” X + cos” x).sin 2x = 2sin2x = F(x) + G(x) = 2jsin 2xdx = —cos2x +C,

f(x) — g(x) = 2(sin” X — cos” x).sin 2x = -2 cos2x.sin2x = —sin 4x
. 1
—F(x)—G(x) = —j sindxdx =—-cos4x +C,
F(x)+ G(x) =—cos2x +C,

1 1
Ta dudgc: 1 = F(x) 2—(—0082X +—cos4xj+C.
F(x)-G(x) = Zcos 4x ++C, 2 4

Vi du 2: Tim nguyén ham ham s6: f(x) = ©

X

e’ —e
Gidi:

—X

Chon ham sd phu: g(x) =

_X'

Goi F(x) va G(x) theo thl’r t 12 nguyén ham ciia cdc ham sd f(x), g(x). Ta cé:

)+ 800 == ¢ fe

—X

— F(x)+ G(x) = je te _dx —Imzln

- — eX —e*
e —e " € —¢

+C,

F(x) —g(x) ==

¢ 1o F(x)-G(x) = [dx =x +C,.

F(x)+G(x)=Inle* —e *|+C
Ta du’qc:{ )+ Gx) ‘ ‘ ! e —e”"

= F(x) = l(1n
F(x)-G(x)=x+C, 2

BAITAP
Bai 19. Tim nguyén ham clia cdc ham s6:
al fx)=—% . b/ f(x)=sin’x.cos2x.  of f(x)=—
SINnX + COSX e + e

DS: a/ %(x—ln|sinx+cosx|+C; b/ %(sin2x—%sin4x—x)+C; c/ %(x+ln e +e*
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Vén dé 7: NGUYEN HAM CAC HAM SO HiU Ti

Pé xdc dinh nguyén ham sd hitu i ta cin linh hoat lya chon mdt trong cidc phuong
phédp co ban sau:

1. Phuong phédp tam thic bac hai
Phuong phap phén tich

Phudng phip d6i bi€n

Phuong phép tich phan tirng phan

ARl

St dung cac phuong phap khac nhau.

1. PHUONG PHAP TAM THUC BAC HAI

Bai toan 1: X4ac dinh nguyén ham cac ham hitu ti dya trén tam thdc bac hai

PHUONG PHAP CHUNG

Trén cd s dua tam thiic bac hai vé dang chinh tic va ding cdc cong thic sau:

1. jx’j‘i‘a:%m‘xziahc (1)

—H L Cv6iaz0 )

xdx

Vidu I: Tinh tich phan bat dinh: I = JW
X —zX —

Gidi:
dx ‘J xdx 1 d(x’-1)
—2x° -2 ‘(x*-1D)*-3 2'(x*-1*-3
1 |x—1\/_ lnx—l V3l
2 f | PN —1+f|

Ta co6: I

1

e Chii ¥: Ciing c6 thé trinh bay bai todn tudng minh hon bing viéc ddi bi€n sd trudc khi
4p dung cic cong thiic (1), (2). Cu thé:
xdx xdx

Bié&n d6i tich phan ban dau vé dang: I ol 5 I( -3
X x*=1)" -

Piat t=x"-1
xdx _l dt
x*-1)*-3 2t*-3°

11 t—\/§ 1 [x2=1-3

Khi d6 : I:;I dt +C=——1n +C.

-3 22f t+\@ 43 |x2-1+3

Suy ra: dt=2xdx &
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.o x>dx
Vidu 2: Tinh tich phan bat dinh: I = I 2 > 5
X=X =
Gidi:

2 2_1_2
L 2—1j L E 2 2fe
272 2) 4743 |2 1.3
22
——ln‘x4—x2—2‘+lln “c
2 |x“+1

2. PHUONG PHAP PHAN TICH

Bai todn 2: X4c dinh nguyén ham cdc ham hitu ti bing phuong phap phan tich

PHUONG PHAP CHUNG
Can hi€u riing thyc chat né 1a mot dang ciia phuong phap hé s6 bat dinh, nhung & diy dé
phan tich (l;((x)) ta st dung cdc ddng nhat thifc quen thudc.
X

2
Dang I: Tinh tich phan bit dinh: 1= j(x—mzdx, véia #0.
ax +

PHUONG PHAP CHUNG
St dung dong nhat thic:

X =4 a’x” = [(ax+b) b’ = -5 [(ax + b)’ ~2b(ax + b) + b’]
a a a

2 ) i
Ta duge: — =i2-(ax+b) —2b(ax+b)+b
(aX +b)a a (aX +b)a
! 1 2b b2
-2 a2 P + —
2
Khi dé: I:iz' J‘ dx _ _J‘ 2bdx _1 +J. b2dx
a (ax +b)* (ax +b)" (ax i b
_1 | d(ax +b) _IZbd(ax+b) +Ib2d(ax+b)
a’ |7 (ax +b)*? (ax + b)*! axib® |

Trang 33




Tich phén Tran ST Tung

2

Vidu 3: Tinh tich phan bat dinh: 1= j(lx—dx.
—X

)39
Gidi:
St dung ddng nhat thitc: x* =(1-x)* -=2(1-x)+1
2 2
Ta duge: —> 39:(1 X) 2(139x)+1: 137_ 2 . 139.
(1-x) (1-x) (1-x)" 1-x)7 1-x)
Khi do: 1= [— 2 [ 20 I
(1-x) (1-x) (1-x)

= ! — 2 + ! +C
36(1-x)° 37(1-x)7 38(1-x)®

Chii y: MG rong tu nhién ctiia phudng phap gidi trén ta di xét vi du:

3
X

Vidu 4: Tinh tich phén bat dinh: = P
X —

dx.

Gidi:
St dung ddng nhat thitc (cong thic Taylo): x* =1+3(x—1)+3(x —1)* + (x—1)".
x> 143 =D+3(x -1 +(x -1y
(X_l)lo (X_l)l()
ot 3 3 1
x-D" -1’ x-D' x-1"
Khidé:l:j 110+ 39+ 38+ ! - |dx
x-D" x-1" -1 (x-1
1 3 3 1
- 9 8 7 s +C
9x-1° 8x-1* 7x-1)" 6(x-1)

Ta dugc:

dx
(ax”> +bx +c¢)"

Dang 2: Tinh tich phan bat dinh: 1 = I , vdia # 0 va n nguyén duong.

PHUONG PHAP CHUNG
Ta xét cic trudng hgp sau:
o Truong hop 1: Néun=1

Ta xét ba kha ning clia A =b* —4ac
e Khd nang I: Néu A >0
Khi d6: 1 B 1 B 1 (X—x,)—(x—X,)

ax’> +bx+c a(x—x,)(x—Xx,) - a(x, —xz)' (x—x))(X—X,)

B 1 11
a(x, —x,) | x-x, x-x, )
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Do dé: 1, = 1 ( - jdx:;[ln|x—xl|—ln|x—x2|]+c.
Xy

a(x, —x,) | Xx—X;, X-— a(x, —x,

1
= .In
a(x, —x,)

x—x1|

+C.

x—x2|

e Khd ndng 2: Néu A =0

) 1 1
Khi do6: > = 5
ax”"+bx+c a(x—x,)

Do d6: Izlj & 1 ¢
a’ (x—x,) a(x—x,)

e Khd ndng 3: Néu A <0

Khi d6 thyc hién phép ddi bién x = tgt véi t (—g; gj

o Truong hop 2: Néun> 1

Biing phép ddi bi€n t =x +2£, ta dugc: I, :inj‘ a
a

a t* +k)"
St dung phuong phap tich phan tirng phan vdi phép dit:
1 2ntdt
u=-s n u=-"3 n+l
(t"+k)' = (t"+k)
dv=dt v=t
2 2
Khido: [ = 1 o[t de 1)t +2n] L[t +k) - kidt
a"| (t“+k)" (t"+k)" a" | (t“+k)" (t" +k)"

:i{—zt +2n[I zdt —kj 5 dt 1}}
a" [ (t"+k)" (t“ +k)" (t”+ k)™

_1 {;n+2n(ln —kInH)} 20kl =

= ' i@n-an
a"| (t° +k) !

(t* +k)

< 2(n— 1(kIn = (tz;n_l +(2n-2- a"” )In+1 (1)

+k)
Chu y: Vi cong thitc (1) khong dudc trinh bay trong pham vi sdch gido khoa 12, do dé cac
em hoc sinh khi IaAm bai thi khong dudc phép sit dung né, hoic néu trong trudng hgp dugc
st dung thi d6 14 mot cong thitc qua cdng kénh rit khé c¢é thé nhé dudge mot cach chinh
xdc, do vay trong tudng hgp n > 1 t8t nhat cdc em nén trinh bay theo céc budc sau:
— Budc 1: Xac dinh I;.
— Budc 2: Xéc dinh I, theo I,_; (ching minh lai (1)).
— Budc 3: Bi€u dién truy hdi I, theo I; ta dudc két qua cin tim.

1
x> —(m+2)X +2m

Vidu 5: Cho ham s& f(x)=
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Tinh tich phan bat dinh I = jf(x)dx biét:

a/ m=1 b/ m=2.
Gidi:
. dx d(x - 2) d(x— 1)
a/ Véim=1: I=|f(x)dx = = - =
I() J‘xz—3x+2 J‘x 2 I I I
~In[x -2/~ In|x~1[+C =In[* 2|+ C.
x—1
b/ Véim=2: Izjf(x)dx:j dX2=— ' .¢c
(x-2) X—2
p f 1l AN dx
Vidu 6: Tinh tich phan bat dinh: 1= Iz—3
(x"+4x+3)
Gidi:
Le oa A dx A ,
Xét tich phan JH:I > , ta lan lugt co:
(x“+4x+3)"
e Véin=1
1 1
B e jdx:—ln LR e}
X +4x+3 (x+D(x+3) 2°\{x+1 x+3 3 |x+3
e Vdin>1
Biing phuong phdp tich phan tirng phan véi phép dit:
1 2ntdt
U=-7""" U=—"7 """
t"-1" = (t“=1
dv=dt v=t
2
Khi d6: 1 = 2t +2nj 2tdt +1: I[(t 1)+L]dt
(¢ =1" (" =1)" D"

t dt dt t
- (tz _1)n + 2n|:.[ (t2 _1)n +I(t2 _1)n+l :| - (tz _1)n + 2n(Jn + Jn+l)

t t
&2n) L =— -2n-1)] <2n-1NJ] =———-(2n-3)]
=y T S 20D, == (a3
<) = ! == t —+2n-3)J
2m=D" | (t"=1)"
. I( t
Do d6: JQ:_E(tz—l—”lj
1 1
I:J3:—l %4‘3]2 = %4‘3 - 2t +Jlj
41 (" -1 4 1(t"-1) 2\t" -1
_ 2X+2 - 32>(x+2) +iln x+1 LC
4(x° +4x34+)" 8(x"+4x+3) 16 [x+3
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(Ax +p)dx
(ax”> +bx +c¢)"

Dang 3: Tinh tich phan bat dinh: I = I , V61 a # 0 va nnguyén duong.

PHUGNG PHAP CHUNG
Phan tich: Ax +u = —(2ax +b)+ p—}g—b
a
Khi d6: T _L (2ax + b)dx N _& : dx
(ax”> +bx +c¢)" 2a ¥ (ax” +bx+¢)"

(2ax + b)dx
((ax* +bx+c)"

al VGil_ =—j thi:
2a
 Né&un =1, ta dugc:

JA(2ax+b)dx —Aln ax> +bx +c|+C.

ax“+bx+c 2a
e Né&un> 1, ta dugc:
| :AJ Qax+bydx A . 1
" 2a‘(ax’+bx+c)"  2a(n-1) (ax’+bx+c)""
dx
(ax”> +bx +c¢)"

b/ Vé6i K, :I , ta dd bi€t cach xdc dinh trong dang 2.

Téng qudt hep: Trong pham vi phd thong chiing thudng gap tich phan bat dinh sau:

P(x)d . ) p

I=[———— (OAX i a0 va bac clia P(x) 16n hon 1.
ax’+bx+c¢

Ta thuc hién theo cac budc sau:

— Buéc 1: Thuc hién phép chia da thitc P(x) cho ax” + bx + ¢ ta dudgc:

P(x) AX+ 1
-~ 7 = 4+
ax’ +bx+c Qx) ax2 +bx+c
2ax+b Ab 1
=Q(x) + +(u——)

2a ax’ +bx+c H 2a” ax’>+bx+c
— Butde 2: Khi d6: 1= jQ(x)dx gL paxtbyx —&)jzd—x.
2a7 ax’ +bx+c ax“ +bx+c
Chii ¥: Tuy nhién trong trudng hgp ax® + bx +c c6 A=b* —4ac >0
(ta dugc hai nghiém x, X;), ching ta thuc hi€n phép phan tich:

Ax+p 1 A N B
ax’+bx+c alx-x, x-Xx,)

I(zx3 —10x* +16x —1)dx

Vidu 7: Tinh tich phan bat dinh: 1= -
X" —5x+6

Gidi:
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3 10v2 _ 3
Bién ddi: 2% 10x +16x 1:2x+,fx—1:2+ A + B

X" —5x+6 X" —5x+6 x—-3 x-2
Ta dugc hing ding thic: 4x —1=A(x—2)+ B(x —3) (1)

bé x4c dinh A, B trong (1) ta co thé lwa chon mot hai cdch sau:
e Cdch I: Phuong phap déng nhat hé so
Khai trién v€& phdi ctia (1) va sip x&p da thifc theo thif tw bac lui din, ta c6:
4x—1=(A+B)x +2A —3B.
. L, A+B=4 A=11
bong nhat dang thic, ta dugc: Rt
—2A-3B=-1 B=-7

e Cdch 2: Phudng phdp tri s6 riéng:

\ . A=11
Lan lugt thay x = 2, x = 3 vao hai v€ cua (1) ta dugc hé: {B .
3 2
-1 16x—1 11
Tu do suy ra: 2% 20X +16x =2x+ ! .
X —5x+6 x—3 x-2

11 7

Xx—-3 x-

Do d6: 1:]{2“ 2}dx:x2+111n|x—3|—71n|x—2|+C.

Nhén xét: Trong vi du trén viéc x4c dinh cdc hé s§ A, B bing hai cdch c6 do phiic tap
gan giong nhau, tuy nhién vSi bai todn can phan tich thanh nhiéu nhan t& thi cdch 2
thudng td ra don gidn hon.

(a,x” +b,x +c,)dx
(x —a)(ax® + bx +¢)

Dang 4: Tinh tich phan bit dinh: 1 = j ,véiaz0

PHUGNG PHAP CHUNG
Ta xét ba kha ning cda A = b® — 4ac
e Khd ndng I: Néu A >0, khi d6: ax> +bx+c=a(x—x,)(X—X,)
ax’+bx+c, A B C
= + +

Khi d6 phén tich: > =
(x—a)(@x”+bx+c) x—-o X—-X; X-—X,

A B

Dodézlz_[( - 4 jdx:Aln|x—(x|+Bln|x—xl|+Cln|x—x2|+C
X—0 X—X; X=X,

e Khd nang 2: N€u A = 0, khi d6: ax” +bx +c=a(x—x,)".

ax’+bx+c, A ,.B . cC
(x—a)(ax’ +bx+c) x-—oa X=X, (x—xo)2

Khi d6 phén tich:

+C.

Dodé:I:j[ AL, B, € z}dx:A1n|x—a|+Bln|x—x0|—

X—o X—-X;, (X—X;,) X=X,

e Khd ning 3: NEuA<0
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ax’+bx+c, A . _B2x+b) C
(x—a)(@ax’+bx+c) x—-a ax +bx+c ax’+bx+c
A B(2ax+b C

+— +— dx
X—0 ax +bx+c ax +bx+c

Khi d6 phan tich:

Do d6: 1:][

=Aln|x —o|+Blnlax’ + bx +cl +Cj2d—X
ax“ +bx+c
Trong d6 tich phan J :I 5 dx dudc xdc dinh bing phép d6i bi€n x = tgt véi
ax” +bx+c

T T
te| —;—|.
( 2 2)
Téng quat: Tinh tich phan bat dinh:

_I P(x)dx
T (x—a)(ax® +bx +c)

, vGia =0 va bic cua P(x) 16n hon 2.

Ta thuc hién theo cac budc sau:

— Budc I: Thyc hién phép chia da thitc P(x) cho (x - a)(ax’® +bx +¢) ta dugc:
P(x)

(x —a)(ax” +bx +¢)

ax’ +bx+c,

= Q)+

(x —a)(ax® +bx +¢)

(a,x” +b,x +c,)dx

— Budc 2: Khi d6: 1= dx +
I Qx)dx I (x —a)(ax’ + bx +¢)

2
. 2x -2
Vidu8: Tinh tich phan bt dinh: 1= [+ 2X=2)0
x +1
Gidi:
e o X H2Xx-2 x> +2x-2 A  B(@2x-1 C
Bi€n doi: 3 = > = += +—
x +1 x+DHx"—x+1) x+1 x"—x+1 x"—x+1
_(A+2B)x*-(A-B-O)x+A-B+C
x> +1
A+2B=1 A=-1

Poéng nhat dang thifc, ta dudc: {~A+B+C=2 < {B=1
A-B+C=-2 |C=0
XX4+2x-2 1 2x -1

3 —

Khi d6: +—
X +1 x+1 x"—x+1

x> —x+1

+C

DOdé:IzI — L + 22X_1 dx=—Inlx+1l+Inlx>*=x+11+C=1n
x+1 x"—x+1

x+1

Dang 5: Tinh tich phan bat dinh: 1= j( )?Z‘ o véia#b
X+a X +
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PHUGNG PHAP CHUNG
St dung dong nhat thic:
{(x+a)—(x+b)} 1
a—b ’

1 [ x+ay-x+b) | 1 {1_1}2
(x+a)*(x+b)’ | (a-b)(x+a)x+b)| (a—b)*|x+b x+a

_ 1 1 2 L] }
(a-b)*| (x—=b)*> (x+a)x+b) (x+a)’

I 2 (xta)-(x-b) 1
“(@a-b)’| (x+b a-b (x+b)(x+a) (x+a)2}

1 12 ( 11 j+ 1
(a-b?|(x+b? a-blx+b x+a) (x+a)

ta dugc:
1 1 2 1 1 1
Sl Freem e e et e
(a—Db) (x+b)” a-b\"x+b “x+a ‘(x+a)
__ 1 | - L2 (Inlx+bl=Inlx+a)l— ! }+C
(a—b)’| x+a a-b X+a
1 1|x+a| 2x+a+b N
(a—b)’|a-b Xob| x+byx+a)
Vidu 9: Tinh tich phan bat dinh: 1= | dx
(x+3)*(x +1)
Gidi:
St dung dong nhat thic:
(x+3)-x+D]_,
2 9
2 2
1 N G+y-+D[ 1 11
(x+3)2(x+1)7 | 2(x+3)(x+1) 4| x+1 x+3
R 2 L] BRI _x+d)-x+h 1
41 (x+1  (x+D(x+3) x+3)7 | 4| (x+1)  x+DEx+3)  (x+3)
O O
417 (x+1* Tx+1 Tx+3 J(x+3)
XTI x 3 +c_—1|x+3’| 2x +4
4 x+1 X +3 T x+Dx+3) |
f 1l AN P(x)
Dang 6: Tinh tich phin bat dinh: I:IQ( )dx
X
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PHUGNG PHAP CHUNG
2 2 A 7 . P(X) Y 2 A A1~ .
Gia su can xac dinh: I = J‘m bang phuong phap hé s6 bat dinh.
X

Ta thuc hién theo cac budc sau:
— Budc I: Phan tich Q(x) thanh céc da thitc bat kha quy, gié sif Ia:
Q(x) = A"(x).B"(x).C*(x), v6i n, m, k e N.
trong d6 A(x), B(x), C(x) 1a da thifc bac hai hoic bic nhat.
— Budc 2: Khi d6 ta phan tich:
P(x) E(x)

=D(x)+ -
Q(x) A"(x).B" (x).C*(x)

alA(x) al bJB(x) EldC'(x) o
b ”Z{ A(x) Ai<x>}+z[ BI(x) BJ(X)};{ C'x) +cjoo}

=l

X4c dinh duge cdc hé s8 al, ab, b, bl, c!,c} bing phuong phip hé s& bat dinh.
— Budc 3: Xac dinh:

8 AK) bIB(X) Vi 9w
I= ID(X)dX+ZI|: Ax) AI(X)} ZJ‘{ B (x) BJ(X):| = I|: C'(x) Ct(X):|

=l

x> =3x>+x+6

Vi du 10: Tinh tich phan bt dinh: I = j dx.
—5x% +6x
Gidi:
Ta c6:
X’ —=3x" +Xx+6 2x° —5x+6 2x*> —5x+6 a b c
3 > =1+ > =1+ =14+—+ + .
X" —5Xx" +6x X" —5x° +6x x(x —2)(x—-3) X x—-2 x-3

Ta dugc hiing ding thic: 2x* —5x +6 =a(x —3)(x —2) +bx(x =3) +cx(x =2) (1)
Pé€ xdc dinh a, b, ¢ trong (1) ta c6 thé lya chon mot trong hai cich sau:
e Cdch I: Phuong phap déng nhat hé so
Khai trién v€& phdi ctia (1) va sip x&p da thifc theo thif tw bac lui din, ta c6:
2x* —5x+6=(a+b+c)x* —(5a+3b+2c)x +6a

a+b+c=2 a=1
Péng nhat dang thifc, ta dude: 5a+3b+2c=5 < {b=-2
6a=06 c=3
e Cdch 2: Phudng phdp tri s6 riéng:
a=1
Lan lugt thay x =0, x = 2, x = 3 vao hai v&€ ctia (1) ta dugc hé: {b=-2
c=3
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x> =3x>+x+6

Khi d6: 3 =1+ 2 + 3

1
x> —5x% +6x ; x—-2 x-3
3

Do do: I:I(1+l— 2 +

jdx:x+lnlxI—21n|x—2|+31n|x+3I+C.
X x—-2 x-3

7x -4

Vi du 11: Tinh tich phn bat dinh: I = [————dx.
X" —=3x+2
Gidi:
Tx—4 7x—4 _a b c

Ta co: 3 = > = ~+ +
X =-3x+2 (x+2)x-1)° x-1)7 x-1 x+2

_(b+ox’+(a+b-2c)x+2a-2b+c
(x —2)(x —1)?

Ta dugc hiing ding thitc: 7x—4=a(x+2)+b(x—D(x+2)+c(x-1> (1)

Pé€ xdc dinh a, b, ¢ trong (1) ta c6 thé lya chon mdt trong hai cich sau:
e Cdch I: Phuong phap déng nhat hé so:
Khai trién v€& phdi ctia (1) va sip x&p da thifc theo thif tw bac lui din, ta c6:
7x—4=(b+c)x* +(a+b—-2c)x +2a—2b+c.
b+c=0 a=1
DPéng nhat dang thic, ta dude: <a+b—-2c=7 << <b=2
2a-2b+c=-+4 c=-2

e Cdch 2: Phudng phdp tri s6 riéng:

a=1
Lan lugt thay x =0, x = 2, x = 3 vao hai v€ ctia (1) ta dugc hé: {b=2

c=-2
Khide: — 24 __1 2 2

x*-3x+2 (x-1% x-1 x+2

Do d6: 1= j 2 2 ke ommixell2Intlx4214C.
(x— 1) x I x+2 x—1

—4x -1
Vi du 12: Tinh tich phan bat dinh: 1= j ~x"—dx-
x*+x’
Gidi:
x> —x?—4x-1 x*-x*-4x-1 a b ¢ d
Ta co: — = . =—+—+—+
X' —X x(x+1) X xX° x x+1

_(c+dx’+(b-o)x* +(a+b)x+a
- X (x+1)
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c+d=1 a=-1

A s . b+c=-1 b=-3

bong nhat dang thic, ta dugc: Rt
a+b=-4 c=2
a=-1 =-1

3_ 2_
Khi do: XX 9%~ 1:—%—% 2
x* +x3 X X x+1
Do d6: I= j(———— 2 1 dx:—+ +2InlxI=Inlx+11+C.
x+1

3. PHUGNG PHAP POI BIEN

Bai todn 3: X4c dinh nguyén ham cic ham hitu ti biing phuong phap d6i bién

PHUONG PHAP CHUNG
Né€u tich phan cin x4c dinh c6 dang: 1= J‘m
Q(x")
Ta thuc hién theo cac budc sau:
e Budc I:Patt=x" suyra: dt =kx""dx,
IP (H)dt
Q,(t)
Trong d6 P (x), Q;(x) la da thic ¢6 bac nhd hon P(x) va (Q(x).
e Budc 2: Tinh tich phan trong (1)

Khi d6: 1= 1)

@'(x)-Plo(x)]dx
Qle(x)]

Chii y: Ta nhan thd'y sy m§ rong ty nhién véi dang: 1= I

trong d6 ¢(x) 1a mot da thic bac k cua x.
Khi d6 dat t = p(x).

3
Vi du 13: Tinh tich phan bat dinh: 1= jﬁ.
X —
Gidi:

biatt= x*

x dx _l dt
(x*=4)* 4 (t* -4)

Suy ra: dt =4x’dx &

Khi dé: 1_—j 4)

St dung déng nhat thic: 1= %[(t +2)—(t—=2)]

1 e [(t+2)—(t=2)] 1 1 2 !
T Pl=— ~ 64 -
a dudc 64'[ 2 _4)2 dt J‘Lt_z)z t> -4 " (t+2)2}dt
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1 1 1 t—2 1
=—|——-——In—-——|+C
64| t-2 2 t+2 t+2
4 4
- i—ll 20, c- L —2X L X4 2| c
64\ P-4 2 [t+2 64| x* -4 2 |x*+2
Vi du 14: Tinh tich phan bat dinh: 1= [— (2% + 1)dx
X +2X7+3x"+2x-3
Gidi:
Bié&n d6i 1 vé dang: 1= I 2(2X + 1)(12X
(x"+x+1)" -4
2x+Ddx dt

Pat t=x>+x+1. Suyra: dt=(2x+1)dx &

X+x+1)?> -4 2-4

2
Khi d6: 1= [ N L PO LS Sl | )
t"—4 |t+2| X +x+3
Vi du 15: Tinh tich phan bt dinh: 1 = —idx
x*+
Gidi:
S
Bién ddi I vé dang: 1= I—dx = I—dex.
2 TX (x+1j -2
x* X
1
1 1 -2z dt
Pit t=x+—. Suyra: dt=|1-— |dx & X ——
X X ( 1) t° -2
X+
X
o dt 1 |t-2| 1 ”;‘ﬁ
Khi d6: = [ [ n f|+cz \/,ln +C
-2 242 i+ N N
X
L[]
T2 x|

4. SUDUNG PHUONG PHAP TiCH PHAN TUNG PHAN

Phuong phdp nay cho du it dugc sit dung doi véi cdc ham sé hitu ti, tuy nhién trong
nhiing truong hop riéng né lai té ra khd hi¢u qua.

Bai todn 4: X4c dinh nguyén ham cdc ham hitu ti biing phuong phép tich phin tirng
phan

PHUONG PHAP CHUNG
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Né€u tich phan cin x4c dinh c6 dang: 1= IM
Q"(x)
Ta thuc hién theo cac budc sau:
u=P(x)
du
e Budc I: Bat Q'x)dx = {
dV:n— \'%
Q (x)
e Budc 2: Khi dé: I:uV—IVdu.
Vi du 16: Tinh tich phan bat dinh: I = [——— x'dx
(x* -1y’
Gidi:
3
Bi€n ddi I vé dang: 1 = J‘%di
(x" -1
u=x du =3x*dx
bat: xdx = 1
= V:—
(x> =1y 4(x*-1)°
3 2
Khi d6: 1=—— 4> [ 9% (1)
4(x =1y 47 (x"-1)
Xét tich phan:
1
_I xdx J‘[(X+1)-|;(X 21)] dx l_[ 1 4 22 N _ |dx
- (x"—1) (x-2)y x"-1 x+1)
L +1nx_1— o PG PN e 0 e 2)
4\ x-1 x+1| x+1 4 x+1] x°-1
3
-1 2
Thay (2) vio (1), ta duge: 1= —f—3+i Inf—{-—=|+C.
4(x~ =1 16 x+1| x"-1
Chii y: P& xéc dinh tich phan J chiing ta ciing c6 thé ti€p tuc st dung tich phan tirng phin
nhu sau:
u=xX du=dX
bat: xdx = 1
dv=-—s—my VE-T5
(x~—1) 2(x"—1)
Khi d6: J=—++lj f" S |X 1
- 29x -1 22— 7 e

5. SUDUNG CAC PHUONG PHAP KHAC NHAU
Trong phin nay chiing ta s& di xem xét mdt vai bai todn dugc gidi bing cdc phuong
phdp khdc nhau va muc dich quan trong nhit 1a can hoc dugc phuong phdp suy luin

qua mdi vi du.
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x> =3

Vi du 17: Tinh tich phan bét dinh: I = [——~————dx.
x(X"+3x"+2)
Gidi:
Pat t=x>. Suyra: dt=2xdx & x3(2—3x2)8dx=Ldt
t(t+1)(t+2)
Khi d6: 1= J‘Ldt
t(t—1)(t+2)
) t—3 a b ¢  (a+b+o)t’ +(2a+2b+c)t+2a
Tac): ————=— + =
tt+1)(t-2) t t+1 t+2 tt+1)(t+2)
a+b+c=0 a=-3/2
Pong nhit ding thifc, ta dude: <3a+2b+c=1 < <b=4
2a=-3 c=-5/2
Khidg: — =5 31 4 5 1
tt+1)(t+2) 2t t+1 2t+2
Do dé: 1= | R S dt:—§1n|t|+41n|t+1|—§1n|t+2|+c
2t t+1 2t+2 2 2
3. 2 5. 2
:—Eln(x )+ 41n(x +1)—Eln(x +2)+C.
p . , A LA e dx
Vi du 18: Tinh tich phan bat dinh: I = J‘ﬁ
t(x” +1)
Gidi:

Pit t=x’. Suyra: dt=3x’dx & SX 2:1. th >
x(x>+1)" 3 t(t"+1)

Khi d6: 1=~ [—
37t(t"+1)
) 1 a bt ct (a+b)t' +(2a+b+co)t’ +a
Ta co: —— =—t+— +— > = > >
t(t"+1) t t"+1 (t°+1) t(t"+1)

a+b=0 a=1

Péng nhat, ta dude: {2a+b+c=0< {b=-1 d ! t t

(1)’ t 241 1)

a=1 c=-1
1 1 1
Do d6: 1= [|=——————— [t=Inltl——In | +11+—.—+C
t t"+1 (t°+1) 2 2 t°+1
1 t? 1 1 x° 1
=—(In + +C=—=(In + +C.
2( t* +1 t2+1) 2( x®+1 x6+1)
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4
Vi du 19: Tinh tich phan b4t dinh: I = J‘(ll—le)dx.
X(1+X
Gidi:

1-x* 1 1-t¢

it t=x"*. Suyra: dt = 4x’dx & =
x(I+x") 4 t(1+¢t)

1=t _E+ b (a+b)t+a
Ct(l+t) ot t+l t(E+1)?

=1 -t 1 2

. . s a+b=-1 a
bong nhat dang thic, ta dugc: = = =
a=1 b=-2 td+t) t t+1

It x*

+C=In——+
(t+1)° (x* +1)?

Do d6: 1:j(l—iljdtzlnm—21n|t+1|+C:1n
t t+

(x* —dx
x(x* —)(x* —4x +1)

Vi du 20: Tinh tich phan bat dinh: 1 = j

Gidi:
(x* —1)dx
(x* —4x)(x* —4x +1)
St dung ddng nhat thitc: 1= (x* —4x + 1)(=(x* —4x)

Bié¢n ddi I vé dang: I = I

Ta dugc: 1=

I[(x —4x+1) (x4—4x)](x3—1)dx: I(x3—1)dx J‘(x —1)dx

(x* —4x)(x* —4x +1) x* —4x —4x +1

1 f—4
:l(1n|x4—4x|—1n|x4—4x+1|)+cz—1nf—x+C.
4 4 |x"—-4x+1
x> —1
Vi du 21: Tinh tich phan bat dinh: I=[— . dx.
x*+2x° = x* +2x +1

Gidi:
Chia c3 tif va mAu cia bi€u thifc dusi ddu tich phan cho x* # 0, ta dugc:

I:I 1_? dX:I d(x+xj _I (x+ +1j

2 1 2
X2+2X—1+;+X7 (x+1j +2(X+1j_3 (x+ +1j -4
X X X
x+1+1 2
- - 2
:_1n’1‘—+C:llnX2—X+1+C.
4 X4+ ta142 4 |x"+3x+1

X
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BAI TAP
Bai 20. Tinh tich phan sau:
al |————— b/ of | ———.
J.4xz+8x+3 -[ 7x+10 -[3x2—2x—1
ps:a/ P e winA e o LX) e
4 |2x+3 3 |x=2 4 |3x+1
Bai 21. Tinh céc tich phan sau:
2 - 2 2
[l [ 2 ax o[ ax @[ —22
x> =3x+2 X —=3x+2 X +5x+6 Ox“ —6x+1
PS:  a/ Slnlx—=1-3In|x=2|+C; b/ 51n|x+1|—21nx_1+C;
2 |x+1

¢/ 3lnlx+2/-Inlx+3|+C; d 21n|3x_1|_1_7( 1 )+C.
9 9 \3x-1

Bai 22. Tinh céc tich phan sau:

2
/J- xdx ;b/J- 2x +4211x o1 dx: C/J- : dx2 :
(x+1)(2x+1) (x—=D)(x* =x—=12) 6x° —7x% - 3x
3 2
J/ -1 x: e/J-(x 23x+2)dx; f/J- (x2+2) dx .
4% —x X(X"+2x+1) x(x"—-2x+1)
PS: a/ln|x+l|—%lnx+%+C; b/ 4In|x =1+ 51In|x = 4|+ 7In|x + 3|+ C;
c/ —11n|x|+31n x—i +31n x+l +C;
3 33 11
d/ lx+1n|x|—lln x—l‘—iln x+l +C;
4 16 2| 16
e/ x+2lIn|x|41n|x +1|- +C; f/ 41n|x|-21In|x =1 - +C.
x+1 x—1
Bai 23. Tinh céc tich phan sau:
xdx xdx xdx x dx 2dx
a/ ; b/ o/ | —————; d/ ; e/ ;
J.x4—3x2+2 J.()(4+1)2 J.7(4—2)(2—1 J.)(6—7(3—2 J.x(x2+1)
x dx dx x> -1 x> x2dx
f/ ;g :h/ dx; /| ——dx; k/|————.
I><6—x3—2 g-[x(x10+1)2 Ix4+1 I(x2+1)2 I(1—x)“’
2
ps: o ‘mE3c b/ l(ln|x - )+c;
2 x“—1 4 x*+1
3_
PR SN (R IS Ll —x —2+ L =24 ¢
PN P \f)| 6 18 [x*+1
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Tran ST Tang
x’ 1 x’
e/ In|— +C; f/ —In|— +C;
X" +1 8 |x"+4
1
1 10 9 P [xr V2
g/ —ln( - j+ ——+C; b/ \/,ln 71( +C;
9 \x"+1) x"+1 AP SN )
X
. 1
i/ —{ln(x2+1)+ - }+C;k/ ! - — ! - — ! - +C.
2 X +1 1(x-1)" 4(x-1) 9(x-1)
2
BAi 24. Cho ham s& f(x) = 2=~ 2%+
X" =3x+2
m n p

a/ Tim m, n, p dé f(x) =

=+ +
x-1)7 x-1 x+2

b/ Tim ho nguyén ham ctiia f(x) (DHTM_1994)

bS:a/ m=3n=1;p=1. b/ 1n|(x—1)(x+2)|—i1+c,
X_

Bai 25. Tim ho nguyén ham ctia cdc ham s6:

4 2
al f(x)=" 2. b L . 1Jrc:.‘ (PHTM _1994)
X —X 2 X
2
pS:a/ Lx*+2hlxl-Lmle—tlve; b 2w Yic
2 2 2| x
2
BAi 26. Cho ham s& y = 2% *%*3
X —3x+2
a b C

a/ Xdc dinh cdc hingsd a,b,cd€ y = ~+ + .
(x-1) x-1 x-2

b/ Tim ho nguyén ham cta vy (PHQG-Ha Néi_1995)

PS:a/l a=3;b=2;c=1.b/ +2Inlx =1l +In|x +2|+C.

X_
Bai 27. Tim ho nguyén ham ctia ham s&:
2001 1
a/f(x) = b/ f(x) =
x) (1+x%)"*" x) x(x"* +2000)
x: -1
¢/ f(x) =— >
(x"+5x+D(x" =3x+1)
2 \l001 1999
ps: al — ( . 2) +C; YL S | N "
2002\ 1+x 1999 —2000  |x'** + 2000
2
o LnfX X o
X =5x+1

G
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Vdn gé 8: NGUYEN HAM CAC HAM LUGNG GIAC

bé x4c dinh nguyén ham cdc ham lugng gidc ta can linh hoat lua chon mdt trong cic
phudng phap cd ban sau:

1. S& dung cac dang nguyén ham c¢d ban.

2. St dung cic phép bi€n ddi lugng gidc dua vé cac nguyén ham cd ban.

3. Phuong phap ddi bién.

4. Phuong phap tich phin tirng phan.

1. SUDUNG CAC DANG NGUYEN HAM CG BAN

Bii todn 1: X4c dinh nguyén ham cdc ham lugng gidc bing viéc si dung cic dang
nguyén ham co ban.

dx
sin(x + a)sin(x + b)

Dang 1: Tinh tich phan bat dinh: 1= j

PHUONG PHAP CHUNG
Ta thuc hién theo cac budc sau:
e Budc I: St dung déng nhat thic:
- sin(a—b) sin[(x+a)—(x+b)

sin(a—b) - sin(a —b)
e Budc 2: Ta dudc:
I:J ' dx' dx = — 1 Jls1'n[(x+a)'—(x—b)]dX
sin(x +a)sin(x + b) sin(a—b)* sin(x +a)sin(x + b)

1 Isin(x+a).cos(x +b)—cos(x+a).sin(x+Db) dx

- sin(a —b) sin(x +a)sin(x + b)
B 1 I cos(x +b) dx — I cos(x+a) dx
“sin(a—b)|? sin(x +b) sin(x +a)

:.;[ln |sin(x+b)} —Inlsin(x+a)l]+C
sin(a—b)

L, [sinG+b)|

_ C.
sin(a—b)  |sin(x +a)|

Chu y: Phuong phdp trén cling dugc 4p dung cho cdc dang tich phan sau:

1. 1= I dx , stt dung dong nhat thic 1= M.
cos(x +a)cos(x+b) sin(a—Db)

2. I= I . dx , stt dung dong nhat thic 1= cosa—b)
sin(x +a)cos(x+b) cos(a—Db)
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Vidu 1: Tim ho nguyén ham cia ham s6 f(x) = !

) )
sinx.cos| x +—
4
Gidi:

e Cdch I: St dung phuong phap trong dang todn ¢ ban

cos ¥ cos[(x + Z) —~ x}
St dung ddng nht thitc: 1=—2= = = \/ECOS|:(X +§j —~ x}.

cosE ﬁ
2
T T ) T .
COSKX+4) X} Cos(x+4jcosx+sm(x+4)smx
Ta dudc: F(x):ﬁj dx =2 2|
sin x. cos(x + 4) sinx.cos(x +Zj

sin(x + 4)
V2| [ gy g
S X cos(x+n)

4

cos(x+%ﬂ+C:\/§In& +C

T
cos| x+—
( 4)
e (Cdch 2: Dya trén dac thu cua ham f(x)
Ta c6: F(x)= \/_J dx = \/EI dx

sin X.(cosX —sinXx)

:\/5 Inlsinx | —In

sin” x(cot gx — 1)

\Fjd(COth) \/_J‘d(COth D_ \/_1n|cotgx 1|+C

cotgx —1 cotgx —1
dx
Dang 2: Tinh tich phan bat dinh: 1= I
sinX + sino

PHUONG PHAP CHUNG
Ta thuc hién theo cac budc sau:

e Budc I: Bi€n ddi 1 vé dang: I= I dx _1 dx (1)

sinx +sino 2 i X+a X—a

e Budc 2: Ap dung bai todn 1 d€ gidi (1).
Chi y: Phu’dng phéap trén cling dugc 4p dung cho cdc dang tich phan sau:

= j . v6ilml<1
s1nx+m
dx .
2. 1 I va I = I—, véilml<I.
COSX +COoSsSQL COSX +m
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. 1
Vidu 2: Tim ho nguyén ham ctia ham s6 f(x)=——.
2sinx +1
Gidi:
Bié&n d6i f(x) vé dang:
1 1 1 1 1
f(x)= =—. =—. (D
(. 1) 2. .M 4 . 6Xx+m 6X — 1
2| sinx +— sin X + sin— sin .COS
2 6 12 12
s COS(6X+TC 6X—7t)
. . 6 - 2 -
St dung dong nhat thic: 1= 6 _ 12 12 /_ cos(6X fm_OX n)
T 3 3 12 12
cos— N2
6 2
3x+mw 6x—-T7
LU "
Ta dugc: F(x)=
2*/5'[ sin6+7t cos6x_7t
12 12
6X+ T 6x—-m . 6Xx+Tm . 6Xx—T
| ,cos .COS + sin .8in
_ J‘ 12 12 12 12
2V3 sin6x+n.cos6x_7t
12 12
6X+ T 6X —T
_ ! ICOS 12 dx+I 12 dx
23 Sm6x+7t COS6X—7t
12 12
sin 6X+ T
:L{lnsin6X ‘—ln‘co 6X+n}+C:L1n#+C.
23 NE) cos 6Xx — T
12
Dang 3: Tinh tich phan bat dinh: 1= Itgx.tg(x + a)dx.
PHUONG PHAP CHUNG
Ta thuc hién theo cac budc sau:
e Budc I: Bi€n ddi I vé dang:
I= Itgx.tg(x +o)dx = I Sinx.sin(x + ) dx
CcosX.cos(X+a.)
B I COSX.COS(X + o)+ sinX.sin(X + o) 1 ldx
COSX.cos(X+a.)
:I cos adx —Idx:cosaj dx . 1
cosX.cos(X +a.) cosX.cos(X+a.)

e Budc 2: Ap dung bai todn 1 d€ gidi (1).

Chu y: Phuong phdp trén cling dugc 4p dung cho cdc dang tich phan sau:
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I= Itg(x +a).cotg(x + P)dx.
I= Icotg(x +a).cotg(x + B)dx.

Vidu 3: Tim ho nguyén ham ciia ham s6 f(x) = tgx.tg(x +§)

Gidi:

. . T T . . T
s1nx.s1n(x+) cosx.cos(x+)+s1nx.s1n(x+)
4 4 4) 4

Bién ddi f(x) vé dang: f(x)= -
COSX.COS(X+R) COSX.COS(X+n)
4 4
COSE
— 4 ~1= \5, ! ~1.
[(+3) 7 emnem{x])
COSX.COS| X +— COSX.COS| X +—
4 4

ﬁ_[ dx \/5_[ dx

(D
n
COSX.COS| X+
( 4)

ta lya chon mot trong hai cach sau:

Khi d6: F(x) =

- —jdx:—x+
)

COS X.COS(X +—

dx

T
COS X.COS(X + 4)

e (Cdch I: St dung phuong phap trong dang toan c¢d ban.

sin " sinKx+Z)—x}
St dung ddng nhat thic: 1= —2% = = ﬁsinKx +£) — x}
g ddng 5 ,

. T
sin — il
2

PE di xdc dinh : J :j

Ta dugc:

sin Kx +Z) —x} sin(x +n)cosx —cos(x +n)sinx
J:\/E_[ dx:\/i_[ 4 4 d

T
COS X.COS(X + 4)

COSX| X +—
4

X

T
COS X.COS(X + 4)

sin(x+n) .
| A s g :ﬁ[_ln
COS(X-FTCJ cosx
4
=2 —>2% 4 C=—2In|l-tgx|+C.
COS(X-FZ)

e (dch 2: Dya trén dac thfl clia hAm dudi d4u tich phan

Taco: J= \/_I —\/EI dx

COSX. (cosx—smx) cos” x(I — tgx)

+1In|cos xq +C
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_J_Id(tgx) —J_IM \/_1n|1 tgx|+C
1—tgx 1—-tgx

Vay ta dudc: F(x)=—x-— 1n|1 - tgx| +C.

dx
asinxXx +bcosx

Dang 4: Tinh tich phan bat dinh: 1= |

PHUONG PHAP CHUNG
Ta c6 thé lua chon hai cdch bién d6i:
e (dch I: Tacé6:
1 dx _ 1 dx
Ja? 2'[sin(x+oc)_\/2 2-[ . X+o __ Xx+o
a”+b a”+b” " 2in cos =

dl t X+d
1 I dx 1 I &)
Ja? + b2 2tgxzacoszxga Ja? + b tgx;oc

x+a|
t +C.
n|tg 5 |

I=

\/a2 +b’
o (Cdch2:Tacé6:
= 1 I dx _ 1 Isin(x + a)dx
Ja +b2 ° sin(x+a)  yfa? 4 b2
1 I dlcos(x+a)] 1 ln|cos(x +a) —1| LC
\/a 4 p2 Y cos’(x+a)— 1 2\/32 +b? |cos(x+a)+1|

Chii y: Chiing ta ciing c6 thé thuc hién biing phuong phap dai s6 hod véi viéc ddi bién:

sin’ (X + o)

t=t X
g

2
x/gsinx+cosx

Vidu 4: Tim ho nguyén ham cia ham s6 f(x) =

Gidi:

2dx B I dx dx

( n) I .(x T (x n)
sin| X+ — 2s8in| —+— |cos| — +—
6 2 12 2 12
X T
d| tg| —+—
dx J‘ {g(Z 12)} 1
=1In

MR
g 2 12

Tacé: F(x)=
J‘\/gsmx + cosXx

2tg| — cos” | —+—
2 12 2 12
a,sinx +b, cosx

Dang 5: Tinh tich phan bat dinh: 1= [—1= - dx.
a,sinx+b, cosx

PHUGONG PHAP CHUNG
Ta thuc hién theo cac budc sau:
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e Budc I: Bi€n d6i : a,sinx +b, cosx = A(a, sinx + b, cosx) + B(a, cosx — b, sinx)

e Budc 2: Khi do:

= I A(a, sinx +b, cosx)+B(a, cosx — b, sinx) dx

a, sinx +b, cosx

a,Ccosx —b, sinx

=AIdX+BI dx:Ax+Bln|a2 sinx +b, cosx|+C

a,sinx +b, cosx

4sinx +3cosx

Vidu 5: Tim ho nguyén ham ctia ham s6 f(x) =— .
sinX +2cosx

Gidi:
Bién d6i: 4sinx +3cosx =a(sinx +2cosx) + b(cosx —2sinx)

=(a—2b)sinx +(2a+b)cosx

N ., a—-2b=4 a=2
bong nhat dang thic, ta dugc: &
2a+b=3 b=-1

2(sinX +2cosx)—(cosx —2sinx) CcOsSX —2sinx

2 .
sinx +2cosx sinX +2cosx

Khi d6: f(x)=

Do dé6: F(x) = I(Z—M)dx _ ZIdx— d(sinx +2cosx)

sinX +2cosx sinX +2cosx

=2x —In|sinx + 2 cos x|+ C

a,sinx +b, cosx

Dang 6: Tinh tich phan bit dinh: 1= j dx

(a,sinx +b, cosx)’

PHUONG PHAP CHUNG
Ta thuc hién theo cac budc sau:
e Budc I: Bi€n d6i : a, sinx +b, cosx = A(a, sinx +b, cosx) + B(a, cosx — b, sinx)
e Budc 2: Khi d6:

= I A(a, sinx +b, cosx)+B(a, cosx — b, sinx) dx

(a,sinx +b, cosx)’

dx

:AI dx +BI a,cosx —b, sinx

. . 2
a,sinx +b, cosx (a,sinx +b, cosx)

_ A J‘ dx _ B
/ag +b3 sin(x+a) a,sinx+b,cosx
A

B
S S Py P S +C

g .
/ag +b3 2 a,sinx +b, cosx

b, a4,

(2 .2 va cosa T2
a, +b; a, +b;

Trong d6 sino =
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8cosx
2+\/§sin2x—cos2x'

Vidu 6: Tim ho nguyén ham cia ham s6 f(x) =

Gidi:

8cosx B 8cosx

Bién d6i: f(x)= =
3sin’ X + 2\/5 SinX COSX + cos” X (\/5 SinX + cosx)>

Gia su: SCosx:a(\/gsinx+cosx)+b(«/§cosx—sinx):(a\/g—b)sinx+(a+b«/§)cosx

a3 -b=0 a=2
=S

a+by3 = b=23

2 _2\/5(\/§cosx—sinx)
\/gsinx+csx (\/gsinx+cosx)

Péng nhat dang thic, ta dudc: {

Khi d6: f(x)=

2dx _2\/§JAd(\/§s1nx+cosx2)
\/gsinx+cosx (\/gsinx+cosx)

o5
g212

Chii y: Trong 15i gidi trén ta da tin dung k&t qua trong vi du 4 1a:

Do d6: F(x) :j

2.3

- +C.
J3sinx +cosx

—lln
2

2dx 1 K3
I - =—In tg +C
J3sinx+cosx 2 2 12
s 2 A ~ . dX
Dang 7: Tinh tich phin bat dinh: 1= I -
asinx+bcosx+c

PHUONG PHAP CHUNG

Ta xét 3 kha nang sau:

1. N&u c=+/a®+b?

Ta thuc hién phép bién ddi:

1 1 1 1
asinx+bcosx+c c[1+cos(x—oc)]_20'cosz X—a
trong do sinoc—L va cosa = _b
a’+b’ Ja’ +b2
Khi d6: Izij dx ( 2 ) +C.
2¢ zX—Ot c zx a
cos” ——

2. N&u c=-—Ja?+b?

Ta thuc hién phép bién ddi:
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1 1 1 1
asinx+bcosx+c_c[l—cos(x—oc)]_2C'Sinzx—0€
. a
trong d6 sin0, = ———= va cosOl = ———
a’ +b’ a +b2
o RN
Khi dé: I:—I dx 2 cotg e}
¢ smz—x @ sm2X ¢
2

3. N&u ¢’ #a’+b’
Ta thyc hién phép déi bién t = tg%.

2

2dt 1-
Khi d6: dx = dtz,smx: > & cosx = tz.
1+t 1+t 1+t
Vidu 7: Tinh tich phan bat dinh 1= [— 2dx .
2sinX —cosx + 1
Gidi:
11 1 1 2
Pit: t=tg~, ta duge: dt=—. dx:—(1+tg23)dx:—(1+t2)dx:>dx: dtz
2 bX 2 2 2 1+t
COS —
4dt tgi—l
2 —
Khide: 1= [— st [ 24t _,r dC+D BN il | PO i R RS
4t 1-t 2+2t S(t+1)> =1 |t+]] X
— +1 tg—+1
1+65 1+¢ 2

=ln +C.

(58
g 2 4

a,sinx+b,cosx +c, J
X.

Dang 8: Tinh tich phan bat dinh: 1= [—— .
a;sinx +b, cosx+c,

PHUGNG PHAP CHUNG
Ta thuc hién theo cac budc sau:
e Budc 1: Bién d6i:
a,sinx+b,cosx+c, =A(a,sinx+b,cosx+c,)+B(a,cosx —b,sinx)+C
e Buoc 2: Khi do6:
I:JA(az sinx +b, cosx +c,)+B(a, cosx—b, sinx)+C

a,sinx+b, cosx+c,

dx
a,sinx+b, cosx+c,

a, cosx —b, sinx

:Ajdx+Bj dx+cj

a,sinx+b, cosx +c,
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dx
a,sinx+b,cosx+c,

:Ax+Bln|a2 sinx +b, cosx+cz|+CI

, dx P N
trong do I - dugc xdc dinh nhd dang 4.
a,sinx +b, cosx+c,

Vidu 8 Tim ho nguyén ham cita ham s5 f(x) = — S0 X

2sinx —cosx +1

Gidi:
Gia st:  5sinx = a(2sinx — cosx + 1) + b(2cosx + sinx) + ¢
= (2a + b)sinx + (2b — a)cosx + a + c.
2a+b=5 a=2
Péng nhat dang thifc, ta dudc: <2b—a=0< b=1
a+c=0 c=-2

2(2sinx—cosx +1)+(2cosx +sinXx) —2

Khi dé6: f(x) = -
2sinX —cosx +1
2COSX +sin X 2
=2+ -—
2sinx—cosx+1 2sinx—cosx+1

dx

Do d6: F(x)=[2dx +| 2COSX +Sinx dx— 2

2sinx —cosx +1 2sinX —cosx +1

d(2sinx —cosx +1) 2dx

2sinx —cosx +1 J‘2sinx—cosx+1

i
g 2 2

Chii y: Trong 15i gidi trén ta da tin dung k&t qua trong vi du 7 1a:

i
g 2 4

:2jdx+

=2x+Inl2sinx—-cosx+1l—In +C.

=In +C.

J‘ 2dx

2sinX —cosx +1

a,sin”x + b, sinx cosx + ¢, cos’ X4
X.

Dang 9: Tinh tich phan bat dinh: 1= | —
a,sinx+b, cosx

PHUONG PHAP CHUNG
Ta thuc hién theo cac budc sau:
e Budc I: Bi€n d6i: a, sin® x + b, sinx.cosx +c, cos’ X
= (Asinx + Bcosx)(a, sinx +b, cosx) + C(sin® X + cos” x)
e Budc 2: Khi dé:

I:I(As1nx+Bcosx)(a2 sinx +b, COSX)+CdX

a, sinx +b, cosx

dx

:I(Asinx+Bcosx)dx+CJ -
a,sinx +b, cosx
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=—Acosx +Bsinx + € I dx

\/ag +b3 sin(x + o)
=—Acosx + Bsinx +Lln | tg Xxra | +C
\Ja; + b’
b, a

trong d6 sina = va cosa =

2 2 2 2
\Jas + b5 \Ja, +b;

4sin’x +1

Vidu 9: Tim ho nguyén ham cia ham s6 f(x) = B :
sin X + cos X

Gidi:

Gi4 st: 4sin®x+1=5sin>x +cos’ x = (asinx +bcos x)(\/g sinX +cosX) +¢(sin” X +cos” x)
= (a\/§+c)sin2 X +(a+bx/§)sinx.cosx +(b+c)cos’ x.

av3+c=5 a=A/3
Ddng nhat déng thic, ta dude: ja+byv/3=0 < <b=-1

b+c=1 c=2
Do d6: F(x) :I(\/gsinx—cosx)dx—I - 2dx
J3sinx + cosx
=— 3cosx—sinx—lln tg(i+l) +C.
2 2 12
Chii y: Trong 15i gidi trén ta da tin dung k&t qua trong vi du 4 1a:
I - 2dx :lln tg(£+l) +C.
J3sinx +cosx 2 2 12
dx

Dang 10: Tinh tich phan bat dinh: I=[—— : —.
asin” X +bsinXcosxX + ccos” X

PHUGONG PHAP CHUNG
Ta thuc hién theo cac budc sau:

dx
(atg’x + btgx +c)cos’ x

e Budc I: Bi€n ddi I vé dang: I:I

e Budc 2: Thyc hién phép ddi bi€n: t = tgx

1
Suyra: dt=———dx & 5 dx —=— dt
cos” X (atg"x +btgx +c)cos"x at"+bt+c
Khi d6: 1= [— 0
at” +bt+c

dx
3sin® x —2sinx cosx — cos® x

Vi du 10: Tinh tich phan bat dinh: 1= |
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Gidi
9 2 P dX
Su dung dang thic: >— = d(tgx)
cos” X
d(tgx—l)
1 1
Ta c6: I:I . dx . :_J‘ d(tgxz :_J‘ 23
(3tg"x —2tgx —1)cos” x 3( 1) 4 3( 1) 4
tgx —— | —— tgx —— | ——
3 9 3 9
tgx—l—g
B BT PR S < S T SIIX —COsX e
4 tgx_l+g 4 |3tgx +1 4 |3sinx +cosx|

2. SUDUNG CAC PHEP BIEN POI LUGNG GIAC PUA VE CAC NGUYEN HAM CO
BAN

Bai todn 2: Xdc dinh nguyén ham cdc ham lugng gidc st dung cic phép bieén ddi
lugng giac

PHUONG PHAP CHUNG

St dung cdc phép bién d6i lugng gidc dua bi€u thic dudi dau tich phan vé dang quen
thudc. Cac phép bi€n ddi thudng diing bao gdm:
e Phép bi€n ddi tich thanh tdng (chiing ta di thdy trong phuong phap phan tich)
e Ha bac
e Céicky thuat bi€n d6i khéc.

Chiing ta s& 1an Iugt xem xét cic vi du mau.

2.1. St dung phép bi&n ddi tich thanh téng:
0] day ching ta nhé lai cdc cong thic sau:

1 . 1_. .
a/ cosx.cosy = 5 [cos(x+y)+cos(x—y)] c/ SINX.COSY = B [sin(x+y)+sin(x—y)]

) I . .
b/ sinx.siny = % [cos(x —y)—cos(X+Y)] d/ cosX.siny = 5 [sin(X+y)—sin(x—y)]

Vidu 11: Tim ho nguyén ham ctia ham s f(x) = cos3x.cos5x. (PHAN-97)

Gidi:

s 0 1
St dung cac phép bi€n doi tich thanh tdong, ta dugc: f(x)= E(cos 8X + cos2x)

Khi d6: F(x)= lJ‘(C088X + cos2x)dx :l(lsin 8x +lsin2x) +C.
2 2\8 2

Chii y: N&u ham f(x) 12 tich clia nhiéu hon 2 ham s& lugng gidc ta thyc hién phép bién
d6i dan, cu thé ta di xem xét vi du sau:
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Vidu 12: Tim ho nguyén ham ctia ham s6 f(x) = tgxtg(g - x)tg(g + x)

Gidi:
. . (n ) . (n )
Sin xX.sin| ——X [.s1n| —+X
Ta c6: f(x) = 3 3 (1)

eoman{§osjen( T
COSX.COS| ——X |.cOos| —+X
3 3

St dung cdc phép bién d6i tich thanh tng, ta dudc:

. (n ) . (n ) 1. ( 2n)
sinx.sin| ——x [.sin| —+ X |=—sinX| COsS2X —CcOS—
3 3 2 3
COSX.COS| ——X |.cOS| —+ X |=—co0s| cos— + cos2x
3 3 2 3

1 1 1 1 1
= ——CO0SX +—C0S2X.CO0SX = ——C0SX +—(Cc0S3X + COSX) = —CO0S3X.
4 2 4 4 4

Suy ra: f(x) = tg3x
s1n3x d(cos3x) 1
Khi d6: F(x)=—|tg3xdx =— X = —— = =——1In|cos3x|+C.
(x)= J g J - 2j = Inleos 3x]

cos3x cos3x

2.2. St dung phép ha bac:
0] day ching ta nhé lai cdc cong thic sau:

-2 1—cos2x .3 3sinx — sin 3x
a/ sin“x=——— c/ sin’ x =
2 4
1
b/ Coszx:$ d/ COS3X=3COSXZCOS3X

dudc st dung trong cdc phép ha bac mang tinh cuc bd, con hiing dang thifc:
sin®x +cos”x =1.
dugc sit dung trong cic phép ha bac mang tinh toan cuc cho cic biéu thifc, vi du nhu:

. . . 1. 1
sin® x + cos® x = (sin” X + cos® x)* —2sin” x.cos’ x =1 —Esm2 2x =1 _Z(l —Ccos4x)
1 3
=—cos4x+—
4 4
. . . 3.
sin® X + cos® x = (sin” X + cos® x)’ —3sin’ x + cos’ x) =1 —Zsm2 2X

= l—g(l—cos4x) :gcos4x +§.
8 8 8

Vidu 13: (HVQHQT _98): Tim ho nguyén ham ctia ham s6 :
a/  f(x)=sin’ x.sin3x

b/ f(x)=sin’ x.cos3x + cos’ X.sin 3x.

Gidi:
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a/ Bién ddi f(x) vé dang:

f(x)= M.sin?»x = 2sin?»x.sinx —lsin2 3X.
4 4 4

:%(cos2x—cos4x)x—%(1—cos6x) :%(3cos2x—3c0s4x+c0s6x—1).
Khi d6: F(x) = %j@ 082X —3c0s4x + cos 6x — 1)dx
:l(gsinZX—isin4x+lsin6x—x)+c.
8\2 4 6

b/ Bié&n ddi f(x) vé€ dang:

f(x) = 3s1nx;s1n3x cos3x 4 cos3xz3cosx sin3x

= %(cos 3x.sinXx +sin3x.cosX) = %sin 4x.

Khi d6: F(x) = ijsin Axdx = ——-cosdx +C.
4 16

2.3. St dung cac phép bi€n d6i lugng gidc khac nhau
0] day ngoai viéc van dung mot cich linh hoat cic cong thic bién ddi lugng gidc cic
em hoc sinh con can thi€t biét cdc dinh huéng trong phép bi€n ddi.

Vidu 14: (DHNT TP.HCM_99): Tim ho nguyén ham ctia ham s6 :

sin X — COS X COS2X
a/ fx)=——; b/ fx)=——.
Sin X + COsX Sin X + Cos X
Gidi:
, sin X — COS X d(sinX + cosx .
a/ Ta co: F(x):I - :—I (. ):—ln(s1nx+cosx)+C
sinX + cos X sin X + Cos X
2 < 2
, COS2X COS” X —sin” X
b/ Ta cé: F(x):j : dx:j : dx
sinX + cos X sin X + coS X

:I(cosx—sinx)dx =sinx + cosx +C.

Vidu 15: (PHNT HN_97): Tinh tich phn bt dinh: I= | M,
tgx +cotg2x

Gidi:
Bi&n d6i bi€u thitc dudi dau tich phan vé dang:

sin3x.sin4x  sin3x.sin4x

1 .
= =sin4x.sin3x.sin2X = —(cos X — cos 7X)sin 2x
tgx +cot g2x COsX 2

COSX.sIn2x
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1 . . . .
= %(sin 2X.COSX — CcOs 7X.8In2X) = Z(sm 3X +sin x —sin 9x + sin 5x).
Khi d6: 1= iJ‘(sinx + sin 3x + sin 5X —sin 9x)dx

1 1
= —l(cosx +lc0s3x—c0s5x ——cos9x) +C.
4 3 5 9

Téng quat: Cach tinh phian dang: Isinm x.cos" xdx vdi m, n la nhitng s6 nguyén dudc

tinh nhd cac phép bi€n ddi hodc diing cong tifc ha bac.

3. PHUGNG PHAP POI BIEN

Bai todn 3: Tinh tich phin cidc ham lugng gidc bing phuong phap ddi bién

PHUONG PHAP CHUNG
Tinh tich phan bat dinh sau: 1= IR(sin X, cosx)dx trong d6 R 1a ham hitu .
Ta lga chon mot trong cdc hudng sau:
— Huodng 1: NEu R(-sinx, cosx) = —R(sinx, cosx)
thi stt dung phép ddi bi€n tuong ¥ng 13 t = cosx
— Huodng 2: N&u R(sinx, —cosx) = —R(sinx, cosx)
thi stt dung phép ddi bi€n tuong ¥ng 1a t = sinx
—  Hudng 3: NEu R(-sinx,—cosx) = —R(sinx, cosx)
thi st dung phép ddi bi€n tuong ng 1a t = tgx
(d6i khi c6 thé 1a t = cotgx).
Do d6 véi céc tich phan dang:
1. I=[tg"xdx, véi n e Z dugc xdc dinh nhd phép ddi bi€n t = tgx.
2. I= Icotg“xdx, vdi n € Z dugc x4c dinh nhd phép ddi bién t = cotgx.
—  Huodng 4: Moi trudng hgp déu c6 thé dua vé tich phan ciac ham hitu ti bing phép ddi

d X
bién t =tg—.
g2

COSX +SinX.COSX

Vidu 16: (PHNT Tp.HCM_97): Tinh tich phan bit dinh: 1= I - dx.
2+sinXx
Gidi:
Y TN (1+sinx)cosx
Bi€n doi [ vé dang: I = I -
2 +sinXx
bit t = sinx
1+si 1

Suy ra: dt=cosxdx & d+ sm)%)cosx dx __*t

2 +sinXx 2+t
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Khi dé: 1= jl“ j(l—L)dt:t—lm2+t|+C:sinx—1n|2+sinx|+c
2+t

Nhdn xét: Trong bai todn trén s& di ta dinh huéng dugc phép bi€n d6i nhu vay 1a bdi
nhan xét ring: R(sinx, —cosx) = —R(sinx, cosx) do dé si dung phép d6i bién
tuong Ung la t = sinx.

dx

i‘/sin3 X.cos’ X

Vidu 17: (DPHTCKT HN_96): Tinh tich phan bat dinh: 1= I

Gidi:

dx B dx
%/ 3 8. 2 4\;/ 3
tg’x.cos° X  cos” xytg’x

Bi€n ddi I vé dang: 1= [

bat: t = tgx
d d dt
Suy ra: dt= i & X =
COS"X  cos’ x‘\‘/tg3x It

Khi d6: I%z4§‘/€+Cz4é/tg7+C.
t

1

Chu y: Nhu ching ta da thay trong van dé 8 la z :m diéu nay rat quan trong, khdi

khi d6 ta phai xét hai trudng hgp t >0 va t <0.

sin xdx

Vi du 18: Tinh tich phan bét dinh: 1=
cos X\/sin2 x+1

Gidi:

dt
tv2 —t?

Ta can xét hai trudng hop t > 0 va t < 0. Cu thé:

e VGit>0,ta dudc:
1
( ) V24421 ‘
X |+C.

I=]
J_l J_l
e V3Gix<O0,tadudgc:
1
T, d(t) / ‘
, (2 \/2
\/§+\/2—t2‘+c ‘\/5+\/1+s1n x‘
t | \/5 | CcOSX

bitt = cosx = dt = —sinxdx do d6: I= —I

Tém lai ta dudc:
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V2 4212 1 W2 ++/1+sin’x
V2+42-¢) W2+ |

1= ! In +C= In

N T N

4. PHUONG PHAP TiCH PHAN TUNG PHAN

+C.

Bai todn 3: X4c dinh nguyén ham cdc ham lugng gidc biing phuong phap tich phan
tirng phan.

PHUONG PHAP CHUNG
Chiing ta da dudc biét trong van dé: Xdc dinh nguyén ham bing phuong phdp tich phan
tirng phan, d&i vdi cac dang nguyén ham:
Dang 1: Tinh: IP(x)sin axdx hoidc IP(x)cos axdx vé6i P 1a mot da thic thudc R[x] va
aeR’.
L 5 {u =P(x) 5 {u =P(x)
Khi @6 ta dat: hodc

dv = sin axdx dv = cosaxdx

Dang 2: Tinh: je“ cos(bx) (hoic je“ sin(bx) v6i a,b # 0

) u = cos(bx) u = sin(dx)
Khi d6 ta dat: hodc
dv =e"dx dv =e"dx
Vidu 19: Tinh tich phan bt dinh: 1= [——dx
cos” X
Gidi:

St dung phuong phap tich phan tirng phin, bing cich dit:

u=x du = dx
dx =

dv=—r vV = tgx
cos” X
e sin X d(cosx)
Khi d6: I=x.tgx — Itgxdx = X.tgx —I dx = x.tgx +I =x.tgx +Inlcosx | +C.
COSX CoSX
2
Vidu 20: Tinh tich phan bit dinh: 1= [£25 X4
sin” X
Gidi:
Bi€n di I vé& dang: 1= jMB(SmX)
sin” X
u=CosX du = —sinxdx
bat: d(si = 1
dy = (.su;x) y=—>1
sin” X sin” X
. COSX dx COsX X COSX X
Khi d6: I=- — =— —|d| Injtg—| |=— —Injtg—|{+C.
sin” X J‘sinx sin” X I ( g2j sin® X g2
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Tich phan
BAI TAP
Bai 28. Tim ho nguyén ham ctia ham s&:
1
al f(x)= b/ f(x) = NCEE 1
cosxcos(x+n) 2 +sinxX—cosXx
4
2 .
o fx)= — X% &/ ()= —22% o/ £(x) = sinx.sin2x.cos 5%
sinX ++/3 cosx 1+sin2x

f/  f(x) = (sin4x +cos4x)(sin6x +cos6x) g/ f(x)= sin(x—%).(2+sin2x)
1 X T

DS: a/ —\2In|l—tgx|+C; b/ ——=cot (—+—)+C;

Dy | g | \/5 g >3

t (§+£) ! t (§+E)+ ! +G;
2276 2 2 ’

8 2(sinX 4+ cosX)
(1. 1. 1. 1 . 3.
e/—(—sm2x+—s1n4x——s1n8x)+C; f/—(33x + 7sin4x +—sin8x) + C;
4\ 2 4 8 64 8

g/ l{—4cos(x —E) + sin(x +£) —lsin(3x —Eﬂ +C.
2 4 4) 3 4

Bai 29. Tim ho nguyén ham ctia ham s& sau:

+C; d/ In

1 . T 1
C/—sm(x +—)+—ln
2 6 8

- .3
al f(x) = — X (PHSP 1l Ha Noi _1999)
3sin4x —sin 6x —3sin2x
b/ 1= Icos Sx.tgxdx K= Icos 3x.tgxdx (PHNT Tp.HCM- A_2000)
1
o f(x)=— , d/ f(x)=— of f(x) = 2t8X
sin2x —2sin X sin” x 1+sinx
f/ f(x)= tg(x+§j.cotg(x+%) o/ £(x) = (x> +2)sin2x
DS: a/ —ilnw +C;
48 |sin3x+1
b/ I = 2sinx —2sin3x +sin5x + C; K = —%cos3x +2cosx +C;
c/ l 2 +1n COSX_1| +C; d/ —xcotgx+1n|sinx|+C;
8\ 1-cosx cosx—1|
T
) 1 cos(x —3)
e/ In 1s1n'x +C; f/ X+Tln—+C;
Fsmnx 3 cos(x+nj
3
g/ —lxzcos2x+lxsin2x—%cos2x+C.
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Vén dé 9: NGUYEN HAM CAC HAM S v Ti

bé x4c dinh nguyén ham clia cdc ham sd vo i ta can linh hoat lya chon mot trong
cac phuong phap cd ban sau:

1.  Phuong phdp d6i bién.
2. Phuong phép tich phan tirng phan.
3. S dung cic phép bién ddi.

Hai cong thic thudng st dung:

1. I xdx =Jx*+ta+C

\/x ta
2. j\/x;‘Tazln|x+\/x2ia|+C.

1. PHUONG PHAP POI BIEN

Bai todn 1: X4c dinh nguyén ham cic ham sé vo ti biing phuong phap ddi bién

o 2 AXs 4t / +b
Dang 1: Tinh tich phan bat dinh cac ham hiru ti d61 véi x va ax q cO dang:
CX +
/axx +b o
I:IR(x,n jdx véi ad —bc # 0.
cx+d
PHUGNG PHAP CHUNG

Ta thuc hién theo cac budc sau:
e Budc I: Thyc hién phép ddi bién:

5 ax+b . ax+b b—dt"
bat: t=p =t = & X=—
cx+d cx +d ct" —a

e Budc 2: Bai todn dugc chuyén vé&: I= jS(t)dt.

Chu y: V3&i hai dang dic biét: 1= IR( ‘/ jdx hodc I = IR( jdx ching ta
a—x Na+

da bi€t vdi phép d6i bi€n: x = acos2t.

. . + s 1R . . Y .
Truong hgp dac biét, v6i 1= I , / 2 de , ta c6 thé xac dinh bang céch:
a—x

a+Xx

Vi c6 nghiakhi —-a<x<anén x+a>0, do dé+/(a+x)* =a+x.

Khidé: 1= J‘/Z+X —I a+x —aJ‘\/i J‘XdX
X
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Trong do: & dudc xdc dinh bing phép d6i bi€n x = asint.
a’+b’

xdx \/ﬁ
I—:—a a-—x" +C.
Va’ —x’

dx

Vi du 1: Tinh tich phan bat dinh: 1= j\/ 7
x+1[R/x+1)? +1]

Gidi:
Pit: t=3x+1 =t =x+1. Suy ra: 3t’dt=dx & dx = 3tdt _ 3tdt

Ix +1R/(x +1)* +1] TUWCHD) O+l

. 3tdt 3 d(t?)
Khi d6: I:It2+1:EIt2+1:ln(t2+1)+C:1n[«3/(x+1)2+1]+C.

Vi du 2: Tinh tich phan bit dinh: 1= I

2x\/2x+1
Gidi:
Pyt t=v2x+1 = 2 =2x+1. Suyra: 2tdt=2dx & — = -t _ dt
2x32x+1  (C =Dt £ -1
Khidé: 1= [ =Im[ ool i=l ¢
-1 2 |t+1 2 |V2x+1+1
Vi du 3: Tinh tich phan bit dinh: 1= I Vxdx
Ix? —4x
Gidi:

1 2 1
Ta nhan xét: Vx =x2, Ix*> =x3 va ¥x =x*, tir d6 12 1a bdi s& chung nhd nht cla cdc
mAu sd, do d6 dat x =t
Vxdx o 12t7de 12t"dt

t4
= =12| " +¢* + jdt
I L e | ( -1

t t 1
Khi dé: 1= 12j(t ! + 1jdt:12(ﬁ+g+glnlt5—llj+0

Suy ra: dx =12t''dt &

dx
a)(x+Db)

Dang 2: Tinh tich phan bat dinh 1= NG
X+

PHUONG PHAP CHUNG
Ta xét hai trudng hop:

x+a>0

e Truong hop 1: Vbi
Xx+b>0
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bat: t:\/x+a+\/x+b

x+a<0

e Truong hop 2: V6i
{x+b<0

Pit: t=—(x+a)++/—(x+b)

Vi du 4: Tinh tich phan bt dinh: 1=

dx
Vx?=5x+6

Gidi:
v 0. A dX
Bién doi I vé dang: I:I
Jx=2)(x=3)
Ta xét hai trudng hop:
-2>0
. VGl o x>3. Pt t=vx-2+vJx=-3
x—3>0
( 1 1 j (VX —2 +/x—3)dx dx 2dt
suyra: dt= + dx = = =
2Wx—2 2Jx-3 2J(x=2)(x+3) Jx=2)x-3) t

Khi dé6: I:2J‘£:21nltI+C:21nlx/x—2+\/x+3 | +C
t

Cx=2<0
o Vi & x<2. Dm:t:Jx—2+J3—x
x—3<0
Suyra:dt:{ . }dxz[x/Z—x+\/3—x]dx<:> dx _2dt
2W2-x 243-x 2/(x=2)(x-3) Jx=2)(x-3) t

Khi dé6: 1:—2j$:—21n|t|+C:—21n|J2—x +J3-x1+C
t

Dang 3: Tinh tich phan bat dinh cac ham hitu tf d6i v6i x va va® —x* ¢6 dang:

I= jR(x, Va? —x?)dx, véi ad —bc # 0.

PHUONG PHAP CHUNG
Ta thuc hién theo cac budc sau:

e Budc I: Thyc hién phép ddi bién:
x =lalsint véi 7t<t<7t
2~ T2 (hodcc6thé t=x++a>—x>)
x=lalcost v6i0<t<m

e Budc 2: Bai toan dudc chuyén vé: 1= IS(sint, cost)dt.

Trang 69




Tich phén Tran ST Tung

3
y x dx
Vi du 5: Tinh tich phan bat dinh: 1= I .
= x>
Gidi:

V4 ~ . 7.c 7.c
o Cdchl:bPit: x=sint, ——<t<—

x’dx _sin’t.cosdt _

A1 =x2 cost

. 1 . . 1
Khi dé: I:—I(3s1nt—s1n3t)dt =tgt+C= —écost+—cos3t+C
4 4 12

Suy ra: dx =costdt &

) I . .
sin® tdt = 1(3 sint —sin3t)dt

1 1 1
= —%cost+E(4cos3t—3cosxt)+C :gcos3t—cost+C = (Ecoszt—l)cost+c

:B(l—sin2 t)—1}+c:B(l—#)—l}/l—x2 Jrc::—é(x2 +2W1-x>+C
Chii y: Trong cach giai trén sG di ta c6:

T T \Jcos®t = cost
—<t<—=cost>0=>
2 2 cost:\/l—sinzt:\/l—x2

o Cdch2:Piatt=+1-x> =>x*=1-t*

3 2 2 _ 2 _
Suy ra: 2xdx = 2tdt & Xdx _ xTxdx  xTxdx _ (I-t7)(=tdt) _

\/1—)(2 :\/1—x2 _\/1—x2

Khi d6: Izj(t2 —1)dt :%t3 —t+C =%(t2 -3)t+C :—%(x2 +2W1-x2 +C

(t* —1dt

Dang 4: Xac dinh nguyén him cdc ham s& hitu t d6i v6i x va va? +x> c6 dang:

I= jR(x, Ja? +x%)dx, v6i ad —bc = 0.

PHUONG PHAP CHUNG
Ta thuc hién theo cac budc sau:
e Budc I: Thyc hién phép ddi bién:

T T
x=laltgt vfi ——<t<— )

8 2 2 (hoic c6thé t =x++a’ +x%)
x=lalcotgt vi0<t<m

e Budc 2: Bai toan dudc chuyén vé: 1= IS(sint, cost)dt.

Vi du 6: Tinh tich phan bt dinh: 1= [v1+xdx.

Gidi:
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° Ccich]:Dat:x:tgt,—£<t<£. Suy ra: dx = & V1+x%dx = dt3.
2 2 cos’ t cos 't
Khi d6: T = I Icoszdtzj co§t(21t :
cos’ t cos" t (I—sin"t)
bédt: u =sint.  Suy ra: du=costdt & co§t(21t > = (qu 5
(1-sin’t)> (u+1)*(u-1)
Khide: 1=[—0 -1 MLk
+D2-1% 4| |u-1] (u+Du- 1)
1 sint+1| 2sint
=—| In|— —— . +
4 lsint—1] (sint+1)(sint—1)
- ) ) _
+1 2
_1 J1+x2 J1+x2
=—|In — +C
4 X X X
| [VI+x V1+x? Vi+x> )]
2
L PSR DR P SN e irG
4 X —v1+x°
i(2lnlx+ 14 x2 142x4/14 X2 )+C-—(1n|x+\/1+x | +xv1+x2)+C.
2
e Cdch2:Pit t=x+V1l+x* =>t—x=v1+x ::>(t—x)2:1+x2::>x:t2 !
t
2 2
1+x2:t—t 1:t+1
2t 2t
V1+x? 2t |
Suy ra: dt = 1+——2 |ax =22V X gy = 70 gy o dx="at
J1+x2 I+x t"+1 2t

2 2 2 2
\/1+X2dX=t +1.t +1dt=l(t _21) dt:l(t+z+l3)dt

2t 2t? 4t

Khi d6: Izlj(t+3+%)dt:1(lt2+21 |t|—i)+c
4 t ot 4\ 2 2t

1% —%)+4lnltl}+C:%[4X\/l+x2 +41n|x+\/1+x2|+C}

8

:%(ln|x+\/1+x2I+X\/l+x2)+C.

e Cdch 3: St dung phuong phép tich phan tirng phan

xdx
— Jx2 du=
Pit - {u— X" +1 N >

dv =dx
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2
Khi d6: T=xyx? 11— [ 29X
J‘\/xz +1

. x?dx  ¢[(x* +1)—1]dx dx
VolJ:jX2+1:j N :I\/x2+1dx—Im

=]-In x+\/x2+1|+C (2)

Thay (2) vao (1) ta dugc:

[ =xVx> +1—(I—a1n)|x+\/x2 +1|+C < 21 = xvx> +1+ln|x+\/x2 +1|+C
<:>I:§ X2+1+%1n|x+\/xz +1|+C.

Chii ¥:
1. Trong céch giai thit nht s& di ta c6:

J1+x% = ! cost va sint = ——
cost 1+ x>

\]COS2 t =cost

sint = tgt.cost =

la bdi: —§<t<g:>cost>0:> X

V1+x*

2. C4 ba phuong phédp trén (t5t nhat 13 phuong phap 2) dugc 4p dung dé€ gidi bai todn
téng quat:

J‘\/x2 +adx :%1n|x+\/x2 +a|+§\/x2 +a+C; J‘\/xdeTa :1n|x+\/x2 +a|+C.

3. Vi tich phan bat dinh sau t6t nhat 13 st dung phuong phép 1:
I dx

\/(az + x> )2k+1

4. Véi tich phan bat dinh: J‘«/(x +a)(x +b)dx ta cé thé thuc hién nhu sau:

, Vi ke Z.

a+b (b—a)?

bat: t=x+ & A=-

suy ra: dt =dx & +/(x +a)(x +b)dx =+/t> + Adt

Khi d6: 1= [V + Adt :%ln|t+\/t2 +AI+%\/t2 +A+C

_ (b_ga) ln‘x+ a;b +«/(x+a)(x—b)‘+ww/(x+a)(x+b) +C.

Dang 5: Tinh tich phan bat dinh cdc ham hitu f d6i v6i x va Vx> —a? ¢6 dang:

I= jR(x, Jx2 —a?)dx,v6i ad —bc = 0.
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PHUONG PHAP CHUNG
Ta thuc hién theo cac budc sau:
e Budc I: Thyc hién phép ddi bién:

lal .
X=——vV01te —E'E \ {0}
sint (hodic c6 thé t =+/x* —a’)

3l 6ite 0 m (5.
cost 2

X =

e Budc 2: Bai toan dudc chuyén vé: 1= IS(sint, cost)dt.

Vi du 7: Tinh tich phan bat dinh: 1= [— xdx
2% —1+3x2 -1
Gidi:
e Cdch I: Pat: t:m =t?=x*-1
xdx B xdx tdt

Suy ra: 2tdt =2xdx &

K 86 1= oo

Ta co:

t _ t o a N b (a+2b)t+a+b
262 +3t+1  Qt+D(t+1D) 2t+1 t+1 QRt+D(t+1)
a+2b=1 {a:—l

&

Pong nhit ding thifc, ta dudc:
a+b=0 b=1

¢ 1 1
23l 2tal el

Khi dé:

2x2 143V =1 203 —D+3(Wx—1+1 20 +3t+1

1
Do do: I=I(— +Ljd :—%lnl2t+1|+lnlt+1|+C—§l (L) |

2t+1) t+1
lln(\/x2—1+1)2
2 2Jx*-1+1

e Cdch 2: Vi diéukién Ixl > 1, ta xét hai trudng hop:

|2t +11

- Voix>I:
1 .
Pit: x=——, t[0; —) Suy ra: dx =324
cost cos™t
1  sint )
xdx _ cost costt _ (+tgotgtdt  (1+tg’tegrde
%2 —1+3Jx2 —1 14+ 3tgt T 2(1+tg?t)—1+3tgt  2tg’t+3tgt+1

COS t
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2
Khi do: 1= [ g etdt,
2tg t+ 3tgt +1
1+ tg’t)tgt. ,
bit:u=tgt.  Suyra:du= dt2 = (1+tg’t)dt & ( +2tg Digtdt Zudu
cos™t 2tg"t+3tgt+1  2u” +3u+1
2
Khidé:l:j(— - )dt:—11n|2u+1|+1n|u+1|+c:lm(““) +C
2u+l u+l 2 2 2u+ll

2 2 2
L letr ) e L XD o
2 |2tgt+1] 2 oJx2_141

— Voix < -1 (tyg 1am)

Dang 6: Tinh tich phan bat dinh cac ham hitu ti ddi vdi x va /ax® + bx + ¢ ¢6 dang:

I= jR(x, Vax® +bx +¢)dx, v6i ad —bc = 0

PHUONG PHAP CHUNG
Ta c6 thé lwa chon mot trong hai cach sau:
e Cdch I: Pualvé cic dang nguyén him co ban da biét.
Ta xét cic trudng hgp sau:
o Truong hop 1: Néua>0va A<O.
— Budc 1: Tacé: ax’ +bx+c= _A{1+(2ax+bj2}

4a \=A
2ax+b
N-A

— Budc 3: Bai todn dugc chuyén vé: 1= jS(t, J1+62)dt

— Budc 2: Thuc hién phép ddi bi€n: t=

o Truong hop 2: Nua<0va A>0.

2
— Budc 1: Ta c6: ax2+bx+c:_ﬁ{1_(2ax+bj}

JA
2ax+b

JA

— Budc 3: Bai todn dugc chuyén vé: 1= jS(t, J1=t2)dt

— Budc 2: Thuc hién phép ddi bién: t=

o Truong hop 3: Néua>0va A>0.

2
— Budc 1: Ta co: ax2+bx+c:AK2aX+bj —1}

JA

. 2. o A 2
_ Bu6c 2: Thyc hién phép ddi bicn: ¢ = 22X 10

=
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— Bu6c 3: Bai todn dugc chuyén vé: 1= jS(t, V2 —1)dt

e Cdch 2: Stt dung phép thé Euler:
Ta xét cic trudng hgp sau:

1. N&ua >0, dit vax® +bx+c =t—x+/a hoic t+x+/a.
2. Né&uc >0, dit vax®> +bx+c = tx ++/c hoic tx —+/c.

3. Né&u tam thdc ax”® + bx +¢ ¢6 biét s A > 0 thi

ax’ +bx +c=a(x —x,)(X —X,). Khi d6 dit: Vax® +bx+c = t(x —x,).

Vi du 8: Tinh tich phan bat dinh: = [vx* +2x+2dx.

Gidi:
e Cdch I: St dung phép ddi bi€n: t=x+1=dt=dx.
Khi d6: I=[Vt* +1dt.
Tich phan trén chiing ta da bi€t cach xdc dinh trong vi du 6.

e Cdch 2: St dung phép ddi bién:

2 2
v 2(t+1) 2(t+1)

2 2
Khi do: Izymdh;{t_ £ -2 },(t 2L i

20t+1) | 2(t+1) (t+1)

St dung dong nhat thic:
A =[(t+D) =11 +4=(t+D* =4t +1) +6(t+1)* —4(t+1)+5.

Do d6: I=lj[t+1—4+—— Tt —l[t——3t+61n|t+1|+i]+c
4 t+1  (t+1) t+1

[ 2 2
=%[( . +2X2+2+X) “3(WXTH2X+2+X)+
+61n|\/x2+2x+2+x+1|+ 4 ]+C.

X2 42x +2 +x+1

dx
(AX + u)\/ax2 +bx+c

Dang 7: Tinh tich phan bat dinh 1=

PHUONG PHAP CHUNG
Ta thuc hién theo cac budc sau:
1
AX+ 1
dt

J‘\/oct2 +Bt+7y

Chii y: Phuong phap trén c6 thé dudc 4p dung cho dang tdng quat hon 1a:

—  Budc I: Thyc hién phép d6i bién: t=

—  Budc 2: Bai toan dugc chuyén vé: 1=

Trang 75




Tich phén Tran ST Tung

- (Ax + B)dx
(AX + u)"\/ax2 +bx+c
Vi du 9: Tinh tich phan bat dinh: 1= dx
(x+ VX2 +2x+2
Gidi:
biat: t= ! = x:l—l
x+1 t

t(——)dt
suy ra: dx = —lzdt dx =

¢ (X+1)\/x+2X+2 \/+1 t.\/1+1 & hit<o

Khi dé:
e VéGit>0,ta dudgc:

1= A hmfe+Vite]+C=—In

L+ /1+ ! >|+C
1+t x+1 x+1

‘1+\/x +2x 42 ‘ x+1 ‘1— x> +2x+2
|

=—In C=Iln
| x+1 |1+\/x +2x+2 | x+1
* V6it<O,ta dugc:
o dt / 1 1= x2+2x+2‘
1_jm_1n|t+\/1+t |+C—1n — 1+(X+1)2 +C=1In — |+C.

‘1 VX2 +2x+2 ‘

x+1

Tomlaivéi t#0 < x#—1talubncd: I=In

3. SUDUNG TiCH PHAN TUNG PHAN

Bai to4n 3: Tinh tich phin cdc ham vé ti biing phuong phap tich phan titng phan

PHUONG PHAP CHUNG
Vi cdc ham vo ti, trong pham vi phd thong phuong phap tich phan tirng phan it dudc sit
dung, tuy nhién chiing ta cfing can xem xét.

Vi du 10: Tinh tich phan bat dinh: I=[vx*+adx

Gidi:
xdx
Y du =
it {u_ X +a Vx*+a
dv =dx
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2
. d
Khi d6: I=xvx* +a - | ’; ja (1)

x2dx J‘[(X +a)—aldx

Vx* +a Vx* +a
:I—aln|x+\/x2+a|+C. (2)

Thay (2) vao (1) ta dugc:
[=xvVx*+a-— (I- a1n|x+\/x +a|+C)<:>I_ \/x +a+— ln|x+\/x +a|+C.

4. SU DUNG CAC PHEP BIEN POI

vaiJ:j

_I x? +adx — aj

dx
Vx?+a

Dang 1: Tinh tich phan bt dinh 1= [,|>——dx, véi a> 0
X+a

PHUONG PHAP CHUNG
. X 2>

Vi diéu kién
X <-a

Ta xét hai trudng hop:

e V§ix>a thi: J‘\/i XZI\/%dX I\/szX I\/x _ a2
_ X2_a2_1n|x+\/x2—a2|+C.
2xdx

e V§ix<-—athi: I\/; —I dx aJ‘\/i Im

:1n|x+\/x2 —212|—\/x2 —a* +C.

Vi du 11: Tinh tich phan bat dinh: 1= [ |~— 1dx
X+

Gidi:

< . x>1 )
Vi di€u kién { . Ta xét hai trudng hgp:
X<—

e VGix=>1.Tacéd: 1= J‘ﬁdx Izjxgx —I\/(ix =X — 1n|x+ — |+C

e VGix<-1.Taco:

1—-x dx
= —d =
1 I /X2_1 X J‘\/Xz_

—Infx+vx2 —1|=Vx*—1+C

I 2xdx

1 ok

Dang 2: Tinh tich phan bat dinh 1= J‘\/ bdX\/ ,v8ia#0 vab—c=#0.
ax+b ++ax+c
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PHUONG PHAP CHUNG
Khi¥ tinh vo ti 3 mAu s6 bing cich truc cin thic, ta dugc:

I=

_ 1 1/2 1/2
= 26-9 [ (ax +b)""*d(ax +b) + [ (ax + ¢)'2d(ax +0)]

== (b_ )[\/(ax+b) +y(ax+¢)’ 1+C

Vi du 12: Tinh tich phan bét dinh: 1= |

dx
+Vx—1
Vx+1

Gidi:
Khi¥ tinh vo ti 3 mAu s6 bing cich truc cin thic, ta dugc:

1:%]( x+1++/x —1)dx :%[j(x+1)”2d(x+1)+j(x—1)”2d(x—1)]

:%[\/(x+1)3 +Jx-1*1+C

Chii y: Mot phép bi€n ddi rat phd bi€n ddi véi cdc ham s§ vo ti 1a phuong phap phin
tich, chiing ta s& di xem xét cac dang cd ban sau:

Dang 3: Tinh tich phan bt dinh 1= [ _vx)dx
PHUGNG PHAP CHUNG
Ta thuc hién theo cac budc sau:
v(x) _alu’(x)+ (1] bu(x) c

e Buoc I: Phan tich:

Jit+ae Juel+a \/u (X)+ 0l \/u (X)+ 0l

St dung phuong phép hiing s bat dinh ta x4c dinh dudc a, b, c.
e Budc 2: Ap dung céc cong thifc:

d
1[\/% Jx2+a+C. 2. |

3.Ix/x2 +adx :%\/xz ta i%ln|x+\/x2 ia|+C.

:ln|x+\/x2 ia|+C

dx
\/x2 ta

Vi du 13: Tinh tich phan bt dinh: 1= (2x7 + hdx
Jx? +2x
Gidi:
2 2
Tace: 22l 22X +1 _alx+D)’ 1], _bx+D c

J+2x JxaP -1 JxeDP-1 JxeDi-1 \/(x+1) -1
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_axX’+(2a+b)x+b+c

VX% +2x

a=2 a=2
Péng nhat dang thic, ta dude: {2a+b=0 < <b=—4
b+c=1 c=5

2
Khidé: —2 1 o fxenyp1-—2x+tD 9
Jx? +2x JE+1)7 =1 Jx+1)2 -1

Do d6: 1= [[2y/(x +1)* =1~ doxth 5 ik

Ja+D)P =1 {Jx+1)2 -1
= (x + DVx* +2x —ln|x+1+\/x2 +2x|—4 x* +2x +51n|x+1+\/xz +2x|+c

= (x+ WX + 2% +41n|x + 1+ VX% +2x| - 4452 +2x + C.

BAITAP
Bai 30. Tim ho nguyén ham clia cic him sd sau:
x+1 X x’ x’ 1

a/ ; b/ Vi ;o d/ ; el ;

Px+17 2x+1+17  x+27 143kt x+dx

1 X 1
t/ ; / h/ tgx +
%/(2X+1)2—\/2X+1 ¥ ; V2x+1++/2x -1

ps:  al %(%%/(3x+1)5+i/(3x+1)2j+C; b/ %\/(2X+1)3—i(2x+1)+C;

¢/ %\/(x2 12 — X2 +24C; %i/(x“ +1)? —%%/x“ +1 +%ln(\3/x4 +1+1)+C
e/ 24x =33x —=6Yx + In(¥x + 1)+ C;
f/ %\6/(2“1)2 +382x+ 1 +3ln‘\6/2x—1 —1‘+C;

of %lm_%lerC; h/ —1n|cosx|+%[\/(2x+1)3 _\/(2x—1)3}+C.

Bai 31. Tim ho nguyén ham cta cdc him s8 sau:
X 1 1 1

a/ — b/ ; cf ; d/
JI9x? — 6% \/x2+2x+3 Jx2 +6x+8 \/xz—x—l
2
o/ 4x+5 {/ 2X X +1 h X

; ;g ——;

\/x2+6x+1 x+\/x2—1 |X|\/X4+1

bPS: a/ é\/9x2 —6x +In[3x —1+/9x% — 6x
x+3+\/x2+6x+8‘+C; d/ In

/ .
\/1+x2+\/(1+x2)3
x+1+x/x2+2x+3‘+C;

x—%+\/x2—x—1

+C; b/ In

¢/ In + C;
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e/ x> +6x+1-7In

3

x+3+\/x2+6x+1‘+C; f/ zxz——«/(x -1’ +C;

2
g/ Infx -1+ (x—%j +2[+C; h/ 241 +1+x> +C.

X

\/‘zL:ln(x+\/x2+3)+c.
X +3

Tim nguyén ham ciia F(x) = [Vx +3dx

Bai 32a/ Bi€t riing |

b/ Tinh j x% — 4x + 8dx.

bS: a/ %X\/x2+3 +%ln(x+\/x2+3)+C.
b/ %(x—z)\/x2 —4x +8 +21In|x =2 +Vx* —4x+8‘+C.

Bai 33. Tim ho nguyén ham ctia cic him sd sau:

1 1
/| —— Y —
JE + 16’ Ja-x*)’

pS:al — > 4C:. bl

X
16vx2+16 J1-x2

Bai 34. Tim ho nguyén ham cla cdc him sd sau:

+C.

1 x—1 1
a/ ; b/ ;o cf ;
(x—DV1-x> (x + VX2 +1 (x —DV—x? +2x +3
2
d/ ! : e/ ——2

1
; —_— f/ .
x+x2+x+1 VXZ+x+1 T+/x +4/T+x

DS:a/ - 1+X+C; b/ lnx+\/ﬁ‘+ 2111‘1 X"'\/ﬁ‘
I=x 2(x +1) ‘
o/ _lln‘2+\/?2x+3‘+c;
2| 2x-n |

3 1 t* . R
+—1In -+C, veit=x+ x* +x+1.

2(1+2t) 2 1+24

e/ i(Zx—3)\/x2+x+1—%ln x+%+\/x2+x+1 +C;
f/ \/;+1X—lxt+llnt 1+C véit= 1+x
27 274 i+ .
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Véin dé 10: NGUYEN HAM CAC HAM SO SIEU VIET

Pé€ xdc dinh nguyén ham cda cdc ham sd siéu viét ta can linh hoat Iva chon mot
trong cac phuong phap cd ban sau:

1. St dung cdc dang nguyén ham cd ban
2. Phuong phap phén tich

3. Phuong phap ddi bién

4. Phuong phdp tich phan tirng phan.

1. SUDUNG CAC DANG NGUYEN HAM CG BAN

Bai todn 1: Xac dinh nguyén ham ciac ham siéu viét dua trén cac dang nguyén ham
cd ban

PHUONG PHAP CHUNG
Biing cdc phép bi€n ddi dai so, ta bi€n ddi bi€u thitc dudi dau tich phan vé cic
dang nguyén ham co ban da biét.

Vi du 1: Tinh c4c tich phﬁn bat dinh sau:

al I= j b J=—2% 4x
e*—e™* 16* -9*
Gidi
a/ Taco: 1= Id(e) l1 1+C
-1 2 le*+1

b/ Chia t& va miu s6 clia bi€u thitc dudi ddu tich phan cho 4%, ta dudc:

RE DN IR GE

In

2x ° X
(4) 4 I ( ) . Tt (4) o
3 3 (3 3

~ 1 4 — 3%
2(In4—1n3)’ |4X+3|

O8]

+C.

2. PHUONG PHAP PHAN TICH

Bai todn 2: Xdc dinh nguyén ham ham siéu viét biing phuong phap phan tich

PHUONG PHAP CHUNG

Can hiéu ring thuc chit né 12 mot dang clia phudng phap hé s6 bat dinh, nhung &
day ta st dung cdc ddong nhit thitc quen thudc.
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Gidi:

S dung déng nhat thic: 1=1-¢*)+e"
:(1—e)+e 14 e .
1-¢e* 1-¢e* 1-e*

Suy ra: 1:](1+1e dex:J‘dx—J‘@:x—lnh—eXHC.
—€ —€

Ta dugc:

3. PHUGNG PHAP POI BIEN

Bai todn 3: Xdc dinh nguyén ham ham siéu viét biing phuong phap d6i bién

PHUGNG PHAP CHUNG
Phudng phdp ddi bi€n dudc st dung cho cdc ham s6 siéu viét véi muc dich chi
dao dé€ chuyén bi€u thitc dusi dau tich phan vé cic dang hitu ti hoic vo ti, tuy nhién
trong nhiéu trudng hop cin ti€p thu nhitng kinh nghiém nhé da dugc minh hoa bing cic
chi y trong van dé 4.

Vi du 3: Tinh tich phan bt dinh : 1=

dx
J1+e>
e Cidchl: Pitt=+1+e™ o t* =1+e™
tdt dx tdt dt

Suy ra: 2tdt = 2e**dx < dx = & = =
Y -1 Jl4e> -1 -1

Y dt 1. |[t—1 1 Ji+e*
KhldOIIZI 5 =—In[——-_+C=—In|———|+C
t—1 2 t+1 2 w,17+_62x +1

o Cdch2:Pit:t=¢"

Suy ra: dt=—€"dx < —dt=—, x  _ dx = dx __—& )
e J1+e> e (e +D) ee+l P +1

Khi d6: | d =—| dt — |tV +1|+C=—fe Ve +1]+C.
J1+e JE +1
. P N LN 4 dx
Vi du 4: Tinh tich phan bat dinh : I=[———
e —e
Gidi:
< ~x/2 I dx
Pitt=e .Suyra: dt=—e " dx < -2dt=—7,
2 e”
-x/2
-2 1
& 2= dX—/z = /ze di(/z = tdtzz(l )dt
e* —e” e*(1-e™7) e¥"(1-e™") 1-t t—1

Khi d6: 1= 2](1 +L1)dt =2(e™? +Inle™? +1]+C.
t_

4. PHUONG PHAP TiCH PHAN TUNG PHAN

Bai todn 4: Tim nguyén ham cdc ham siéu viét biing phueng phap tich phan tirng
phan
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PHUONG PHAP CHUNG

Bai todn 1: Tinh: je“ cos(bx) (hoic je“ sin(bx) v6i a,b = 0

) u = cos(bx) u = sin(bx)
Khi d6 ta dat: hodc
dv =e"dx dv =e"dx
Bai todn 2: Tinh: jP(x)e“de v6iaeR’
u=P(x)

Khi d6 ta dat:
dv =e™dx

X

Vi du 5: Tim ho nguyén ham cia ham s6 f(x) = (tg°x + tgx + 1)e*.

Gidi:
Ta ¢6: F(x) = j(tg2x +tgx + e = I(tgzx +1)e + je*tgxdx. (1)

Xét tich phan J = e tgxdx.

=N cos? x

dv =¢e"dx .

dx 5
u = tgx du= =(1+tg"x)dx
Dat:{ g (1+1tg’x)
v=e

Khi d6: J =€ tgx — I(tgzx +1e.

Thay (2) vao (1) ta dugc F(x)=e*tgx +C. (2)

5. SUDUNG CAC PHUONG PHAP KHA C NHAU

Vi du 6: Tinh tich phan bt dinh: 1=

dx
V1+e*

Gidi:
dx e’'dx  de™)

dx
Ji+e* _e"\/e_z"+1 _\/e_z"+1 - \/e_2X+1

el de™) x =
Khldozlzj—:—ln(e +Ve P +1)+C
Ve +1

Chii y: Ta c6 thé st dung phuong phap ddi bién d€ lam tudng minh 15i giai, bing cich:

Ta co:

(D)

NS}

batt=e". Suyra: dt=e'dx & o __d
\/1+€2X t\/l+t2
dt dt d(l) 1 [
Khi d6: 1:]\/ 2:j 1 | 1t =—In|-+, |5 +1|+C
t t
tvVI+t tz\/t2+1 1

t

=—In(e™* +ve > +1)+C.
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Pudng nhién ciing c6 thé ditt=e™

ta s& thu dudc 15i gidi gidng nhu trén, xong sé&

that khé gidi thich vdi cdc em hoc sinh cdu trd 15i “Tai sao lai nghi ra cdch dit 4n phu

nhu vay?”

Chii y: N&u cic em hoc sinh thdy khé hinh dung mot cdch cin ké cich bi€n ddi d€ dua

vé dang cd ban trong bai todn trén thi thuc hién theo hai bugc sau:
—  Budc 1: Thuc hién phép d6i bién:
bitt=¢"
Suy ra: dt =e*dx & e*ve? —2e* + 2dx =/t? =2t + 2dt = /(t —1)* + 1dt

Khi d6: I:J‘\/(t—l)z +1dt.

—  Budc 2: Thuc hién phép d6i bién:
Patu=t-1

Suy ra: du=dt & /(t—=1)> +1dt =+/u’ +1du
Khi d6: I:I\/uz+1du:§\/u2+1+lln|u+\/u2+1|+C

:t—z1 (t—1) +1+lln‘t—1+\/(t 1)° +1‘+C
N 2X—ex+2|+C

_e -l e?X —2e* +2 +—1n
2 2

X

Vi du 8: Tim nguyén ham ham s6 : f(x) =— © —
e +e
Gidi:

—X

Chon ham s6 phu: g(x) = X, x
e +e

Goi F(x) va G(x) theo thl’r t 12 nguyén ham ciia cdc ham sd f(x), g(x). Ta cé:

f(x) - g<x>_: e

—X

de*+e™)
e*+e

= F(x)-G(x) = j—d = | =Inle* +e|+C,

f(x)+g(x):ZX::x =1 = F()+G(x) = [dx=x+C,.

F(x)+G(x)=Inle* +e7|+C,

= F(x)=~(nle* +e|+x)+C,
F(x)-G(x)=x+C, 2

Ta dugc: {

BAITAP
Bai 35. Tim ho nguyén ham cla cic him sd sau:

1 1+x VInx
a/ 2%e"; b/ — o ——— d/ ;
l+e x(1+x.e") X
2X
X . X e 1
e/ e .sin(e); f/ — ;g ; h/ x.e
e +2 xInx
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X

Xe

ps: /2% iC Wh-—1iC oM
1+1n2 1+¢*

2 1
d/ Elnx.\/lnx +C; el —cos(e*)+C; f/ Eln‘ezx +1‘+C;

+C;

1+ xe*

o Inflnx|+C; W %exz +C.

Bai 36. Tim ho nguyén ham clia cic him s8 sau:

2xX 2xX
-1 1
al S, b/ A+e¥ e o ———: df el &
e Ve* +1 1+¢* Ve* +1
Lt ey Y
Jx e eX(3+e)
X -X 1 3x\3 4'4 X 7 4'4 X 3
PS:al e +e +C; bl S (+e™) 4G ol 7\/(e +1) —5\/(e +17 +C
&/ Il =l Coveit=ve 10 ef 20+ Il 4+ C, vit =1+ Inx:
t+1 t+1
f/ 2e +C; o/ e +C: W In|—2|+cC.
3e” +1
Bai 37. Tim ho nguyén ham cla cdc him sd sau:
3
. 1
a/ x’e™; b/ e**.cos3x; c/ e*.sinx; d/ (Ej : el x".Inx,n#-1.
X

bPS: a/ 2—17€3X(9x2 —6x+2)+C; b/ %e“(z cos3x +3sin3x) + C;

1 .
¢/ —e*(sinx —cosx)+C; d/ —% 1n3x+§1n2x+élnx+—j+C;
2 2 2 4

2x
n+l Xn+1
e/ Inx — > ;
n+1 (n+1)
Bai 38. Tim ho nguyén ham clia cic him sd sau:
2 X . X
1 1 1
e p LESXe e e 12, & — X,
I-x 1-x

(x+2)*’ 1+cosx

2
e/ In(x+/x> —1); f/ ln—x; of Xln(X+m).
Xm \/X2+1

_2 X .
D_S: a/ —X .CX+C; b/ m_FC’ c/ [eX(e3X+62X)+C;
X+2 1+cosx
1(. 1+xY
d/ Z(lnl j +C; e/ xln(x+\/x2—1)—\/x2—1+c;
—-X

£ %ﬂﬂm)@—zmw; g/ VX + L[+ 4xF +1-x+ C
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1. Dinh nghia tich phan:
Ta c6 cong thitc Niuton — Laipnit:

j f(x)dx = F(x)|* = F(b) — F(a).

b
Chu y: Tich phan If(x)dx chi phu thudc vao f, a, b ma khdng phu thudc vao cach ky
hiéu bi€n so tich phan. Vi vay ta c6 thé viét:

b b b
F(b)—F(a) = j f(x)dx = j f(t)dt = j f(w)du =...

2. Y nghia hinh hoc ctia tich phan:

b
Né&u ham s6 f(x) lién tuc va khong Am trén [a ; b] thi tich phan If(x)dx 14 dién tich

hinh thang cong gidi han bdi @6 thi cia ham s& y =f(x, truc Ox) va hai dudng thing

X=avax=>b.

3. Céc tinh chat cia tich phan:

Gia st cac ham s6 f(x), g(x) lién tuc trén khodng K va a, b, ¢ 1a ba di€m ciia K, dua
vao dinh nghia tich phin ta ¢6 c4c tinh chat sau:
Tinh chat 1. Ta c6 j f(x)dx =0
b a
Tinh chat 2. Ta ¢6 j f(x)dx = — j f(x)dx.
a b
b b
Tinh chat 3. Ta ¢6 j kf(x)dx =k j f(x)dx, v6i k e R.
b b b
Tinh chat 4. Ta ¢6 j [f(x)+ g(x)dx = j f(x)dx + j g(x)dx.
c b c
Tinh chat 5. Ta ¢6 j f(x)dx = j f(x)dx + j f(x)dx.

b
Tinh chat 6. Néuf(x) >0, Vx €[a; b]thi If(x)dx >0

b b
Tinh chat 7. N&u f(x) > g(x), Vx €[a; b] thi j f(x)dx > j g(x)dx.
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b
Tinh cha't 8. Néu m < f(x) <M, Vx €[a; b] thi m(b—a) < [f(x)dx < M(b-a).

t
Tinh chat 9. Cho t bi€n thién trén doan [a; b] thi G(t) = If (x)dx 12 nguyén ham ctlia

f(t) va G(a) = 0.

Vi du 1: Tinh cac tich phan sau:

X

2x%2—2x ‘ -
al 1= j dx;, b/ J= j(3x —e*)dx.
1

3
X 0

Gidi:
2

=(In2+1)—-(Onl+2)=In2-1.

2
1 2 2
a/ Tacé: I:I(———zjdx:(lnlxl+—)
1 X X X

1
4

= (24 —4e)— (0 —4) = 28— 4e.

b/ Tacé: J= (éxz —4e4j

2 0
Chii y: Trong vi du trén ta da st dung dinh nghia ciing cic tinh chat 1, 3 va 4 d€ tinh tich
phan Vi du sau ddy sé st dung tinh chit 5 d€ tinh tich phan cia ham chda diu tri tuyét
doi.

1
Vidu 2: Tinh tich phan sau: J = [le* —1dx.

-1

Gidi:
Xétdau cliahamsdy=¢e* -1
Tacd:y=0<e*"-1=0=x=0
Nhan xét ring: x>0=e*>1=y>0

x<0=e"<1l=y<0
Ta c6 bang xét dau:

X ‘—oo -1 0 1

0 1

Do d6: J=[(1-eMdx+ [(e* ~Ddx=(x—e)’, +(* —x)|, :e+%—2.
-1 0

Chii y: St dung tinh chat 6, 7, 8 ta s& di chitng minh dudc cic bt ddng thic tich phan.

3n/4
Vi du 3: Chitng minh ring: T I d—)%zéz.
4  9,3-2sin"x 2

Gidi:
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Trén doan {E; 3—n} ta co:
4 4

Y2 inx <1 =~ <sintx<1 e 133—2sin2xé2<:>lé—;.zél.
2 2 2 3—-2sin" X
3n/4 3n/4 3n/4
1
Dodé: [ —dx< | d—’fzg | ax. (1)
a2 s 3=2sin"x g,
3n/4 | P 3n/4 3nl4
rongdé: [ —dx=—x| ==& [dx=x =2. (2)
n/4 2 n/4 4 n/4 /4
T 3n/4 dX o
Thay (2) vao (1) ta dugc: — < ——— < — (dpcm).
y () vao (1) taduge: < | —————<— (dpem)

n/4

x+a khix<O0

Vidu 4: Cho hams6: f(x) =1 |
x“+1 khix>0

a/ Xét tinh lién tuc ctia ham s6 da cho tai diém x, = 0.

|
b/ Véi a d€ ham so lién tuc tai x = 0, hiy x4c dinh If(x).dx.
-1

Gidi:
a/ Ham s6 xdc dinh véi moi x € R.
Ta c6: lim f(x) = lim (x* +1) =1 va lim f(x) = lim (x +a) = a.
x—0" x—0" x—0" x—0~
f(0)=1.
Vay:

e Néua=1thi lim f(x) = lim f(x) =f(0) =1 < ham so lién tuc tai xo=0

x—0 x—0"

e N&u a=#1thi lim f(x) # lim f(x)< ham s6 gidn doan tai xo =0
x—0" x—0"

b/ Ta co:

1 0 0 0 1
11
j f(x)dx = j f(x)dx + j f(x)dx = j (x + Ddx + j(x2 +1)dx =—.
-1 -1 -1 -1 0 6
Chii y: Nhu vay ching ta st dung hdu hét cdc tinh chit d€ gidi cac vi du vé tich phan,
duy con tinh chat tht 9 & d6 c6 mot dang todn ma cdc hoc sinh can quan tim 13 “Pao
ham ctia ham s6 x4c dinh béi tich phan”. Ta cé cdc dang sau:

Dang 1: Véi F(x) = ]‘f(t)dt = F'(x) = f(x).

Véi F(x) = j‘f(t)dt thi viét lai F(x)= —j f(t)dt = F'(x) = —f(x).
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u(x)
Dang 2: Véi F(x) = j f(t)dt = F'(x) = u'(x)f[u(x)].
u(x)
Dang 3: V6i F(x)= [ f(t)dt thi viét lai:
v(Xx)
u(x) v(X)
F(x) = j f(t)dt - j f(1)dt = F'(x) = u'()f[u(x)] = v'()f[v(x)]

a a

minh hoa bing vi du sau:

Vidu 5: Tinh dao ham cda cidc ham so:

al F(x):j(e‘+cost2)dt; b/ G(x):I(t2+\/2+1)dt;

¢/ H(x)= j (t* +sint)dt.

2X

Gidi:

a/ Tacé: F(x)= [I (e' +cost?)dt]' =e* + cosx>.

a

b/ Ta cé: G(x):[j(tz +E2 +1)dt] = [—Xj (2 +VE+Ddt] = () .(u> +Ju + 1)

trong do: u = x° dodo G'(x)= (x) (XA D) =2x(x P DD,

¢/ Ta cé: H(x)_[j(t +sint)dt]’ —[j(t +smt)dt—j(t +sint)dt]’

2x
=(u)".(u’ +sinu) +(v)".(v’ +sinv), trong do: u=x>vav=2x, do dé:

H'(x) = (x*)".(x° +sin?) +(2x)".(8x + sin 2x) = 2x(x® +sinx?) + 2(8x’ +sin 2x)

TONG KET CHUNG:

D€ tinh tich phan xdc dinh ngoai cac phuong phap cd ban ma chiing ta da biét d€ xdc
dinh nguyén ham, cu thé cé:

Phuong phap st dung bang nguyén ham cd ban.

Phuong phap phén tich

Phudng phip d6i bi€n

Phuong phép tich phan tirng phan.

St dung cic phép bién dai.

con c6 thém mot vai phuong phap khac vi du nhu phuong phap cho 16p tich phan dit biét.

, DR e

Véin dé 1: TiNH TiCH PHAN BANG PHUGNG PHAP PHAN TiCH

Biing viéc st dung cdc ddng nhat thitfc d€ bi€n ddi bi€u thiic dudi dau tich phan
thanh tdng cc bi€u thitc ma nguyén ham cia mdi bi€u thitc d6 c6 thé nhan dugc tir bing
nguyén ham hoic chi biing cdc phép bi€n doi don gidn da biét, tir d6 ta xdc dinh dudc gia
tri cda tich phan.
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Vidu 1: (PHTM HN_95) Tinh tich phan: 1= j—ldx
X+

Gidi:
St dung dong nhat thitc: x° =x" +x° - X" —x+x=x" (x> + D) —x(x* + D) +x.
g g

1

1
1 1
Taduqc:I:I(x3—x+ 2X )dx:[—x4——x2+lln(x2+1)]} :lln2—l.
) 41 47 20 2 . 2 4
Vidu 2: (Pé91) Cho f(x)=—2%
COSX +sinx
a/ Tim hai s6 A, B sao cho f(x) :A+B(M)
COSX +sinx
/2
b/ Tinh j f(x)dx.
0
Gidi:
of Ta co: s1nx' :A+B(cosx—s%nx):(A+B)cosx+(fA—B)s1nx
COSX +8inXx COSX +sinx COSX +8inXx
A\ . s . A+B=0 1
bong nhat dang thic, ta dudc: A <:>A:B:—§.

b/ Vé6ikét qua & cau a/ ta dugc:

/2

/2 .
I f(x)dx = I _ - _cosxTsmx X = {—lx —In(cosx +sin x)}
0 o L 2 2(cosx+sinx 2

BAI TAP

n/2

T
0 4

Bai 1. Tinh tich phan:

cac
jE dx ; b/ J.x\/:dx; c/ I dx;
0 0

d/
‘[\/X+1+\/X 1
pS:al 4 b/% C/%—ln2 d/§(3\/§—2\/5—1)

Bai 2. Tinh cédc tich phan:

2 4sin® x B e ©  dx
al | ——; b/ [tg?2x(1+tg?2x)dx; ¢ |———dx; d | ——
-([1+cosx -([ g2x(l+tgm2x) -([(ex+1)2 '!x\/1+lnx
1 1
DS:a/ 2 b/ — c/ — d/2
6 6

Bai 3. Tim cic gi4 tri ciia a d€ c6 ding thifc: LZ [a® +(4—4a)x +4x°]dx =12.
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DS:a=3
Bai 4. Cho hai ham s6 f(x) = 4cosx + 3sinx va g(x) = cosx + 2sinx.
a/ Tim céc sd A, B sao cho g(x) = A.f(x) + B.f’ (x)

b/ Tinh j;f;"; X.
X

oy 2ol

1 !

5 10 5 42

Bai 5. Tim cdc hiing s6 A, B d€ ham s6 f(x) = Asinmx + B thod min ddng thdi cic diéu
kién: f'(1)=2 va ij(x)dx —4.

DS: a/ Az%; B=-

DS: A:—E;B:Z
T
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Vé&n dé 2: TiNH TicH PHAN BANG PHUGNG PHAP B01 BIEN SO

Phudng phip d6i bi€n s d€ tinh tich phan x4c dinh c6 hai dang co ban (ngoai ra
con dang 3) dya trén dinh 1y sau:

Dinh Iy:
a. Néu If(x)dx =F(x)+C va u=¢(x) 12 ham s6 c¢6 dao ham trong [a ; b] thi:

(b) (b)
j(:(a) f(u)du = F(u)[%,,

b. N&u ham sd f(x) xdc dinh va lién tuc trén doan [a ; b], ham s6 x = @(t) x4c dinh va
(i) Tén tai dao ham ¢’(t) lién tuc trén doan [o; B]
(i) p(a) =a va @(P)=b.
(iii) Khi t bi€n d8i tir oo d&n B thi x bi€n thién trong doan [a ; b]

Khi d6: jabf(x)dx _ j: flo(6)]e'(H)dt.

Bai todn 1: St dung phuong phap ddi bién sd dang 1 tinh tsch phan I = Ib f(x)dx.

Gidi:

Ta thuc hién theo cac budc sau:

Budce 1: Chon x = ¢(t), trong d6 ¢(t) 12 ham s& ma ta chon cho thich hop.
Bude 2: Lay vi phan dx = ¢’(t)dt

Budc 3: Tinh cdc cdn a va 3 tudng i'ng theo a va b

Buéc 4: Biéu thi f(x)dx theo t va dt. Gid st ring f(x)dx = g(t)dt

Budc 5: Khi d6: 1= j: g(t)dt.

Luu y: Chiing ta cAn nhd lai cdc ddu hiéu din tdi viéc lua chon &n phu ki€u trén thong
thuong la:

DAau hiéu Cach chon
— x =lalsint véi—-n/2<t< /2
a”—x -
x =lalcost v6i 0<t<m
al . T T
X='—|let€[——;—]\{0}
T sint 2 2
X —a |a| -
X = vGit €[0; ]\ {—}
cost 2
x =laltgt v6i —n/2<t<n/2
a’ +x’ .
x =|alcotgt véi 0<t<m
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DAau hiéu Cach chon
a+x . a—x
hodc X = acos2t
a—x a+x
Jx—a)(b—x) X =a+(b—a)sin’ t
E
Vidu 1: (DHTCKT_97) Tinh tich phan: I = IO2 = dx.
1-x
Gidi:
bit x = sint, khi d6: dx = costdt
2 ) 2
bo6i can: vix=0=1t=0; X=§:>t=£.
Ta c6: x2dx _ sin” t.cos tdt _ sin” t.cos tdt _ sin” t costdt _ l(l _cos20)d.
\/1—x2 \/l—sinzt |cost| cost 2

n/4

1TE/4 1 1
Khi d6: I=— j (1—cos2t)dt:—(t——sin2t)
29 o\ 2

0

) o A M5 gy
Vidu 2: Tinh tich phan: I= J; T\/z—_l
Gidi:
Dt x = ——, khi d6: dx =~ 25" gy
sint sin” t
Db4éi can: voix=1=t=mn/2; =t= T

X=—= —.
NE) 3

costdt /2

n/2 T

s34, sin” t n/2 T
Khi d6: I 7 I dt=tl55 = 6
n/3 n/3
sint, [————1
st
2/\/5 dX
Chii y: Ciing c6 thé st dung phép ddi: 1= I =
2 x* 1-=
X2
o L 1 B2 g
T d6 st dung phép doi bién t =—, ta s€ nhan dugc: 1= I =.
X 172 V1-t

n/3
Réi ti€p tuc st dung phép d6i bién t = sinu, ta dugc I = I du= umz —g

n/3

D6 chinh 12 15i gidi c¢6 thé b sung (d€ phit hdp vdi han ché chuong trinh clia Bo
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GD&PT) hdu hét cdc tai liéu tham kho trude day.

0
Vidu 3: Tinh tich phan : 1= [ 27X 4x, (a > 0)
a—XxX

Gidi:
bit x =a.cos2t, khi d6: dx = —2a.sin 2tdt.

R A P T T
boi can: viix=—a=t=—; x=0=>t=—

2 4
cos2t .
Taco: |2 Xax = [AEECOSL o4 sin2tdt) = [cot gt (~2a.sin 2td)
a—x a—a.cos2t

= —4a.cos” t.dt = —2a(l + cos2t)dt.

/2

)

n/4

n/2
1.
Khi d6: I=-2a I (I+cos2t)dt = —2a(t —Esm 2t)

n/4

Bai todn 2: St dung phuong phap ddi bién sd dang 2 tinh tich phan 1= Ib f(x)dx.

Gidi:

Ta thuc hién theo cac budc sau:

Buée 1: Chon x = @(t), trong d6 ¢(t) 1a ham s6 ma ta chon cho thich hgp, rdi x4c dinh x =
y(x) (néu c6 thé).

Budc 2: Xac dinh vi phan dx = ¢’ (t)dt

Budc 3: Tinh cdc cdn a va 3 tuong i'ng theo a va b

Buéc 4: Biéu thi f(x)dx theo t va dt. Gid st ring f(x)dx = g(t)dt

Budc 5: Khi d6: 1= jj g(t)dt.

Luu y: Cac ddu hiéu din t6i viéc lua chon 4n phu ki€u trén thong thudng 1a:

DAau hiéu Cach chon
Ham cé mau sd t 12 miu so

Ham f(x, {/o(x)) t=Jo(x)

. a.sinx + b.cosx X . X
Ham f(x)=— t=tg— (v61 cos—#0)
c.sinx+d.cosx +e 2 2

eVGix+a>0&x+b>0,dait:
1 t=vx+a++x+b

J(x+a)(x +b) e Véix+a<0&x+b<0,dat:

t=+v-x—-a++-x—-b

Ham f(x)=
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Tich phan

/3
" cosdx

Vi du 4: Tinh tich phan: I =

) .
76 SN X —5sinx+6

Gidi:

bit x = sint, khi d6: dt = cosxdx

Déican: Vé’iX=£:>t:l;x:£:>t:£
6 2 3 2
< cosdx dt dt
Ta co: — - =— =
sin“x—5sinx+6 t°=5t+6 (t—2)(t-3)
_( A B )dt_[(A+B)t—2A—3B]dt
t—3 t-2 (t—=2)(t-3)
Tu do: o
2A-3B=1 |B=-1
1 1
Suy ra: —; COSX(?X :( - )dt
sin“ X —5sinx+6 t—3 t-2
NEYQ) B V32 B
Khi d6: 1= J (L_L tzlng :ln3(6 J3)
1/2 t=3 t-2 t-2 1/2 5(4—\/5)
V1.3
Vi du 5: Tinh tich phan : I= [ — dx
o AV1+x>
Gidi:
< 3[ 2 3 2 s 2 3t2dt
Pit t=4x"+1=t’ =x" +1, khi d6: 3t°dt =2xdx = dx = —
X

Dbéi can: VéiX=O:>t=1;X=\/7:>t=2.
x>dx _x3.3t2dt
J1+x° 2xt

t t

2 5 2
Khi d6: 1=3 t4—tdt=3(———j
!( ) —

Ta c6: =3t — Ddt = 3(t* — t)dt.

2
_141
10

1

Bai todn 3: St dung phuong phap ddi bi€n sd dang 3 tinh tich phan 1= Ib f(x)dx.

Gidi:

Duya vao viéc danh gid cin clia tich phan va tinh chit cia ham s6 du6i ddu tich

phén ta c6 thé lva chon phép dit 4n phu, thong thudng:

e Véil= j f(x)dx =0 ¢6 thé lya chon viéc dit x = —t
o ]
e Véil= j f(x)dx c6 thé lya chon viéc dit t = 57X
0
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e Véil= jf(x)dx 6 thé lya chon viéc ditt=m—x
0

27
e Véil= j f(x)dx c6 thé lva chon viéc dit t = 2m — x
0

b
e Véil= jf(x)dx 6 thé lya chon viec ditx =a +b + ¢

Ghi chii: Xem vdn dé 6

I
Vi du 6: Tinh tich phan: I = I x?%% sin xdx

-1

Gidi:

0 I
Viétlail vé dudi dang: 1= I x 2 sin xdx + J‘X2004 sin xdx. (1)
' 0

0
Xét tich phan J = [ x** sinxdx.
-1

§ e a2 3t°dt
bit x =—t = dx = —dt khi d6: 3t°dt=2xdx = dx = e
X
béi can: x=-1=>t=1; x=0=>t=0
0 1
Khi d6: 1= —j(—t)m‘* sin(—t)dt = —jxm“ sin xdx.
1 0
Thay (2) vao (1) ta dugc I =0. (2)
n/2 COS4X
Vidu 7: (PHGT Tp.HCM_99) Tinh tich phan : I = I 2 ——dx.
5, COS” X+sin” X
Gidi:
5 T
bat t:E—x = dx =—dt
béi can: V6ix=O:>t=£;x:£:>t:().
2 2
0 COS4(n t)(—dt) /2 /2
- - I -4 T -4
Khi d6: 1= | 2 L L
n/2cos4(E—t)+sin4(E—t) o cCos't+smm't  coS X+sIn X
2 2

n/2 4 - 4 n/2
. Cos” X +8in” X T
Do d6: ZI:I 2 — dx:Idx:—:I:
) COS X+sin” X 0 2

~1a
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BAITAP
Bai 6. Tinh cédc tich phan sau:
7 2 sinx.cos’
al [ X*(1-x)"dx; b/ | xdx o [V xI-xtdx af[2REEE0 Ry
0x* +x*+1 0 0 1+cos x
1 4 1 1
pS:al —; b T3 o388 gl L,
168 18 105 2 2
Bai 7. Tinh cédc tich phan sau:
o (o Cf)SX.dX' . b/J- cosx
0 6—5sinx+sin” x 7+c0s2x

c/ _[1 cosx.dx. d/ Ionx.sinx.cosz xdx

PN
ps:a/ Il w”ﬁ; ¢/ sinl: aZ.
9 12 3
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Véin dé 3: TiNH TiCH PHAN BANG PHUGNG PHAP TiCH PHAN TUNG PHAN

b b
Cong thite: | [udv=uvl, - [vdu

a a

b
Bai todnl: St dung cong thifc tich phan tirng phan xac dinh 1= If (x)dx.

PHUONG PHAP GIAI
Ta thuc hién theo cac budc sau:

b b
Budc 1: Bi€n ddi tich phan ban diu vé dang: 1= jf(x)dx = Jfl (x).£,(x)dx.

u =f,(x) du
Buoc 2: Bat: =

dv =1, (x,)dx v

b
Buodc 3: Khi d6: 1= UV|: - Ivdu.

Chiing ta cAn nhd lai cdc dang co ban:

Dang 1: 1= jP(x)sin axdx (hodc jP(x)cos axdx) v6i P 1a mot da thic thudc R[x] va
o e R khi d6 dit u = P(x).

Dang 2: 1= [e™ cos(bx) (hodc [e” sin(bx)) v6i a,b# 0 khi d6 dat u = cos(bx) hodic u =
sin(bx)).

Dang 3: 1= IP(x)e“de (hodcI= IP(x)e“de) v6i P 1a mot da thite thudc R[x] v oo e R’
khi d6 ta dit u = P(x).

Dang 4: 1= Ix“.ln xdx, v6i a € R\ {-1} khi d6 dat u = Inx.

n/2

Vi du 1: Tinh tich phan: 1= I (x* +1)sin xdx.
0

Gidi:
2
= +1 du =2xdx
bat: b= ) &
dv = sin xdx V =—COSX
/2 n/2 n/2
Khi d6: 1=—(x*+1)cosx|, +2 j xcosxdx =1+2 j x cos xdx (1)
0 0

n/2
Xét tich phan J = I X cos xdx.
0
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u=x du =dx
bat: = .
dv = cosxdx vV =sinXx
n/
Khi dé: J= xsinx|g/2 — I sin xdx :§+cosx|g/2 :g—l (2)
0
Thay (2) vio (1) ta dudc: 1:1+2(§—1): n—1.
Vi du 2: (B& 37). Tinh tich phan: 1= j e2* sin® xdx.
0
Gidi:
. ae N K . 17
Bi€n doi I vé dang: 1= Iezx sin” xdx = EIGZX (1-cos2x)dx (1)
0 0
T 1 T 27 1
e Xéttich phan: I, = [e¥dx =—e¥| == )
) 2 |, 2 2
e Xéttich phan: I, = Iezx cos2xdx
0
_ du =-2sin2xdx
u=cos2x
bat: 5 A= 1 5,
dv=e""dx v=—e
2
. z 1 2x i f 2X : GQTE 1 f 2X :
Khi d6: 1, :Ee COS2X +Ie sin2xdx = —5+Ie sin2xdx  (3)
0 0
e Xéttichphan: I, = [e™ sin2xdx
0
. du =2cos2xdx
u=sin2x
bat: 5 A= 1,
dv=e""dx v=—e
2
: |
Khi dé: I, | = Eezx sin —Iezx cos2xdx=—1,. 4)
0 o
%,—J
I
. eQn 1 eQT: 1
Thay (4) vao (3), ta dugc: I, = -—-L o, =—-— (5)
2 4 4
Thay (2), (5) vao (1), ta dudgc: I—l[ezn —l—(ezn Lo Loy
v ’ 272 2 4 478 '

2
Vi du 3: (DHHH Tp.HCM_2000) Tinh tich phan: I= | In(4%) 4.
| X
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Gidi
1
u = In(1+x) du= dx
- 1+x
bat: dx &
dV:—2
X V=—
2 2 2
L 1 1 1 11
Khidé: I=——In(x+1)| + —dx:——1n3+1n2+j — 4 X
X 1P X(x+1) 2 X 1+x
1 23
== In3+In2+(nIxI=In(x+1) =-ZIn3+3In2.
1
BAITAP
Bai 8. Tinh cédc tich phan sau:
a/ j 2 sin3xdx: b/ j (x+1)erdx: ¢/ j “(x.Inx)2dx;
0 . b 0 b 1 . b
! 2
d/ j xIn(x> + 1)dx e/ j cosx.In(1+cosx)dx; f/ j —dx.
0 (x+1)
ps:a) 222 . WEL SLUSY e -1y m2—+: e Zo1 g 2S
13 4 27 2 2 e+1
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Vén dé 4: TiNH TiCH PHAN CAC HAM CHUA DAU TRI TUYET D01

b
Bai toan: Tinh tich phan: I= Hf(x, m)|dx.

PHUONG PHAP GIAI
Ta thuc hién theo cac budc sau:
Buidc 1: Xét dau biéu thic f(x, m) trén [a, b]

T d6 phan dugc doan [a, b] thanh cdc doan nhd, gia su:
[a, b]=[a, ¢;] U [c,, c,] U... U][c,, b].
ma trén mdi doan f(x, m) cé6 mot dau.
€

c b
Budc 2: Khi dé: 1= Hf(x, m)|dx + f|f(x,m)|dx ot Hf(x, m)[dx.

a ¢y Ck

4
Vi du 1: Tinh tich phan: I= [ |x* -3x +2ldx
-1

Gidi:
Ta di xét ddu ham s6 f(x) =x>—-3x+2 trén [-1, 4], ta dugc:
= 1 2

f();)% + 0 - 0 +4W

1 2 4
Khi d6: I = j(x2 —3x+2)dx—j(x2 —3x+2)dx+j(x2 —3x +2)dx
-1 1 2

1 2
:(lx3 —ix2+2x) —(lx3 —ix2+2x) +(lx3 —§x2+2x)
3 2 4 \3 2 . \3 2

Chii y: Vi céc bai todn chita tham s can chi ra dugc cc trudng hdp riéng biét clia tham
s6 dé€ khéo 1éo chia dugc khodng cho tich phan, ta xét hai dang thudng gip trong pham vi
phd thong sau:

4

19

2

b
Dang 1: Véi tich phan: 1= jlx — aldx.

PHUONG PHAP GIAI
Khi d6 v6i x €[a,b] cin xét cdc trudng hop:
Truong hop 1: Néu o > b thi:
I= T(oc—x)dx = (ocx —X—zjb —l(a—b)(a+b—2oc)
) 2 ), "2
Truong hop 2: Né&u a < a. < b thi:
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o b

o b X2
I_;[(oc—x)dx+£(x—oc)dx =(ox =) a

2

X
+(—-—ox
(2 )

1
=’ +(a+b)oc+5(a2 +b?).
Truong hop 3: Néu a < a thi:

5 b

b
I:J(x—a)dx:(%—ax)

= %(a—b)(2oc—a—b).

b
Dang 2: Véi tich phan: 1= [|x* - ox +Blx.

PHUONG PHAP GIAI
Khi d6 v6i x €[a,b] cin xét cdc trudng hop:
b
Truong hop 1: N€u A=a’-4B<0 thi: I= j(x2 +ox +B)dx
Truong hop 2: N&u A> 0thi x* +ax+B =0 c6 hai nghiém phan biét x, < x,.

b
e N&u x, <x, <ahodc b<x, <x, thi: I:J‘(x2 +ox +B)dx.

a

b
e Né&ux, <a<b<x, thi: I:I(x2+ax+B)dx.

e Né&ux <a<x,<bthi: I I(x +ax+B)dx+I(x +ox + B)dx.

X2

e Né&ua<x, <b<x, thi I—I(x +ax +p)dx — I(x + ax + f)dx.

X1

X1
e N€ua<x <x,<bthi: I= _[(xz +ocx+[3)dx—_|‘(x2 +ocx+[3)dx+_|‘(x2 + ax +B)dx.

a X1 Xy
Chu y V§i bai todn cu thé thudng thi cdc nghiém x, X, ¢6 th€ dugc so sdnh tu nhién véi
4c can a, b d€ gidm bdt cac trudng hdp cin xét va diy 1a diéu ciac em hoc sinh can luu
am

o
Q»

[

1
Vi du 2: (PHYD TP.HCM_96) Tinh tich phan: 1= jx.lx —aldx (a>0)
0

Gidi:

Ta di xét cac trudng hgp sau:
Truong hop 1: Néu a > 1

I 1 3 2
Khi d6: 1= —jx.(x —a)dx = ‘I(XZ —ax)dx = _(X__aij
0 0 3 2

Truong hop 2: NéuO<a< 1
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a 1 a 1
Khi d6: = —jx.(x —a)dx + jx.(x —a)dx = —j(x2 —ax)dx + j(x2 —ax)dx
0 a 0 0

a 1
(x3 axzj (x3 axzj a’ a
3 2 ), \3 2 ) 3 23
BAITAP
Bai 9. Tinh cédc tich phan sau:

af [ 0x+21-Ix-21de b [ (2x-11-(xP)dx; c/jll#zdxlz;

= - lxt —x"—
a/ ['Nx*-6x+9dx; ef [ Ja—TxTdx; f [ IxT—xdx
g/ [12*-41dx; b/ [ % - 2x° + xdx.
DS: al §; b/ i c/ zlni; d/ 2;

2 7 4 2
el 2(5-3); f/&; of 44+ h/M.
3 In2 15

Bai 10. Tinh céc tich phan sau:

a/ Pnlsinxldx; b/ _[On\/2+2cos2xdx
)
o [ I=sin2xdx; d/ _[Ozn\/1+sinx.dx.

DS:al 2:  bl4; o 242: d/ 42.
Bai 11. Cho I(t)=j0‘|e’<—t|.dx, teR

a/ Tinh I(t).
b/ Tim gi4 tri nhd nhat cda I(t), véi t e R.
t+l—-e, t>e

DS:a/ {2tInt-3t+e+1, I<t<e b/  minlt)=(3-1)% t=+le.

e—t—1,t<1
Bai 12. Tinh céc tich phan sau:
1 . 2 )
al j0|x—m|dx, b/ LIX —(a+1Dx+aldx.
3a—5 232
1 <0 6
—-m, m< 3
pS:al 12 1 b/ (331) 35 4 aco
m’—-m+—,0<m<1. 5_13
2 a ,a<l
6
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Phuong phéap:
e Ta tim max[f(x), g(x)], min[f(x), g(x) bing cdch xét hiéu:
f(x) —g(x) trén doan [a ; b]

e Gid st ta c6 bang xét dau:

| a
f(x)f g(x) \N +

T bang xét diu ta c6:
— VGi x €[a; c] thi max[f(x), g(x)]=f(x)

b

- NN

—o—-|e

— VGi x €[c; b] thi max[f(x),g(x)] = g(x).
e Tir dé: jab max[f(x),g(x)dx = [ [F(x),g(x)ldx + jb max[f(x), g(x)]dx

a

= Icf(x).dx + Ibg(x).dx
e (C4ch tim min[f(x), g(x)] thuc hién tuong tu.

Vi du: Tinh tich phan: 1= Jﬁ max[f(x), g(x)]dx, trong d6 f(x)=x> va g(x)=3x-2.
Gidi:
Xéthiéu: f(x)—g(x)=x>-3x+2 tréndoan [0 ;2] :
1 2

0
Do d6:

— Véi x €[0; 1] thi max[f(x); g(x)] =x>
— V6i x €[1; 2] thi max[f(x); g(x)]=3x-2

Ta c6: 1= I;max[f(x); g(x)Jdx + jfmax[f(x); g(x)Jdx

1

2

3
=J.1x2dx+J.2(3x—2)dx=X— +(ix2—2x)
0 1 3 \2 X
=l+6—4—§+2 =£.
3 2 6
BAI TAP
Bai 13. Tinh céc tich phan sau:
a/ I()z max(Xx; x> )dx; b/ Lz min(l; x> )dx;
2 . 3 z .
c/ IO min(x; X7 )dx; d/ IOZ (sinx, cosx)dx.
55 4 7
DS:a/ —; b/ —; c/ —; d/ 2—\/5.
T 6 3 4
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Trong van dé nay ta di chiing minh r6i 4p dung mot s& tinh chi't cho nhitng 16p tich
phan dic biét.

Tinh chat 1: N&u f(x) lién tuc va 1a hAm 18 trén [-a ; a] thi: 1= I f(x)dx = 0.

—a

PHUONG PHAP GIAI
Bi€n d6i 1 vé dang: 1= j. f(x)dx = j). f(x)dx + j.f(x)dx (1)
i —-a —-a 0
Xét tinh phan J = j f(x)dx.
bit x =—t = dx =—dt
Db4éi can: x=—a=>t=a;x=0=>t=0

Mit khéc vi f(x) 12 ham 1& = f(—t) = —f(t).

0 a a
Khi dé: J =— j f(=t)dt = — j f(t)dt = — j f(x)dx.
a 0 0

Thay (2) vao (1) ta dugc I =0 (dpcm).
Ap dung:

1/2

Vi du 1: Tinh tich phan: 1= | cosx.ln(l_xjdx.
i 1+x

Gidi:

Nhan xét ring: ham s6 f(x) = cos x.lnG _Xj co:
+X

. . [ 1 1}
e Liéntuctrén|——;—
2 2

o f(x)+f(—x)=cos x.ln(l_—xj + cos(—x).ln(l_ X)
1+x 1

+X
:{ln(l_x)+ln(l+xﬂcosx =Inl.cosx =0.
1+x 1-x

Vay, f(x) 1a ham 1é trén [—%; %} , do d6 theo tinh chat 1 ta dugc I = 0.

= f(—x) =—f(x).

Chi y quan trong:
1. Khi gdp dang tich phan trén thong thudng hoc sinh nghi ngay tdi phuong phap tich
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phan tirng phin, xong d6 lai khong phai y ki€n hay. Piéu d6 cho thdy viéc nhin nhin
tinh chit can va dic tinh cia hAim s& dudi dau tich phan d€ tir d6 dinh huéng viéc lya
chon phuong phép gidi rit quan trong.

2. Tuy nhién v6i mdt bai thi thi vi tinh chit 1 khong dudc trinh bay trong pham vi ki€n
thitc clia sach gido khoa do d6 cac em hoc sinh 1€n trinh bay nhu sau:

0 1—X 1/2 1—X
I= I cosXx.ln dx + I cosXx.ln dx. (1)
0

R 1+x 1+x

0
v 1_
Xéttinh chdt J = [ cosx.ln( X)dx
i 14+x

bit x=—t = dx =-dt

Khi dé:
0 1/2 1/2
1 1- 1-
I= —I cos(—t).ln(i)dt :—I cost.ln(—t)dt = —I cosx.ln( X)dx (2)
-t 0 1+t 0 1+x

172 a
Thay (2) vao (1) ta dugc I = 0.
3. Vay k€ tir day tr§ di chiing ta sé di 4p dung y tudng trong phuong phip chitng minh
tinh chi't d€ gidi vi du trong muc 4p dung.

Tinh chat 2: N&u f(x) lién tuc va 13 ham chén trén doan [-a ; a] thi:

I= j‘ f(x)dx = 2jf(x)dx.
-a 0

PHUONG PHAP GIAI

a 0 a
Bi€n ddiI vé dang: I= j f(x)dx = j f(x)dx + jf(x)dx (1)

Za “a 0

0

Xét tinh phan J = j f(x)dx.
bit x=—t = dx =—-dt
Db4éi can: X=-a=>t=a; x=0=>t=0

Miit khdc vi f(x) 1a ham chin = f(—t) = f(t)

0 a a a
Khi d6: J = —j f(—t)dt = jf(t)dt = jf(t)dt = jf(x)dx (2)
a 0 0 0

Thay (2) vao (1) ta duge I = 2If(x)dx dpcm.
0
Chi y quan trong:
1. Trong pham vi phd thong tinh cha't trén khong mang nhiéu y nghia Gng dung, do d6

khi gip cdc bai todn ki€u nay chiing ta t&t nhit ci xdc dinh: I= _[ f(x)dx

—a
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|
bing cach thong thudng, thi du véi tich phan: 1= Ixzdx.
-1

1 3!
R 2
Ta khong nén st dung phép bi€n doi: 1= 2Ix2dx = %

2
o 3
bdi khi d6 ta nhat thi€t can di chitng minh lai tinh chat 2, di€u nay khi€n bai todn trd
3 1 2
N A A 4. ~ N A N R X
nén cong kénh hon nhi€u so v4i cdch lam thong thudng, cu thé: 1= 3173
-1

2. Tuy nhién khong th€ phi nhin sy tién 1gi clia né trong mot vai trudng hop rat dic
biét.

Tinh chat 3: N&u f(x) lién tuc va 13 chin trén R thi :

I= I f0dx —If(x)dx v6i VaeR" va a>0.
et a* +1
PHUONG PHAP GIAI
o 0 o
Bidh ddi 1 vé dang: 1= [ 10X _ IO plG0dx
wa+l  Coa+l ya+l
0
Xét tinh phan I, = | fx)dx
a +1

bit x=-t= dx=-dt
Pdicin:x=0=t=0;x=-a=t=a
Mt khdc vi £(x) 1a ham ch&n = )—t) = ().
0 t t
COf(-ndt %a'f(nde Ga'f(ndt
=] -

Khi dé: I, =
at+l g oat+l g a4+l
R a'f(dt Ff(x)dx F@*+Df(x)dx
Vay: I .[ () .[(x) :.[( X)() :Jf(x)dx.
0 a' +1 o a +1 a +1 0
Apdung:
1 4
Vi du 2: Tinh tich phan: j x dx
Gidi:
0 4 1 4
Bién d6i I vé dang: 1:] x dx +f x dx (1)
2%+ 2% +1
4
Xét tich phan J = I x dx
41
bitx=-t= dx =-dt
béi can: x=-1=>t=1, x=0=t=0.
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0 4 1 .4 At 1 _4 Ax
. - 2. 20
Khi d6- J:_J‘(_tt) dt:J‘t : dt:J‘X - dx @)
2 +1 o 2 +1 5 27 +1
1 _4 Ax 1 4 1 _4,~x 1
20 2" +1 1
Thay (2) vao (1) ta dugc: 1= = dx+j X dx = [ ( T Jdx = [xdx =~
o 2 +1 927 +1 27 +1 0 5
T /2 n/2
Tinh chit 4: Né&u f(x) lién tuc trén {O; E} thi: I f(sinx)dx = I f(cosx)dx.
0 0
CHUNG MINH
bat t:g—x = dx =—dt
Péican: x=0= t:E, x:£:>t:().
2 2
/2 0 o n/2 n/2
Khi d6: j f(sin x)dx :—j f(sin(= — t)dt = j f(cost)dt = j f(cosx)dx dpem.
0 /2 2 0 0
Chi y quan trong:
Nhu vy viéc dp dung tinh chat 4 d€ tinh tich phan:
n/2 n/2
I= I f(sinx)dx (hoaclI= I f(cosx)dx).
0 0
thudng dugc thuc hién theo cdc budc sau:
Budc I: Biing phép ddi bi€n t = g —x nhu trong phan ching minh tinh chat,
n/2
ta thu dugc 1= I f(cosx)dx.
0
/2 /2
Budc 2: Pi xdc dinh kI (n6 dudc phan tich kI =a j f(sinx)dx + P j f(cosx)dx)),
0 0

n/2 n/2 n/2
thudng la: 21 = j f(sinx)dx + j f(cosx)dx = j [f(sinx) + f(cosx)]dx .
0 0

0
Tu d6 suy ra gia tri cia L.

Ap dung:

n/2

Vi du 3: Tinh tich phan: I= [ ————
) COS X +sin X

cos” xdx

Gidi:
5 T
bit t:E—x = dx =—dt
béi can: X=O:>t=g, x:g:t:().
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. 2 .
sin" tdt i sin" x

0 cos” (; — t)(—dt) /2

Knido: 1= | ol Bscreprecriall e sl
”/zcosn(n—t)+sin“(n_t) p COsS t+smn t { cos X+smn X
2
"2 cos" X +sin” X4 m2 -
Do d6: 21:[ ALl I T
y, COs" X +sin x 0 4
b a+b
Tinh chat 5: Néu f(x) lién tuc va f(a + b —x) = f(x) thi I=Ixf(x)dx— J f(x)dx.

CHUNG MINH
bit x=a+b-t=dx=-dt

Pdicin:x=a=t=b; x=b=t=a

a b
Khi d6: 1= j(a+b —0)f(a+b-t)(—dt) —j(a+ b—t)f(t)dt
b a

b b b b b
= j(a +b)f(t)dt — jtf(t)dt =(a+ b)jf(t)dt - jxf(x)dx =(a+ b)j f(t)dt - I

o a+bh
o2 =(a+ b)j f(dt < 1= ij(x)dx.

Hp qud 1: Néu f(x) lién tye trén [0 ; 1] thi: 1= | xf(sinx)dx :g [ f(sinx)dx

o

Hudng dan chitng minh: Pitx =t —t = dx = —dt.

Ap dung:
Vi du 4: Tinh tich phan: T= jﬂ
o 4—cos"x
Gidi
¢ xsinxdx ¢ xsinxdx
Bién ddi I vé€ dang: 1= I — :I — —Ixf(s1nx)dx
0 4—(—=sin"x) {3+sin"x 3
bit x=n—t = dx =-dt
Db4éi can: x=nt=>t=0; x=0=>t=n

t(m—t)sin(m—t)dt T (n—t)sintdt T nsin tdt T tsintdt
. 4 t

e (
Khi d6: 1=~-] ; : >
4 —cos”(m—t) 4 —cos’t —cos” o 4—cost

:_n]EM_I 2 =— J‘ d(COSt) I (cost)
0

o 4—cos’t 4—cos’t  gcosit—

nt d(cost) m 1|cost 2| nln9
_2J‘ Z .

0cost 4 24 |cost+2| 8
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271—a 21—a
Hé qué 2: N€u f(x) lién tuc trén [0 ; 1] thi: I= j xf(cosx)dx = 1 j f(cosx)dx.

Hudng dan chitng minh: Ditx =21 -t = dx = —dt.
Ap dung:

27
Vi du 5: Tinh tich phan: T= [ x.cos’ xdx
0

Gidi:
bit x=2n-t= dx =-dt
béi can: x=2n=t=0; x=0=>t=2m

0 2n
Khi d6: 1= j(2n—t).cos3(2n—t)(—dt) = j(2n—t).cos3 tdt

27 0
27 27 TCQTE

= ZEI cos’ tdt — I tcos’ tdt = B} I (cos3t+3cost)dt—1I
0 0 0

2n

o 21 :g(%sin3t+3sint) —0<1=0.

0

b
Tinh chit 6: N&u f(x) lién tuc va f(a + b — x) = —f(x) thi I = _[f(x)dx =0.

CHUNG MINH
bit x=a+b-t=dx=-dt
Pdicin:x=a=t=b; x=b=t=a

a b b
Khi d6: 1= jf(a +b—t)(=dt) = —jf(t)dt = —jf(x)dx =1 20=0<1=0.
b a a

Ap dung:
n/2 .
Vi du 6: (CDSPKT_2000) Tinh tich phan: 1= | 1n(m)dx.
0 I+ cosx
Gidi:
5 T
bit t:E—x = dx =—dt
béi can: x:():>t:£, x:£:>t:().
2 2
n

: 1+sin( _t) t. [1+cost "2 (1+sint

Khid6: 1= [ In 2 (~dt) = [In| 7525 |de=— [ In dt
T 1+sint

©/2 | 14+ cos E_t 0

mi2 1+sinx
:—j ln(—)dx:—l<:>21:()<:>lz().
1+cosx
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Chii y: N&u ta phat biéu lai tinh chi't 6 dudi dang:

b a
“Gia st f(x) 1én tuc trén [a ; b], khi d6: jf(x)dx = jf(a +b—x)dx"
a b

Piéu d6 sé& gitp ching ta ¢ dugc mdt phuong phap ddi bi€n mdi, cu thé ta xét
vi du sau:

n/4

Vi du 7: Tinh tich phan: 1= I In(1+ tgx)dx.
0

Gidi:
5 T
bit t:Z—x:dx:—dt
béi can: x:():>t:£, x:£:>t:()
4 4
0 n/4 n/4
1- 2
Khidé: I=— [ In[l+tgC-0dt= [ In(l+— 0yt = | In—=—dt
n/4 4 0 1+tgt 0 1+tgt
n/4 n/4 n/4

n/4

= j [1n2—1n(1+tgt)]dt:1n2j dt - j In(1+tgt)dt = In2.tly " —1
0 0 0

<:>2I:7t1n2 <:>I:7tln2.
4 8

Tinh chit 7: N&u f(x) lién tuc trén doan [0 ; 2a] vé6ia > 0 thi

ff(x)dx = j[f(x) +f(2a—x)]dx.
a 0

CHUNG MINH
2a a 2a
Ta c6: j f(x)dx = jf(x()dx + j f(x)dx (1)
a 0 a
2a
Xét tich phan I, = j f(x)dx.

bit x=2a-t = dx =-dt

Pdicin:x=a=t=a; x=2a=t=0.

0 a a
Khi d6: I, =—[f(2a—t)dt = [f(2a—t)dt = [f(2a — x)dx (2)
2
a 0 0

Thay (2) vao (1), ta dudc:

ff(x)dx = Tf(x)dx + Tf(Za —-x)dx = j[f(x) +f(2a—x)]dx. (dpcm)
a 0 0 0

Ap dung:

3n
Vi du 8: Tinh tich phan: I= I sin X.sin 2x.sin 3x.cos 5xdx.
0
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Gidi:
Viét lai I dudi dang:
3n/2 3n
I= I sinX.sin 2x.sin 3x.cos 5xdx + I sin X.sin 2x.sin 3x.cos 5xdx. (1)
0 3n/2

3n
Xét tich phan J = I sin X.sin 2x.sin 3x.cos 5xdx.
3n/2

bat x=3n—-t = dx =—dt

béi can: x:%t:t:%t, x=3n=1t=0.

0
Khi d6: J =— I sin(3n—t).sin2(3mw—t).sin3(3w—t).cos 53w —t)dt
3n/2
3n/2 3n/2
=— I sint.sin2t.sin3t.cosStdt = — I sinX.sin2x.sin3x.cos 5xdx. (2)
0 0

Thay (2) vao (1), ta dugc: I = 0.

a+T T
Tinh chat 8: Néu f(x) lién tuc trén R va tudn hoan véi chu ky T thi : j f(x)dx = j f(x)dx.
0

a

CHUNG MINH
T a a+T T
Ta c6: jf(x)dx = jf(x)dx + j f(x)dx + j f(x)dx (1)
0 0 a a+T
T
Xét tich phan I, = j f(x)dx.
a+T
bat t=x-T=dx=dt
PGicin:x=a+T=t=a; x=T=1t=0.
0 a a
Khi d6: I, = jf(t +T)dt = —j f(t)dt = —j f(x)dx. (2)
a 0 0

a+T

Thay (2) vao (1), ta dugc: jf(x)dx: j f(x)dx. (dpcm)
0 a

Ap dung:

2004wt

Vidu 8: Tinh tich phain: I= [ ~/1—cos2xdx.
0

Gidi:

Viét lai I dudi dang:
20047 27 4n 20047
=2 j Isinxldx:ﬁ(jlsinxldHjlsinxldx+...+ j sinxldx) (1)
0

0 2n 2002w

Theo tinh chat 8, ta dudc:
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I |s1n x|dx = I |s1n x| dx = 1002(Is1n xdx — I sin xdx)

2n

=1002+v/2(cosx|§ + cosx[27) = 4008+/2.

Nhdn xét: Nhu vay néu bai thi yéu cau tinh tich phan dang trén thi cic em hoc sinh nha't
thi€t phai phat bi€u va chitng minh dugc tinh chit 8, tir d6 4p dung cho tich phan cin tim.

BAITAP
Bai 14. Tinh céc tich phan sau:
2
a/ [ VI-X dx: b/J‘ x+c—0§xdx; C/J‘ﬁX.Sin3X.dX; d/J‘TE sm X
= 1+2" 4 sin” X 0 ”3X+1
ej X’ Is1n Xl dx; f/J‘1 —dX *sinx X; g/J‘l (exz.sinx+e2.x2)dx;
5 142 1oxP+1 -l
n in’
b/[ fin* o4 Dfaxs /] S ] L -
1(e +D(x*+1) ‘0 sin’ x+cos’ x
1
ps:  al I o 1o o 3 a = e/n+2;
4 2 4 2
4 2 .
-2 g Ze’,  ho; iz, Kz
2 3 3 4 4

Bai 15. Cho lién tuc trén R va thoda man: f(x)+f(—x)=+/2-2cos2x, Vx €R

3n
Tinh tich phan 1= [ 3 f(x)dx. bs: 6.

2

=1, (tga>0).

oo
(Y
— o
[E—
N

. Chirng minh rang tha ; (_1:(1 J‘lcotga X(X(ix+ 1

€

oo
o7
— o
[E—
~

. . , - 1 - <

. Cho ham s0 f(x) li€én tuc trén doan [0;+ o) thoa man f(t) = f(z), vGé1 V>0 va
ham so.

f(tgx) ,n€u 0<x <X

g(x) = 2

7 n

f(0) ,néux=—

(0) 5
Ching minh rang:

a/ g(x) lién tuc trén [0; ﬂ b/ jOZ g(x).dx = jg g(x).dx.

4
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BAI TAP
Bai 18. Tinh céc tich phan sau:
3xt -1 1 xdx s (2x* +18)dx vz x°.dx
al || ——dx; b/ = ol — ST
X" +9 (x+2) (x*—6x+13) x’+1)
\/— 15
e/j4 xdx f/j (1+x)"dx: g/jlx(l—xz)"dx;
\4/(x +1)° 0
DS: a/ %—18 b/ 1n3—i; /ﬁ Z; d/i
3 3 8 4 45’
2n+1_1 1
\/12 f/ ;g X
192 n+1 8 2(n+1)
Bai 19. Tinh céc tich phan sau:
3 1 3
o zxg.dx; b/J-Z 2x dx : C/J-Z ix :
I'x®+1 0 x"—=3x+2 0x(x"+1)
tga x.dx cotga  dx b(a—x7)dx
d |, ——+ ——,(tga>0) e/| ————,(a,b>0);
Ii 1+ %2 Ii x(1+x2) (tga>0) e[, (a+x2)? (a.b>0)
\/5+\/_ 2 1+J§ 2
+1 (x*+1)dx
f/| 2 —dx, /| 2 ————.
J-l x*+1 s J-l x'—x*+1
DS: a/l; b/ll 2+31 Z c/llnﬁ; d/1;
16 42 4 2 4 17
b T T
e/ ;o f/—; /—.
a+b® 8 4
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BAITAP

Bai 20. Tinh céc tich phan sau:

T cos2x.dx ™ 4sin® x.dx T dx
a/ |8— ; b/J.“—4 ; c/J.4 — - 5
0 sin2X + cos2x 0 1+cos™x 0 sin“ X +2sinXcosx —8cos” x

n i ™ gin® 6 n
@ [— 6smx.dx6 : e/J-4ns1n X + Cos de; f/J-4 ' cos2x.dx -
0 gin” X +cos’ X -~ 6" +1 0 (sinx +cosx +2)
of J-E s11'1x+7c0sx+6 dx: w2 sinX.cosx dx dx (a, b 0)
0 4sinx+3cosx+5 0 \/aZ.COSZX+b2.Si1’12X
DS: a/l+lln2; b/ﬁln3+2ﬁ; c/lln%; d/21n4;
6 8 2 6 5 3
5m 8 5+82 T .9 1 1
e/—; {/——————; g/—+In—+—; —_—.
32 27 (2++2)? 2 8 6 Ibl+lal
Bai 21. Tinh céc tich phan sau:
E 3/ .. 3 o
o J- cis xdx’ bJ- COSX — smx < C/J-T%cotg. sm'); smx.dx;

T .

T < X.sin x.dx n )

d/ I x.sinx.cos> x.dx; e/J.3 —_— f/J. X —cos”* x.sin’ x.dx.
0 3 Cos"Xx 0

b/ h{ﬁwz)- o -3,

DS:  a/ln(v/2 +1);

V2+1 ) 24°
T 4n 41
d/—; e/ ——-2In 2+\/§; f/ —.
3 3 ( ) 35
. . 201« ~ sin 2x L 2.2 X L.
Bai 22. Tim hai s6 A, B d€ ham s6 f(x) = —— €0 th€ bi€u di€n dudi dang:
(2 +sinXx)

A.cosx N B.cosx
(2+sin)?  2+sinx

f(x)=
0
Tir 46 tinh: | f(x).dx.
2

DS:A=-4;,B=2;1n4 -2.
Bai 23. Tinh céc tich phan sau:
X. dx

a/ J.Zx .cosx.dx; b/Izcos (\/_)dx c/I b
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T 7'[3
ki i 2x
d/ IO4 x.tgzx.dx; e/ IOS sin %/; dx; f/ IO xz.sing.dx;
2
ps: w2 WL o TO=4V3),
4 g8 2 36
n 1 T 2
& Zm2-I e/ 3n—6: f/-8(n? +4).
2 32

4
Bai 24. Tinh céc tich phan sau:

a/ J: sin"™" x.cos(n+1).dx, (neN, n>1);

c/ JE cos" x.sin(n + 1)x.dx;
bS:al 0 b/ 0O;

Bai 25. Tinh céc tich phan sau:

al I= Ig(\/cosx —\/sinx)dx;

35cosx —4sinx

c I= —
0 (cosx +sinXx)
PS: al 0: b/ I
4
E sin® x.dx
Bai 26. bat: 1= va J=

0 s1nx+\/§cosx

a/ Tinh:1-3)J va I+1.

b/ Tur cdc két qua trén hdy tinh cdc gid tricla [, J va K: K = Jli

1

DS: a/ I—3J:1—\/§;I+Jzzln3;

Bai 27.a/

b/ J: cos" x.sin(n —1)x.dx;

d/ JE cos"x.sin(n +2)x.dx.

1

c/ 0; d/ .
n+1

E cos" x.dx

b/ 1= :
0 cos" X +sin" x
4 1= 2 3sinx+4cosx dx.
0 3sin’ x + 4 cos’ x
1 T
c/ —; d/ —=+1n3.
2 243

6
0 sinx+x/§.cosx

In cos® x.dx

cos2x.dx

COSX —+/3sinx

J3-1

b/ K——l 3——
8

s Y
Chitng minh ring: IOQ cos® x.cos6x.dx = IOQ cos’ X.sin x sin6x.dx

b/ Tinh: J= JE cos’ x.cos’ x.dx.

DS:b/ J=0.
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Tich phan

Bai 28. Tinh cédc tich phan sau:

BAITAP

-4
a/ ; X —2).dx;
I (x+lj (x —1)? I \/x+ 2 x+2 ( )
2
d/ J-Z 1+X.dx; e/J-1 .meN".
0 V1-x (1+xm).x/1+xm
DS: a/ %(%—3/5); b/ In3-1; ¢/ n—4;
& Ln+4-242); of -1
4 ’ w2
Bai 29. Tinh céc tich phan sau:
4 dX 6 dX 1 3 2
a/ —— b/ —; /| X N1+x7dx;
J-z X /16—X2 N ) J-o
N
d/ jfxz el J-Ozx\/(x2+4)3.dx; ]2 x2G-x).
i i 2
DS:a/ ——In|tg— |; b/ —; c/—x/z—l;
(gIZJ 18 15( )
51 3 32 9
a2 I Z2@N2-1); I =n+93).
6 4 5 ( ) 64( )

Bai 30. Tinh céc tich phan sau:

Vx* -4

4

al |4z ——dx;
3 X
a

e/ J-O x2\/x? = x%.dx;

DS: a/ 1(4\/§—n);

e/ ﬂ
16 °

Bai 31. Tinh céc tich phan sau:

= dx
al |2 ;
J-O VX +3+/x+1

VACAL : /j o 2dx
I & e B e vt
a o2 x" ! dx
f/] " xn2ax —x* dx; g/ J-\EX—(a>0;n22).
0 0 m
1 T 1
bl (4 -m: of £ d/ 4 Gr-8)
na3 T
g I8 ;=
27 g 6n
1 dx
b/ :
J-‘11+x+\/l+x2
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2 dx s (2x+1Ddx
c/ ; d/ ;
l)(2(\/)(2+1+x) 4\/)(2—4)(+x+2
DS: al %—\/5—\/5; b/ 1;
Q2+\5)N2-1) 2J2-45
¢/ In 5 + 5

./ 8—3\/5—%1n(3+2x/§).

Bii 32. Cho 1= ;‘X;d’z; (a>0,neN)
a/ Vi gia tri nao cua n thi I khong phu thudc vao a.

b/ Tinh I v6i n tim dudgc.

pS:al n=-: b/ %1n(1+\/5).

2
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BAITAP

Bai 33. Tinh céc tich phan sau:

n nse* A/ Je
a/J-1 ? 1—e*.dx; b/ J-l Se—eldx; c/j L;
0 e +3 ' xy1-In’x
e dx ev1+In*x eInx31+1In*x
aff - Xy, iy
I'x(1+In"x ! X ! X
DS: a/ l(x/§+ln2_\/§]; b/ 4 —m; c/ E;
2 2+-/3 6
aZ e/£+lln(1+\/§); & 336 -1).
4 2 2 8
Bai 34. Tinh céc tich phan sau:
2 ln X ¢’ In(Inx).dx
a/ b/ dx; c|,—————;
J- J- (ln X lnx) 'Lz X
lln(x +1).dx e Inx.dx * In(sin x).dx
& | == el —— ﬂL——————
Vx+1 (x+1) cos” X
PS:al ~(1-2Inv2); bl ~@2e—e): o/ 2L
2 2 4e
d\2Ind-42+4; el 0; PREINENEIES
3 2 6
Bai 35. Tinh céc tich phan sau:
a/ J-OE log, (1+tgx).dx; b/ J-OZ In(1 + tgx)dx;
T . 14+cosx X
o/ J‘21n(1+s1nx) dx: d/J-I X.e dx3;
0 1+cosx O(1+e")
2
DS: a/ E; b/ E1n2; ¢/ 2In2-1; d/ Letl—lln(e—ﬂj.
8 8 4(e+1) 2 2
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Pé€ gidi phuong trinh, bit phuong trinh tich phin thong thudng trudc tién ta cin di
xdc dinh tich phan trong phuong trinh, bt phudng trinh d6, sau dé sé thu dugc mdt
phuong trinh, bt phudng trinh dai s6 quen thudc.

BAITAP

Bai 36. Gidi va bién luan phuong trinh sau véi 4n x: ZI (mt-m+2)dt=3-m
0

DS: em >4 :vd nghiém

em=4: X1:Xz:%

em=0: x:é
4

m-2++v4-m

m

e 0xm<4:x,,=

Bai 37. Bién luan theo m s& nghiém cda phudng trinh: I(t —%)dt =m —%
1

DS: o m<% : vO nghi€ém

em=—:x=1

1
2
1 .
e m>— :2nghi€ém
Bai 38. Cho I(x) = j (€ +e)dt.
0

a/ Tinh I(x) khi x = In2
b/ Gidi va bién luan phuong trinh: I(x) = m.

DS: a/ %; b/ x =Inym++v1+m?, Vm

Bai 39. Gidi cac phuong trinh sau v6i 4n x (x > 0) :

a/ I1+lntdt:18; b/J. dt :n; C/J. e‘—l.dt:Z—E;
1 NG 0 2

t We-1 2

€

wje“un2—2p+mdu:?“*+%. e/[7"".In7dt = 6log,(6x —5), v8i x > 1.
0 0
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f/ =6 - 2x(1+241-x2)
}\/ 1-t? \/1+ l—t

PS:al x=e’;x=e"; b/ x=2; ¢/ x =1n2;
d x=1; e/x=1;x=2; f/x:%.

Bai 40. Tim m d€ phuong trinh: x° + j [3t* + 4(6m — Dt —32m —1)]dt =1
1

c6 3 nghiém phan biét c6 tdng binh phuong bing 27.
DS:m=1.
Bai 41. Giai cidc phuong trinh sau:

al j (4sin*t —%)dt =0; bl j cos(t — x*)dt = sinx;
0 0

c/ J‘L:tgx véi x €[0; 1).

0 ’(1_t2)3
DS: a/ X:Kg,KeZ;

x=Kn
b/ x=tJ12n 1=0, 1, 2,... c/ x =0.

141+ m8rn
2

,m=0,1, 2...
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1.

Nhan xét:
Trong nhitng trudng hop ham dudi dau tich phan phu thudc vao tham sé n (n € N), khi d6
ngudi ta thudng ky hiéu I, d€ chi tich phan phai tinh.
1.  Hodc la doi héi thi€t 1ap mot cong thic truy hdi, titc 1 cong thitc biéu dién
I, theo cdc I,x, d diy 1 <K <n.
2. Hoic 1a chitng minh mot cong thife truy hdi cho trudc.
3. Hoic sau khi ¢6 cong thirc truy hdi doi hdi tinh mot gia tri I, cu thé€ nao

de.

Mot s6 dang thudng gip:
n/2

DangI: 1 = j sin” x.dx (neN)
0

ebPit: u=sin""'x = du=(n-1)).sin"* x.dx
dv =sinx.dx = v =—cosX.

=1 = [—sin“‘1 x.cosx]g’? +(n—1).(0,,-1,)

/2

Dang2: 1 = I cos"x.dx (neN)
0

e Pit: u=cos"' x = du=—(n—-1).cos"* x.dx
dv =cosx.dx = v =sinX.

=1 = [cos“‘1 x.sinx]§? +(n-1).0,, -1,)

n/4

Dang3: 1 = I tg"x.dx.
0

n+2

e Phan tich: tg

X = tg"x.tg’x = tg“x.( 12 - 1) =tg"x(1+tg’x —1)
cos” X

Suyra: I ,,+1 = % (khdng dung tich phan tirng phan)
n+

/2 /2

Dang 4: 1 = | x".cosx.dx va J = Ix“.sinx.dx.
0

S5 O ey~

ebPit: u=x"=du=nx""dx.
dv =cosx.dx = v =sinXx
2
T
=1 =|—| -nJ -1 1
o o
e Tuong ty: J, =0+nl 2)

eTit (1)va (2) =1 +n(n-DI_, :(g) :
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1
Dang 5: 1 :Ix“.ex.dx
0
ebPit: u=x"= du=nx"".dx
dv=e*dx =>v=e".
I =[x"e*];—-nl_,
1 _n 1
X n —X
Dang 6: 1, = [—dx hay I, = [x".e™".dx
0 € 0
ebPit: u=x" = du=nx"".dx
dv=edx =>v=—e"
=1 =[-x*e™*], +nl_,
Dang7: 1 = j In"xdx (neZ)
1
< n n—1 1
e bit: u=In"x = du=n.In" x,—dx
X
dv=dx = v=x.
=1 =[x.In"x]{-nl_, &1 =e—-nl_,.
BAITAP
Bai42. Cho I = Isin“ xdx valJ = Icos“ x.dx,vfineN,n>2.
Chitng minh cdc cong thifc truy hdi sau:
| -1 1 . . -1
I =——sin""' x.cosx + : I, J =—sinx.cos"" x + : J .
n n n n

Ap dung ta tinh Iy va J,.

I . 2
DS: o I, :—gsm2 x.cosx—gcosx+C.

°J, :isinx.cos3 x+%x+%sin2x+€.

Bai43. Cho I :Ix“.sinx.dx va J :Ix“.cosx.dx, v6ineN,n2>2.

Ching minh rang:
[ =—x".cosx=nx"".sinx—n(n—-1).I_,
J =x".sinx+nx"".cosx—n(n-1).J_,.
Ap dung ta tinh I, va J,.
DS: o I, =—x" —cosx +2x.sinx +2cosx +C.

e J, =x’sinx +2xcosx —2sinx + C.
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Baid4. Cho I, = [x".e"dx,neN,n>1.
Ching minhrang: 1 =x"e*-nl__.
Ap dung tinh Is.
DS: I, = e (x” —5x* +20x’ —60x*> +120x —120) + C.

n/2

Bai45. Cho I = j sin” x.dx, (neN)
0

a/ Thiét 1ap cong thitc lién hé gitra I, va I,
b/ Tinh I,.
¢/ Ching minh ring ham s6 f: N - R v6i f(n) =(n+1DI_.I

n+l°

n/4
d/ Suyral = _[ cos” x.dx.
0
(n—l)(n—3)(n—5)...1.£’ 1 chin
n(n-2)(n—-4)..2 2
DS: b/ I(n)=

(n=D(n-3)(n-5)...2 01
n(n—-2)(n—4)...3

¢/ f(n):f(O):IO.Ilzg. & T =1.

n/4
Bai46. bat; I = I tg"x.dx, (n € N)

0

Tim hé thitc li€n hé gitta I, va I,,».

DSs: 1 +1 ,= ! .
n+1
.. X" .
Bii 47. Cho In:j dx, (n e N")
0

N/

Chitng minh riing: (2n+1I_+2nI_, =242.
1 —nx
Bai48. Cho I, =[—

0

a/ Tinh I].
b/ Tim hé thitc gitra I, va I,_;.
2e

1
bS: a/ [, =In—; b/ I = (e™-1)
1+e 1-n

dx,(neN")

—X

1-e
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e  Cho hai ham s6 f(x) va g(x) lién tuc trén [a ; b]

b
Dang 1: N&u f(x)>0, Vx e [a; b] thi: J.f(x) >0

dau “=” xdy ra khi f(x) =0, Vx €[a; b]

b b
Dang 2: D€ ching minh: J.f(x).dx < J.g(x).dx.

® ta cAn chitng minh: f(x) < g(x), Vx €[a; b]
» ddu “=” x4y ra khi f(x) = g(x), Vx €[a;b]

» 10i 14y tich phan 2 V€.

b
Dang 3: D€ ching minh: J.f(x).dx < B (B la hing s0).

f(x) < g(x), Vx €[a; b]

® ta tim mot ham s6 g(x) thda cic diéu kién: "%
j g(x).dx =B

b
Dang 4: PE chiing minh: A < J.f(x).dx <B.

® ta tim 2 ham s6 h(x) va g(x) thda diéu kién:
h(x) < f(x) < g(x), Vx €[a; b]

b b
j h(x).dx = A, j g(x).dx =B
= Hodc ta chitng minh: m < f(x) <M, v6i m = minf(x), M = max f(x)

b b
sao cho: J.m.dx =m(b—a)=A, J.M.dx =M(b—-a)=B.

b b
Dang 5: |[f(x).dx| < [If(x)Idx.
dau “=" xdy ra khi f(x)>0, Vx €[a;b]
= BDT (5) dugc suy ra tr BDT dang 2 v6i nhan xét sau: Vx €[a; b], ta ludn cé:
—1f(x) 1< f(x) < 1 f(x) ]
b b b
o - j | £(x) dx < j f(x).d(x) < j If(x)Idx  (I&y tich phan 2 v&)
b a b a a
YN j f(x).dx| < j | £(x)1.dx.
Ghi chii:
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1. Thuc chit chitng minh bat ddng thiic tich phan chinh 12 chitng minh:

f(x) < g(x), Vx e[a;b]. Néu diu “=” xdy ra trong bat ding thifc f(x) < g(x) chi tai

(13 ”

mot s6 hitu han di€m x [a; b] thi ta c6 thé bd dau

trong bat ding thiic tich phan.

2. Do BPT la mot dang toan phifc tap, nén mdi dang trén c6 nhiéu k¥ thuat gidi, vi vay
trong phan bai tap nay, khong di theo titng dang trén ma di theo tirng k§ thuat gidi.

K7 thudt 1: Dung phuong phap bién ddi tuong duong hoic chiin trén, chin dudi

BAI TAP
Bai 49. Chitng minh c4c bat ding thifc:
1 0 x".dx 1

w2

b/

T dx
20%/5<'([\/31+X6 <2—0 g<}[\/4—x2—x3 )

2007

1 1/2 dX

1

o L J- < 1 . J/ J- cosx.dx
50
Bai 50. Chitng minh c4c bat ding thifc:

/2 1
1 2
al E<j e x gy < &1 b/ 1——sje*dng
2 2 €

0<

0
fe SlIlX T
e T 12e

t 4

. Cho I(t) = -[c:)gs ;x dx,v6i O0<t< Z Chitng minh ring: tg(t+ ) > e?

o3
oo
—
()}
[—

oo,
o
—-
W
[\

X

2
. bat: J(t) = I(ln jdx véit> 1.

1

Tinh J(t) theo t, tir d6 suy ra: J(t) <2, Vt > 1.

<
' (3+2cosx)”  2(3++/3) A 2007

7(tg t+3tgt)

K7 thudt 2: Dung bat ding thic Cési hay Bu Nhia Cép Ski

BAITAP
Bai 53. Ching minh céc bat ding thic:

/2

j Jsinx(2+ 34sinx)(7 — 4/sin x )dx < 2~

/3

_[ A cosx(5+7+/cosx —6cosx)dx < —

n/4
Ix/lnx(9—3\/1nx —21Inx)dx < 8(e—1)
1

Bai 54. Chitng minh c4c bat ding thifc:
n/3
al _[ (V8cos? x +sin x +/8sin x + cos® x )dx < nv2

0
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b/ I(\/3+21n2x +5-21n2x)dx < 4(e —1)
1

Bai 55. St dung bat dang thifc dang 5 chitng minh:
-
4 b

j- sin x\/; dx

J-3cosx—4sinx
1+x°

a/ b/ > S—E
X +1 4

. Ig

0

K7 thudt 3: Sit dung GTLN — GTNN ctia ham so trén mién 1ay tich phan biing bang
bién thién.

BAI TAP
Bai 56. Chitng minh cic bit ding thic:
2 1
al z<j Xz'dx <L b/ 0<jx(1—x)2.dx<i;
5 9x°+1 2 0 27

11
o 5442 < j(Jx+7 ++/11-x).dx <108;
-7

NI dx 213
< I < )

3 o\/cos2x+c0sx+1 3

2
d/ 2674 < je dx <2¢% el
0

K7 thudt 4: St dung tinh chat dong bién, nghich bi€n ciia ham sé biing cach tinh dao
ham

BAITAP
Bai 57. Chitng minh céc bat ding thic:

y ﬁ - ”jﬁ sinx.dx 1

n/4

X 2

2

2n
b/ 2m7 < I\/(2+sinx)(6—sinx).dx < 2m/15.
0

1 1
¢ e*>1+x,Vx#0.Suyra: Ie‘*"zdx >
0

n+4

200
&/ e =x Vx.Suyra: [e™ .dx<0,01.

100

4
e/ 1<1nx<§,V6ix>e.Suyra:O,92<j dx <1.
e 3 vInx

K§ thudt 5: S& dung ba't ding thiic Bu Nhia Cép Ski trong tich phan bai tap 9.16

BAI TAP

Bai 58. Chitng minh riing néu f(x), g(x) 12 hai ham s6 lién tuc trén [a ; b] thi ta c6:
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b 2y b
( j f(x).g(x).dxj < j £2(x).dx. j o2(x).dx.

(BDT trén goi la BDT Bua Nhia Cop Ski trong tich phdn)
Bai 59. Chitng minh ring:

I 2 I
( j f(x).g(x).dxj < j f(x).dx. j g(x).dx
0 0 0

Bai 60. Cho f(x) 12 ham s& x4c dinh lién tuc trén [0 ; 1] va f(x)| <1, Vx €[0;1].

Ching minh rang:

j‘«/l—fz(x).dx < \/1—Uf(x).dxj .
0

0

1
Bai 61. Biét 1n2:j
0X

dx . Chitng minh: Ln2 > z
+ 3
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e Trong bai todn tim giGi han cta tich phan thudng c6 2 dang sau:

t
Dang 1: Tim lim j f(x).dx, (t>a)
t—o0

t
Ta tinh tich phdn I f(x).dx phu thudc vio t, sau d6 dung dinh ly vé gi6i han d€ tim

két qua.

b
Dang 2: Tim lim [f(x, n).dx, (neN)
b
* Dung BPT tich phan dem tich phan vé dang: A < If(x, n)d(x)<B

b
— lim A < lim j f(x,n).dx < lim B

n—oo n—oo n—oo

b
e Sau d6, néu: limA=limB=1 thi lim j f(x, n).dx =1

n—o0 n—o0 n—o

* Nhdc lai dinh 1y ham kep:

“Cho ba ddy s8 a,, b, c, cing thod min cdc di€u kién sau:

VneN',a <b <C, K de i 1
lima =limC, =1 = 0 Bt

n—oo n—oo

BAITAP
Bai 62. a/ Tinh I(x) = J.L x>1 b/ Tim lim I(x)
L t(t+1) X400
DS:a/ In 2x ; b/ In2.
x+1
In10 ex.dx ‘

Bai63. a/ Tinh I(b)= | b/ Tim lim I(b)

. 3/ex_2’ bIn2
bS: a/ 2[6—1(&—2)2’3} b/ 6.
2 2

1 _—nx
Bai 64. Cho I, = [~ dx
) 1+e€

(neN")

—X
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Tinh I, +1, ,, tor d6 tim lim I .
2
pS:a/ Ind+ln— L Ind.
(t+2)

X

Bai65. a/ Tinh I(x) = j (> +2t).e'.dt. Tim lim I(x)

X——0
0

t2t. Int.dt
b/ Tinh I(x) = [Z2—— ). Tim lim I(x).
foh 1(x) { Qe 7D Tim him 1)

DS: al 0; b/ Inv2.

em

Bai 66. a/ Tinh theo m va x>0 tich phan: I_(x)= I t.(m —Int).dt.

X

b/ Tim lim I_(x). Tim m d€ gidi han nay bing 1.

x—0"

DS: a/ i[ezm+2lenx—(2m+1)x2] b/ iezm;m:InZ.

Trang 130




Tran ST Tang

Tich phan

UNG DUNG CUA TiCH DHAN

Vén dé 1: DIEN TiCH HINH THANG CONG

1. Dién tich hinh thang cong gidi han bgi 4 dudng:

(©):y=1(x)
y = 0 (truc hoanh Ox) o ) ®
dudc tinh bdi cOng thic: S = I|f(x)|dx (1)
X=a .
x=b (a<b)
2. Phuong phap giai todn:
* Ta cAn phdi tim diy di 4 dudng nhu trén
* va vi cAn phai bd diu gid tri tuyét d5i nén ta c6 2 cdch gidi sau:
Cdch 1. Phuong phap d6 thi:
* V& dd thi (C):y=f(x) vdix € [a ;D] yt
al Truong hop 1: (©): y =1(x)
N&u b thi (C) niim hoan toan W
trén truc hoanh Ox (hinh a) thi: ol a b
b (Hinh a)
(1)< S= jf(x).dx
. y
b/ Truong hop 2: T a b ‘
Né&u d@6 thi (C) nim hoan toan 0 &N
dudi truc hoanh Ox (hinh b) thi:
b Hinh
(1) & S=-[f(x).dx (Hink @)
¥ (€):y=1(®

¢/ Truong hop 3:
Né&u dd thi (C) cit truc hoanh Ox tai mot diém

¢6 hoanh do x = x, (nhu hinh c) thi:

X0 b ot
(1) < S= jf(x).dx+ j|—f(x)|.dx [Sosies]  (Hinho)

*  Ghi chii: N&u f(x) khong ddi dau trén doan [a ; b] thi ta ding cong thifc sau:

S=

b
jf(x)dx

Trang 131




Tich phén Tran ST Tung

Cdch 2. Phucng phap dai so:

 Giai phuong trinh hoanh dé giao di€m : f(x) =0 (*)

e Giai (*) d€ tim nghiém x trén doan [a ; b].

e Né&u (¥) v nghiém trén khodng (a ; b) thi ta xét dau f(x) trén doan [a ; b] &€ bd dau
gi tri tuyét d6i hoic ta sif dung truc ti€p cong thifc sau:

S =

b
jf(x)dx

e N&u (*) c6 nghiém x = X, va f(x)

c6 bang xét ddu nhu hinh bén thi: Xo b

« | a |
f(x)N+ 0 —N

S = )]‘Of(x)dx - ]1 f(x)dx.

X0

Ghi chii:

(1) Dién tich S lu6én 1a mot gid tri dudng (khong c6 gid tri S <0).

(2) V6i cau hoi: “Tinh dién tich giGi han bdi (C): y = f(x) va truc hoanh” thi ta phai tim
thém hai dudng x = a, x = b d€ 1am can tich phan, hai dudng nay chinh la giao diém
cda (C) va truc Ox, la 2 nghiém clia phuong trinh f(x) = 0 (theo phuong phap dai s0).
V6i cau hdi don gidn hon nhu: “Tinh dién tich giGi han béi dudng (C) : y = f(x) thi ta
phai hi€u dé 1a sy gidi han bdi (C) va truc hoanh.

(3) Mot s6 ham c6 tinh d6i xitng nhu: parabol, dudng tron, elip, hAm gid tri tuyét ddi, mot
s6 ham cin thifc; 16i dung tinh ddi xitng ta tinh mdt phan S rdi dem nhan hai, nhin ba,
... (cling c6 thé st dung tdng hoic hiéu dién tich).

(4) Phin 16n dang to4n loai nay ta nén ding phuong phdp d6 thi hiéu qua hon; mot so it
phdi dung phuong phap dai s nhu ham lugng gidc vi vé db thi khé.

Trang 132




Tran ST Tung Tich phén

Vén dé 2: DIEN TiCH HINH PHANG G101 HAN BG1 HAI BUGNG (C,), (C2)

1. Dién tich hinh phing gidi han béi hai dudng (Cy), (C,)

(C)):y =1(x)

C,)y= h

(Cy=80) e tinh bi cong thite: | S= [lfe0 —g(o)]dx
X=a a

X=Db (a < b)

2. Phuong phap giai todn:
Cdch 1. Phuong phap d6 thi:
* Trén cing mit phang toa do ta vé& 2 dd thi: (C,):y =f(x) va (C,):y =g(x).

al Truong hop 1: (C;) khong cit (C,) y
» Xdc dinh vi tri: Trén doan [a ; b] thi (C;) nim trén

(C,) hay SCQ) nam trén (C;) bing c4ch vé r,n(f)t _g[\(C])
dudng thang song song vdi truc tung Oy cat hai A
d6 thi tai M va N.

34—y

Khi d6 n€u M & trén N thi dd thi chita M s& nam trén dd thi 0f a b X
chuta N. (hinh 2a)
b
= N&u (C)) nim trén (C,) thi: S = j[f(x)—g(x)]dx. (h.2a)
a yh

b
= N&u (Cp) niim trén (C,) thi: s:j[g(x)—f(x)]dx. (h.2b) M ey

= Trong trudng hop 1, ta ¢é thé dung truc tiép cong thic sau: "A/(CQ
0] a b b
b
S= j[f(x) — g(x)]dx|. (hinh 2b)
b/ Trudng hgp 2: (C,) cit (C,) tai diém I ¢6 hoanh do x,.
X( b
S= j |2(x) — (x)| dx + j |£(x) — g(x)| dx .
- - (Csy = %)
Hodc dung cong thic sau:
. (Cy):y =g(x)
XO .
S =|[ [F0)— goldx| +| [ [F(x) - g(x)]dx b X
a X0

Cdch 2. Phueng phap dai so:
» Lap phuong trinh hoanh d6 giao diém: f(x) = g(x) (%)
= Né&u (¥) vo nghiém trén khodng (a ; b) thi ta xét hiéu f(x) — g(x) d€ bd dau | I”.

=  N&u (*) c6 mdt nghiém X, thudc khodng (a ; b) thi:
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X0 b
S = j |£(x) — g(x)|dx + j |£(x) — g(x)|dx

roi xét lai tir dau trén cdc doan [a; x,] va [x,;b].

Ghi chu:

(1) Trong thyc hanh ta nén diing phudng phap dé thi.

(2) Khi giao di€m cda (C,) va (C,) khong chic chin nhu s& hitu ti hoic s& v ti, ta nén
thue hién thém viéc gidi phuong trinh hoanh dd f(x) = g(x) cho chinh xac.

(3) Hoanh do giao di€m cia (C;) va (C,) 1a cdc cin cia tich phan.

(4) Trén day khi tinh dién tich ta da coi x 12 bi€n, y 12 ham. Tuy nhién trong mot s6
trudng hop ta coi y la bi€n cda ham x (nghia 1a x = f(y)), khi d6 viéc tinh dién tich s&
don gian hon.
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= Xétdaidién 4 dudng (C,), (C,), (Cy), (C,). v4
N g . (Cy (Cy)
» Ta dung phudng phdap do thi (duy nhat) (Cy)
” C
= V@ 4 dudng trén cing mot mdt phang B ’ |
v xdc dinh hoanh do giao di€m giita ching (C3) %6
X1, X2, X3, A |
(X1, X2, X3, X4) Z o
= Dién tich hinh phdng S cin tim: S=S, +S, +S, : >
0 X1 X2 X3 X4 X
X1 X3 X4
& 8= [[(C)=(CIdx + [[(C,)~(CIdx + [ [(C,)—(C,)ldx.
X1 X2 X3
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Vén dé 4: DIEN TiCH LGN NHAT VA DIEN TiCH NHO NHAT

Tim dién tich 16n nhit va nhd nhat clia hinh phing S.
Phuong phap:
= Thiét 1ap cong thic tinh S theo mot hoic nhiéu tham s6 clia gia thiét (gid si 1a m), tic
la, ta c6: S = g(m).
= Tim gid tri I6n nhat, gi4 tri nhd nhit clia g(m) bing mot trong cdc phuong phap:
+ Tam thic bac hai
+ BAt ding thitc Cosi hoic Bu Nhia Cop Ski.
+ St dung dao ham
Chii y: Cac can a, P thudng 18y tif nghiém x;, X, 12 hoanh dd giao diém ctia (C) va (d).

Vidu 1: (Vdn dé 1): Tinh dién tich cia mién kin gidi han bgi dudng cong
y =xv1+x?, truc Ox va dudng thing x = 1.

Gidi:
*  Pudng cong (C): y=xv1+x> cit truc hoanh Ox khi: xv1+x*>=0< x=0.
* Tacé: xvI1+x> 20, véi moi x €[0; 1]. Do d6 dién tich S cin tim 1a:
1

S:jx 1+ x> .dx.

0
* Pat: uvl+x? = v’ =1+x* = 2udu = 2xdx = u.du = xdx.

* Pdican: x=0=u=1; X=1:>u=\/§.
V2 w3 2
Ta c6: S= | u’du :(?j

0

*

- %(2& ~1) (dvdt)

0

Vidu 2: (vdn dé 1): Tinh dién hinh phing gi6i han bdi cdc dudng

_~Il+Inx

y=—;x=1,x=e.
X
Gidi:
. . tV1+1
*  Dié€n tich hinh phang S can tim: S= Iﬂdx
X
1

*

Pit: u=+I1+Inx => v’ =1+Inx = 2u.du:ldx.

X
PGicin: x=1=u=1; X=€:>u=\/5.

2 \/E
(3 3)
1

*

*

Taco: S=

N
I 2u’.du
1

_ E(zﬁ —1‘ - %(2\5 ~1) (dvdi)

Vi du 3 (vdn dé 2): Tinh dién tich hinh phing gidi han bgi cdc dudng:

y=x"—2Xx vdy=—x"+4x.
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Gidi: )
*  Phuong trinh hoanh d6 giao diém clia 2 dudng: ’
x> —2X = —x" +4x al---- (Py)
& 2x*-6x=0 < x=0hay x =3. Sl G A

* Po thi (P)): y=x>-2x va (P):y =—x* +4x

nhu trén hinh vé.

()

W----=--=-=
/

N

Hai dd thi cit nhau tai 2 di€m O(0 ; 0) va A3 ; 3).

*  Dién tich hinh phing S cin tim:

T (P2)

3 3 3 ’
S=[[-x* +4x) ~ (x> ~2x) Jix =[(-2x> + 6x)dx =(—2%+3x2j =9 (dvdr)
0 0

Vi du 4 (vdn dé 2): Parabol y* = 2x chia hinh phdng gidi han bgi dudng tron

x* +y> =8 thanh hai phan. tinh dién tich mdi phin d6

Gidi:
*  Phuong trinh hoanh d6 giao diém clia (P): y* =2x va (C):x* +y* =8;
2 4 2 X = 2 — y = iz
X +2x=8(v61x20) =< x " +2x-8=0< )
x =—4 (loai)
Toa d6 giao di€m B(2 ; 2), C(2 ; -2).
*  Ta tinh di€n tich tam gidc cong OAB; yt (P)

2 22 B
it S, =So., = [V2xdx+ [ V8-x>.dx ﬂ
0 2

A R
2 2 o 2 ;(
) 2 8 ! 2\2
vii: J‘\/2x.dx:(\/5.—\/x73) =—. NN
0 3 0 3 _ C
242
Tinh: j §—x>.dx =1L
2
biat: x = 2«/§.sint = dt= 2\/5.cost.dt.
PSicin: x=2=>t=n/4; x=22=t=n/2
n/2 n/2 n/2
1 2t
=1= I 2\/§.cost.2\/§.cost.dt = SI cos’t.dt=8 I &dt
n/4 n/4 n/4
. 2t n/2
:4(t+Sln ) =n-2.
2 n/4

* Do d6: S, :§+n—2:n+%.

.. 4
* Do tinh d61 xdng nén: Sz, =2.Sg,p =27 +§.

Trang 137




Tich phén Tran ST Tung

*  Goi S 1a dién tich hinh tron (C) = S=n.R* =8n
. s ) 4
* Goi S, 1a phan di€n tich hinh tron conlai =S, =S-S,;,. =8n —(2% +§)

< S, =67t—%.

Vidu 5 (vdn dé 4): Chitng minh ring khi m thay ddi thi Parabol (P): y = x> + 1 1udn cit
dudng thing (d): y = mx + 2 tai hai di€ém phéan biét. Hiy xdc dinh m sao cho phan dién
tich hinh phing gidi han b3i dudng thing va parabol 12 nhé nhat.

Gidi:

*  Phuong trinh hoanh d6 giao diém ctia (P) va (d):
X>+l=mx+2 x> -mx—-1=0 (1)
A=m’+4>0,Vm
*  Vay (d): ludn cit (P) tai 2 di€m phan biét

A, B ¢6 hoanh d6 x;, x, 1a nghiém cda (1).
* Dién tich hinh phing S la:

X9 3 2 X2
S= [ (mx+2-x>~1)dx :(—X—erx +xj
3 2

v

Xy X1

1 m
:——(x; —xf)+?(x§ —X12)+(X2 -X,)

3

1
= —g(x2 —xl).[2(x§ + XX, +X12)—3m(x2 +x1)—6]

= —%\/mz +4.[2(m? +1)-3m* -6 = l\/(m2 +4) > %.

6

Viy: minS:§ khi m =0.

Vi du 6 (vdn dé 3): Tinh dién tich hinh phing gidi han bdi cic dudng:
, . xX027

=X , =—, = —.
y y 3 y n
Gidi:
2
% A o o2 X Lo 2T v
Do thi (P):y=x>,(P,):y 8,(H).y " P,)
nhu trén hinh vé. A A P,)
2
*  Phuong trinh hoanh d6 giao diém clia % (H)
(Py) va (H): 2----- a8
27 iy 740
=2 o x=27< x=3> toa d0 AG, 9). o
X | | |
*  Phuong trinh hoanh do giao di€m ctia (P,) va (H): 0 3 6 9 x
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2
X2 -6 toa dC)B(@g).
8 X 2

* Dién tich hinh phing S can tim:
3 2 6 2
S=S,+8, = [(x* ~2-)dx +I(2—X—jdx —...=27In2 (dvdt).
0 8 X 8

3

Vidu 7 (védn dé 3): Tinh dién tich hinh phing gidi han bdi cdc dudng: parabol (P):
y =4x — x> va cdc dudng ti€p tuyén v6i parabol nay, bi€t ring cic ti€p tuyén d6 di qua
M(5/2, 6).

Gldl yu
*  Phuong trinh dudng thing (d) qua M hé sd géc K: (d) (dy)
5 6l
=K|x—=|+6
y=x(x-3)
* (d) ti€p xiic (P) khi hé sau c6 nghiém: 4l
4x—x2:K(x—§)+6 (1) 3l--A
4-2x=K 2) o
* Thé (2) vao (1) ta dugc: o
dx %% = (4= 2X)(X—2)+6 L :
2 / 0 1 252 4 X
5 x=1=K=1
S X -5x+4=0&
x=4=K=-4

*  Vay ¢6 2 phuong trinh ti€p tuyé&n 1a: (d,):y =2x+1; (d,):y=—4x+16

*  Dién tich hinh phing S cin tim:
5/2 4 9

S=S,+8S, = j (2x +1—4x +x>)dx + j (—4x+16—4x+x2)dx:...:Z (dvdt).
1 512

Vi du 8 (van dé 3): Tinh dién tich gi6i han bdi cdc dudng: vy =|x> —4x+3| va y =3.

* V& d6 thi (C): y=f(x)=x>—-4x+3 Y
f(x), f(x)>0
—f(x), f(x)<0

(C)
* Xétddthi (C): y:|f(x)|:{

*  Tir @b thi (C) ta suy ra do thi (C’) nhu sau:
{+ Giit nguyén phin d6 thi (C) nim trén Ox

+ LAy d6i xitng phan dd thi (C) nim dudi Ox qua truc hoanh

*  Po thi (C’) 12 hop clia 2 phan trén
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*  Pudng thing y =3 cit (C) tai A0 ; 3), B(4 ; 3).
* Goi S 1a dién tich hinh phdng can tim.
* Do tinh d6i xitng nén ta co:

S=2(S,+S,)

2 1 2
:2.I(3—|x2 _4x+3))dx =2 [[3- (x> —4x+3)Jdx + [[3- (—x" + 4x - 3)]dx
0 0 1

= 8 (dvdt)

Béng xét dau:
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BAITAP
Bai 1. Cho Parabol (P): y=x"-4x+3 va dudng thing (d):y=x—1.
Tinh dién tich gidi han bdi:
a/ (P) va truc Ox; b/ (P), truc Ox va truc Oy;
¢/ (P), truc Ox,x =2 va x=4; d/ (P)va (d);
e/ (P),(d),x=0vax=2.
4

DS: a/ i; b/ —; c/ 2; d/ 2; e/ 3.
3 3 2
Bai 2. Tinh dién tich giGi han bdi cac dudng:
1
a/ (C):y=x+— o , tiém cin xién cia (C), x = 1 va x = 3;
b/ 'y =x(x+1)°, truc Ox, truc Oyvax=1;
o/ 2y-1P=xva (y-1>=x-1;
d y=x"-2x+2,y=x"+4x+5y=x"—4x+3 vay=1;
2
1 .
e/ y:X—,y——,y i (v61 x > 0).
8 X X
DS: a/ l; b/ ﬁ c/ i; d/ 2; e/ 7In2.
3 35° 3 4

Bai 3. Tinh dién tich giGi han bdi:
a/ (C):y=x>-2x va ti€p tuyén vdi (C) tai O(0 ; 0) va A(3 ; 3) trén (C).
b/ (C) :y=x’-2x*+4x-3,y=0 va ti€p tuyén véi (C) tai ti€p di€m c6 hoanh

do x=2.
DS: a/ 2; b/ i
4 48

Bai4. Cho Parabol (P): y? =x va dudng tron (C) : x* +y* —4x +% =0.

a/ Ching té (P) va (C) ti€p xtic nhau tai A va B.
b/ Tinh dién tich hinh phiang gidi han bdi (P) va cdc ti€p tuyén chung tai A va B.
I BN W
2 2 6 4 2 2 6 4 2
Bai 5. Pudng thing (d): x — 3y + 5 = 0 chia dudng tron (C): x* +y” =5 thanh hai phan,
tinh dién tich mdi phan.
DS: S, :S—E—g; S, :15—n+§.
4 2 4 2
Bai 6. Tinh dién tich hinh phing gidi han bdi cic dudng
a/y:xz,y:\/;. b/ x-y +1=0;x+y-1=0.

o/ X>+y’ =8y =2x. dy=2-x%y =x".
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X 1
ely= 1 x=0;x=—.
1-x* \/E
ps: a/ L by 2 o 2me . ;32 of =
3 4 3 15 12

Bai 7. Tinh dién tich hinh phing gii han bdi cdc dudng:

al y=xe'y=0;x=-1;x=2. b/ y=xInx;y=0;x=1x=e.

¢ y=e;y=e;x=1. d y=5"%y=0x=0;y=3-x.
e/ y=(x+1);y=e";x=1.
2 1 1
bS:al e*?-Z+2; b/ —(e*-1); ¢ e+—-2;
3 4 2
d/ 24 +l; e/ é—e.
25In5 2 2
Bai 8. Tinh dién tich hinh phing gidi han bdi cdc dudng:
2
a/ y:%+2x vay=x+4; b/ y=-x*+2Ix|+3 va 3x+5y-9=0;
) S |
c y= vay=0;x=1;x=2; d/ y:|lnx|;y:();x:—vax:e.
x| +1 e
DS: a/ 2—6; b/ E; c/ l—lnz; d/2—z.
3 6 3 e

Bai 9. Tinh dién tich hinh phing gidi han bdi cdc dudng:

a/ y=sinx+ cos® X, cdc truc toa dd va x = ;
) . . A . T
b/ y=sin"x+sinx+1, cac truc toa dd va X=E.

¢/ y=x+sinx;y=x;x=0;x=2m.
d/ y:x+sin2x;y:7t;x:();x:7t.

ps:al 2+ b/ 1428, o/ 4 aZ
2 2 2

Bai 10. Dién tich gidi han bdi cac dudng thing x = —1; x = 2; y = 0 va Parabol (P) bing
15. Tim phuong trinh cia (P), bié€t (P) ¢6 dinh 1a I(1 ; 2).

DS: y=3x>-6x+5.

2
. . 2 o« pe 2, 2 - .« A A .« A
Bai 11. Tinh dién tich hinh phing gi6i han bdi (C): y = L’f tién can xién
X+
x =0 va x =m > 0. Tim gidi han ctia dién tich nay khi m —+ oo.
m+2 .
DS: S:3ln( ); lim S = +o0.
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Bai 12. Cho (H): y=—2*.
x—1
a/ Chitng minh ring hinh phing dugc gidi han bdi (H), tiém cin ngang va cic
dudng thing x =a + 1; x = 2a + 1 ¢6 dién tich khong phu thudc vio tham sb a
duong.
b/ Lap phuong trinh ti€p tuyén (d) ctia (H) tai goc toa do. Tinh dién tich hinh
phang gii han bdi (H), (d) va dudng thang x = 2.
DS: a/ 2In2; b/ 2In3.
Bai 13. Cho Parabol (P) :y = x*. Hai di€m A va B di dong trén (P) sao cho AB =2.

a/ Tim tap hop trung di€ém I ciia AB

b/ Xdéc dinh vi tri cda A, B sao cho dién tich ctia phan mit phing gi6i han béi (P)
va cat tuyén AB dat gid tri 16n nhat.

DS: a/ y:x2+ﬁ; b/ maxS=1; A(-1; 1);B(1; 1).
+4x

. 2 . - 2 1

Bai 14. Budng thang (D) di qua di€m M(E; 1) va cdc ban kinh truc duong Ox, Oy lap
thanh mot tam gidc. Xdc dinh (D) d€ dién tich tam gidc c6 gi4 tri nhd nhat va tinh
gia tri do.
DS: (D):y=-2x+2.

Bai 15. Cho Parabol (P): y = x*. Viét phudng trinh dudng thdng (d) di qua I(1 ; 3) sao cho
dién tich hinh phing gidi han bdi (d) va (P) dat gi4 tri nhd nhat.
DS: y=2x+1.

Bai 16. Trén Parabol (P) : y=x> 1ay hai di€m A(-1 ; 1) va B(3 ; 3). Tim di€ém M trén
cung AB ciia (P) sao cho tam gidc MAB c¢6 dién tich 16n nhat.
bS: M(l; 1)

39
Bai 17. Xét hinh (H) gi6i han bdi dudng tron (C): y=x>+1 va cic dudng thing

y =0; x =0; x = 1. Ti€p tuyén tai di€m nao cda (C) s& cit tir (H) ra mot hinh thang
c6 dién tich 16n nhat.

DS: maxS:é;M(l; 2)
4 2 4
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Chii y: Khi tim thé tich clia vt thé tron xoay ta cAn xdc dinh:
*  Mién hinh phfmg (H) sinh ra. ((H) gi6i han bdi 4 dudng: x =..., X =...,y=..,y =...)
* (H) quay quanh truc Ox hoic truc Oy d€ ta ding cong thifc thich hgp.

Néu (H) quay quanh truc Ox thi hAm duéi dau tich phan la y = f(x), bi€n x va hai cin
12 x. Néu (H) quay quanh truc Oy thi ham duéi dau tich phan Ia x = f(y), bi€n y va hai
canlay.

Van dé 1: Thé tich vat tron xoay do hinh phing (H) giéi han bdi 4 dudng:
(C):y=1(x); y=0; x =a;x =b (a < b)sinh ra khi quay quanh truc Ox dugc tinh bdi cdng

thuc:

b b
V= njyz.dx = nj[d(x)]z.dx

yh

ﬂﬁw

b b
Dién tich: S= j [£(x)|.dx Thé tich: V=n j [f(x)].dx

(C

v

Van dé 2: Thé tich vat tron xoay do hinh phing (H) giéi han bdi 4 dudng:
(C):x =1(y), x=0,y=a, y=b (a<Db)sinh ra khi quay quanh truc Oy dudc tinh bGi cdng

thuc:

b b
V= nsz.dy = nj[f(y)]z.dy

v
v =

b b
Dién tich: S = [|f(y)|dy. Thé tich: V =r[[f(y)]* dy
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Van dé 3: Thé tich vat tron xoay do hinh phing (H) giéi han bdi 4 dudng:
(C):y=1(x),(C,):y=g(x),x=a,x=b (a<b) v6i f(x) va g(x) cung diu) sinh ra khi
quay quanh truc Ox dugc tinh bdi:

b
V= nj|f2(x)— £x)|ldx | 3)

*  f(x) va g(x) cing diu c6 nghia 13 hai phan do thi ciing nim mot phia d6i vdi truc Ox,
véi moi x € doan [a; b].

* P& bd ddu “I I” trong cong thitc (3) ta chid ¥ cdc trudng hop sau:

ya
TH1: (C)) n(C,)=9 va f(x) > g(x) >0, Vx € [a; b]:
(3) & V=nf[’(0- g (x)]dx 7 A,
a 0| a b ;
yh
TH2: (C,) n(C,)=D va f(x) < g(x) <0, Vx € [a; b]: 0| a ~ b .
b + *
(3) & V=r[f*(0-g (x)]dx R} 2‘,’:}’3 EE;
Y,

TH3: (C,) cdt (C,) tai?2 di€m A, B c6 hoanh do

x=a, x=bva d(x) > g(x) >0, Vx €[a; b]: 77@?((&)
a b \

b
(3) < V=nf[f*(x)—- g’ (x)]dx 5

2 yﬂ
TH4: (C,) cidt (C,) tai2 di€m A, B ¢6 hoanh do
(Cp
x =a va f(x) < g(x) <0, Vx €[a; b]: a ~ b/
b 0 x
(3) & V=l (x) - (x)ldx 1B B ey
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THS: (C,) cit (C,) tai3 di€m A, B, C, trong d6 x, = a
(Cy
xp = b, xc = ¢ vdi a < ¢ < b nhu hinh bén: 1

B3)e V=V,+V,

c b
= [ ()~ g* (0ldx + [ [¢° ()~ £ () ]dx.

Van dé 4: Thé tich vat tron xoay do hinh phing (H) giéi han bdi 4 dudng:
(C):x=1(y), (C,):x=g(y),y=a,y=b (a<b) vé6i f(y) va g(y) cung dau) sinh ra khi
quay quanh truc Oy dudc tinh béi:

b
V=afltm-geldy | @

TH1: (C) n(C,) =D va x,=f(y)>x, =g(y) =0,

v6i moi y €[a; b].

b
4) < V=r[lf*(y)-g (y)ldy

MY

TH3: (C,) cit (C,) tai 2 di€m A, B c6 tung do Y .
. C g
y,=a<yg=b va x,=f(y)>x, =g(y)>0, ‘b\ B
v6i moi y €[a; b].
X2
b X
4) < V=r[lf*(y)- g (y)ldy ) A
a -~ A X'

* Cdc TH2, TH4 va THS thuc hién tuong tu nhu vin dé 3.

Vidu 1: Xét hinh phing gi6i han bdi (P) : y* = 8x va dudng thing x = 2. Tinh thé tich
khdi tron xoay khi quay hinh phing néi trén:
a/ quanh tryuc hoanh

b/ quanh truc tung.

Gidi:
al (P):y>=8x & (P):y=%/8x (x>0)

Thé tich V khdi tron xoay sinh ra khi quay hinh phing gi6i han bdi (P) va x = 2 quanh
truc Ox la:
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2 2

V=n I y2dx = j 8x.dx = 167 (dvtt). /P)
0 0

4

2

b/ (P):y2:8x<:>x:%y

Thé tich V kh&i ... quanh truc tung la: 0% 2

4 2 4
1 1 8997

27| =y’ = 27—yt ldy=...= dvtt).
(8y j }du ni( 64yj y 3 (dvtt)

x"

x=2

V= n_[
-1

Vidu 2: Goi (H) Ia hinh phing gidi han bdi truc hoanh va parabol (p) : y =2x —x". Tinh

thé tich ctia khdi tron xoay khi cho (H)

a/ quay quanh truc hoanh

b/ quay quanh truc tung.

Gidi:
a/ Thé tich V khdi tron xoay khi quay (H) quanh truc hoanh 1a:
2 2
1
V:n_[yz.dx:n_[Qx—xz)zdx: :ﬂ (avtt). y4
0 7 15
b/ (P):y=2x-x"<x*-2x+y=0 (1) l-X---- (P)
1
A=1-y>0e 0<y<l %
x, =1-J1-y,(0<x <1 0 1 2\ x
1) < 1 ¥, ( (<D

X, =1+41-y,(1<x,<2)

Thé tich V khdi tron xoay khi quay (H) quanh truc tung 1a:

1 1 1
81
V= nj(x§ —x})dy = nj(x2 +x,)(x, —x,)dy = 7tJ.2(21/1—y)dy ==
0 0 0

2
Vi du 3: Cho hinh gidi han elip: XI+y2 =1 quay quanh truc hoanh. Tinh th€ tich clia

khdi tron xoay dudc tao nén.

Gidi: .
2 2
1
(E):%+y2:1<:>y2:1—%<:>y:iE\/4—x2,(IXIS2) 1
Thé tich V kh&i tron xoay can tim 1a: / % >
, ) . -2\\0/2 X
V:n_[yz.dx:EI(4—XZ).dx:...:—n (dvtt). 5
: 44 3

Vidu 4: Goi (D) 1a mién kin gi6i han bdi cdc dutng: y=+/x,y=2-x vay=0.

Tinh thé tich vat thé tron xoay khi quay (D) quanh truc Oy.

Gidi:
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[ ] y:&{:} X:X]:2

yYas
o y=2-X& X=X,=2-Yy.
o A R N y=\/;
e Thé tich vat thé tron xoay ) R .
khi quay (D) quanh truc Oy la: 1 | \A
1 1 1
v:nj(xi—xhdy:nj[(z—yf—(y2>2] T
0
y=2-x
2
:31—“«1 t).

BAITAP
Bai 18. Tinh vat thé tron xoay sinh ra bdi phép quay quanh truc Ox ctia mién (D) gi6i han
bdi cac dudng:

a/ y=Inx;y=0;x=2. b/ x> +y-5=0;x+y-3=0.
o y=x%y=vx. d/ y=x"—4x+6;y=—x>-2x+6.
e/ y=x(x-1). f/ y=xe";x=Ly=0(0<x<1)

g/ y=ey="";x=0;x=2. h/ y=x4In(1+x*); x =1.

i/ (P):y=x>(x>0),y=-3x+10; y =1 (mién (D)) nim ngoai (P)).

k/ y= \/cos X+sin*x;y=0;x=

T
—, X =TT
2’
ps: af 2n(n2 1% b/ 23T, o 3F.
5 10
2
d/ 3n ef =~ g M =D
105 4
of m(e? —1)%; h/§(21n2—1). i/ ﬂs’t. k/%

Bai 19. Tinh thé tich khdi tron xoay dudc tao thanh do quay xung quanh truc oy hinh
phing gidi han bdi cic dudng:

al y=x5y=Ly=2. b/ y=x*x=y".

¢/ Pudng tron tam I(3 ; 0), ban kinh R = 2.

ps: af X L o/ 24r’.
2’ 10°

Bai 20. Xét hinh (H) giéi han boi dudng cong y =—; truc Ox; x=1vax=t
X

a/ Tinh dién tich S(t) ctia (H) va thé tich V(t) sinh bsi (H) khi quay quanh Ox.
b/ Tinh: lim S(t) va lim V(o).

t—+00
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DS: a/ S(t)=Int; V(t)= n—%; b/ lim S(t) =+o0; lim V(t)==
t—+00

t—>+o0

. Cho mién (D) gidi han bdi dudng tron (C): x* +y° =8 va parabol (p): y> = 2x.

a/ Tinh dién tich S ctaa (D).
b/ Tinh thé tich V sinh bdi (D) khi quay quanh Ox.

ps: a/ %—m. b/ %(8\/5—7).

. Tinh thé tich vat thé giéi han bdi cdc mit tao nén khi quay cic dudng:

2/3
al y= b(ij (0 £x <a) quanh truc Ox.
a

b/ y=sinx;y=0 (0<x<n)

o/ quanh truc Ox B/ quanh truc Oy.
2
a a
o/ quanh truc Ox. B/ Quanh truc Oy.

d/ y=e; y=0 (0<x<+0w) quanh truc Ox va Oy.

DS: a/ %nabz;

2

T
b/ ol V== B/ V, =21,
2
o 0/ V. =2gab? s v, =T
15 Y
T
d/ o/ V, :E; B/ V, =2m
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Tinh céc tich phan sau:
r f x2dx
a/ I 2 +|x|.dx; b/I ;
0 4-—X2
2 1
o/ I x d/I dx :
| 0AJ(1+x7)
1 n/4
e/ f/ dx;
!)‘ +1) JO‘ cos’ x
n/2 n/4 . 4 4
g/ Ie .cosxdx; h/ I Sin XX+ cos de;
0 -n/4 3 +1
T Sn/12
y I ' cos2x.dx : K/ . dx : :
) SINX +COosX +2 w12 sin2x +2+/3 cos> x +2 —+/3
2
ps: af S(4-2): b/ﬁ—ﬁ; o 3-L d/i;
3 3 2 3 2
o —2ilma g £+ln£; o L o1y W 3E
4 4 4 2 2 16
1/ 2In3 - 2; k/ﬁ.
4
o -2)x+1),x<0 o .
Biét f(x) = , . Tim gié tri K dé j f(x).dx =1.
K(1-x7), x>0 71

DS: K =3.
er
a/ Cho ham sd f(x)= I t.Int.dt. Tim hoanh dd diém cuc dai x.

e*

b/ Tim gia tri x € (0 37) d€ ham s6 f(x) = ISl—tdt dat cuc dai.

pS: a/ x=—1In2. b/ x=§.
Cho ham 56 £(x) = [m—dt, ~1 < x <.
ot —2t+2
Tim gid tri 16n nhat va gid tri nhd nhat clia ham s6 f.
DS: a/ minf:f(—%); b/ maxf =f(1).

Cho ham s6 f(x) = j (t—1)(t—2)*dt. Tim di€ém cuc tri va diém uén clia dd thi f.
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bS: CT: (1; —1—7); b.U6n: (2; —i); (i; 2)
12 3/ \3 38l

Bai 6. Pudng thing (D): x — 3y + 5 = 0 chia dudng tron (C) : x* +y> =35 thanh 2 phan,
tinh dién tich cia mdi phan.
S0 5 157 5
: _br

BS:Si="rmy =ty

2 e 2 4o 1
Bai 7. Xét hinh phang (H) gidi han bdi dudng cong (C): y=—;y=0; x=1; x = 2. Tim
X

toa do di€m M trén (C) ma ti€p tuyén tai M sé cit tir (H) ra mot hinh thang c6
dién tich 16n nhAt.
DS: M(g; z)
2 3
Bai8. Cho diém A thuoc (P): y = x, (A khic gdc 0); (A) 1a phdp tuyén tai A cia (P)
((A) vudng géc vdi ti€p tuyén tai A véi (P)). Pinh vi tri clia A d€ dién tich gidi
han dinh b3i (P) va (A) 12 nhé nhat.

DS: minS:i; A(l,l) hay A(—l;l).
3 2 4 2 4

2 2

X ¥y

Bai 9. Cho hinh (H) gidi han bdi: <16 4
X = 4\/5

Tinh th€ tich sinh ra khi (H) quay quanh Oy.

ps: 12871?.
3

y:axz, a>0
y=-bx,b>0

Bai 10. Cho hinh (H) giéi han bdi: {

Quay hinh (H) & g6c phin tu thi hai cia hé toa do quanh truc Ox. Tim hé thitc
giita a va b dé€ thé tich khdi tron xoay sinh ra 14 hiing s, khong phu thudc vao a
va b.
DPS: b’ =K.a’, v6i K 12 hiing s6 duong bat ky .

Bai 11. Tinh dién tich hinh phing gidi han bdi cic dudng:

y=|x>—4x+3|, y =x+3. (D@ thi chung ciia B6 GDPT-khéi A_2002)
DS: % (dvdt).

Bai 12. Tinh dién tich hinh phing gidi han bdi cic dudng:

2 2
y= ,/4—"7 va y= 4"&. (Dé thi chung ciia B6 GDPT — khéi B _ 2002)
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. Tinh tich phan 1= |
1

DS: 27t+§ (dvdt).

. Tinh dién tich hinh phiang gidi han bdi dudng cong (C): y =

toa dd. (Pé thi......ooee.....

DS: 1+ 41n% (dvdt).

2]/5 dx
. Tinh tich phan [ = | —/——.
75 xVx*+4
DS: llné.
4 3
n/2 s 2
. Tinh tich phan 1= | 1z2sinx 4
y 1+sin2x

DS: l1n2.
2

2
. Tinh tich phan I= [lx* - x|dx.
0

DS: 1.
2 X
. Tinh tich phan T = [——dx.
1+ Vx+1

DS: %—4ln2.

ex/1+3lnx.lnxdX
X

ps: 16
135

3
. Tinh tich phan I = jln(x2 — x)dx.
2

DS: 3In3 - 2.

va hai truc

khéi D_2002)

.................... khoi A_2003)

khéi B_2003)

khéi D_2003)

.................... khoi A_2004)

khoi B_2004)

khoi D_2004)
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