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BÀI TÂ. P

TOÁN CAO CÁ̂P
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Lò.i nói dà̂u

Giáo tr̀ınh Bài tâ. p toán cao cấp này du.o.
.c biên soa.n theo Chu.o.ng

tr̀ınh Toán cao cấp cho sinh viên các ngành Khoa ho.c Tu.
. nhiên cu’a

Da. i ho.c Quốc gia Hà Nô. i và dã du.o.
.c Da.i ho.c Quốc gia Hà Nô. i thông

qua và ban hành.

Mu.c d́ıch cu’a giáo tr̀ınh là giúp dõ. sinh viên các ngành Khoa ho.c

Tu.
. nhiên ná̆m vũ.ng và vâ.n du.ng du.o.

.c các phu.o.ng pháp gia’ i toán cao

cấp. Mu.c tiêu này quyết di.nh toàn bô. cấu trúc cu’a giáo tr̀ınh. Trong

mõ̂i mu.c, dà̂u tiên chúng tôi tr̀ınh bày tóm tá̆t nhũ.ng co. so.’ lý thuyết

và liê.t kê nhũ.ng công thú.c cà̂n thiết. Tiếp dó, trong phà̂n Các v́ı du.
chúng tôi quan tâm dă.c biê.t tó.i viê.c gia’ i các bài toán mã̂u bà̆ng cách

vâ.n du.ng các kiến thú.c lý thuyết dã tr̀ınh bày. Sau cùng, là phà̂n Bài

tâ. p. O
.’ dây, các bài tâ.p du.o.

.c gô.p thành tù.ng nhóm theo tù.ng chu’ dè̂

và du.o.
.c sá̆p xếp theo thú. tu.

. tăng dà̂n vè̂ dô. khó và mõ̂i nhóm dè̂u

có nhũ.ng chı’ dã̂n vè̂ phu.o.ng pháp gia’ i. Chúng tôi hy vo.ng rà̆ng viê.c

làm quen vó.i lò.i gia’ i chi tiết trong phà̂n Các v́ı du. sẽ giúp ngu.̀o.i ho.c

ná̆m du.o.
.c các phu.o.ng pháp gia’ i toán co. ba’n.

Giáo tr̀ınh Bài tâ. p này có thê’ su.’ du.ng du.́o.i su.
. hu.́o.ng dã̂n cu’a

giáo viên hoă. c tu.
. mı̀nh nghiên cú.u v̀ı các bài tâ.p dè̂u có dáp số, mô.t

số có chı’ dã̂n và tru.́o.c khi gia’ i các bài tâ.p này dã có phà̂n Các v́ı du.
tr̀ınh bày nhũ.ng chı’ dã̂n vè̂ mă.t phu.o.ng pháp gia’ i toán.

Tác gia’ giáo tr̀ınh chân thành ca’m o.n các thà̂y giáo: TS. Lê D̀ınh

Phùng và PGS. TS. Nguyẽ̂n Minh Tuấn dã do.c kỹ ba’n tha’o và dóng
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góp nhiè̂u ý kiến quý báu vè̂ cấu trúc và nô. i dung và dã góp ý cho tác

gia’ vè̂ nhũ.ng thiếu sót cu’a ba’n tha’o giáo tr̀ınh.

Mó.i xuất ba’n là̂n dà̂u, Giáo tr̀ınh khó tránh kho’i sai sót. Chúng

tôi rất chân thành mong du.o.
.c ba.n do.c vui lòng chı’ ba’o cho nhũ.ng

thiếu sót cu’a cuốn sách dê’ giáo tr̀ınh ngày du.o.
.c hoàn thiê.n ho.n.

Hà Nô. i, Mùa thu 2004

Tác gia’
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1.4 Biê’u diẽ̂n số phú.c du.́o.i da.ng lu.o.
.ng giác . 23

1.1 D- i.nh ngh̃ıa số phú.c

Mõ̂i că.p số thu.
.c có thú. tu.

. (a; b) ∀ a ∈ R, ∀ b ∈ R du.o.
.c go. i là mô.t số

phú.c nếu trên tâ.p ho.
.p các că.p dó quan hê. bà̆ng nhau, phép cô.ng và

phép nhân du.o.
.c du.a vào theo các di.nh ngh̃ıa sau dây:

(I) Quan hê. bà̆ng nhau

(a1, b1) = (a2, b2) ⇐⇒




a1 = a2,

b1 = b2.

(II) Phép cô.ng
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(a1, b1) + (a2, b2)
def
= (a1 + a2, b1 + b2).

1

(III) Phép nhân

(a1, b1)(a2, b2)
def
= (a1a2 − b1b2, a1b2 + a2b1).

Tâ.p ho.
.p số phú.c du.o.

.c ký hiê.u là C. Phép cô.ng (II) và phép nhân

(III) trong C có t́ınh chất giao hoán, kết ho.
.p, liên hê. vó.i nhau bo.’ i

luâ.t phân bố và mo.i phà̂n tu.’ 6= (0, 0) dè̂u có phà̂n tu.’ nghi.ch da’o.

Tâ.p ho.
.p C lâ.p thành mô.t tru.̀o.ng (go. i là tru.̀o.ng số phú.c) vó.i phà̂n

tu.’ không là că.p (0; 0) và phà̂n tu.’ do.n vi. là că.p (1; 0). Áp du.ng quy

tá̆c (III) ta có: (0; 1)(0; 1) = (−1, 0). Nếu ký hiê.u i = (0, 1) th̀ı

i2 = −1

Dối vó.i các că.p da.ng dă.c biê.t (a, 0), ∀ a ∈ R theo (II) và (III) ta

có

(a, 0) + (b, 0) = (a+ b, 0),

(a, 0)(b, 0) = (ab, 0).

Tù. dó vè̂ mă.t da. i số các că.p da.ng (a, 0), a ∈ R không có g̀ı khác biê.t

vó.i số thu.
.c R: v̀ı chúng du.o.

.c cô.ng và nhân nhu. nhũ.ng số thu.
.c. Do

vâ.y ta có thê’ dò̂ng nhất các că.p da.ng (a; 0) vó.i số thu.
.c a:

(a; 0) ≡ a ∀ a ∈ R.

Dă.c biê.t là (0; 0) ≡ 0; (1; 0) ≡ 1.

Dối vó.i số phú.c z = (a, b):

1+ Số thu.
.c a du.o.

.c go. i là phà̂n thu.
.c a = Re z, số thu.

.c b go. i là phà̂n

a’o và ký hiê.u là b = Im z.

2+ Số phú.c z = (a,−b) go. i là số phú.c liên ho.
.p vó.i số phú.c z

1def. là cách viết tá̆t cu’a tù. tiếng Anh definition (di.nh ngh̃ıa)
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1.2 Da.ng da. i số cu’a số phú.c

Mo.i số phú.c z = (a; b) ∈ C d̂èu có thê’ viết du.́o.i da.ng

z = a+ ib. (1.1)

Thâ.t vâ.y, z = (a, b) = (a, 0) + (0, b) = (a, 0) + (0, 1)(b, 0) = a+ ib

Biê’u thú.c (1.1) go. i là da.ng da.i số cu’a số phú.c z = (a, b). Tù. (1.1)

và di.nh ngh̃ıa số phú.c liên ho.
.p ta có z = a− ib.

Du.́o.i da.ng da.i số các phép t́ınh trên tâ.p ho.
.p số phú.c du.o.

.c thu.
.c

hiê.n theo các quy tắc sau.

Gia’ su.’ z1 = a1 + ib1, z2 = a2 + ib2. Khi dó

(I) Phép cô.ng: z1 ± z2 = (a1 ± a2) + i(b1 ± b2).

(II) Phép nhân: z1z2 = (a1a2 − b1b2) + i(a1b2 + a2b1).

(III) Phép chia:
z2

z1
=
a1a2 + b1b2
a2

1 + b21
+ i

a1b2 − a2b1
a2

1 + b21
·

CÁC VÍ DU.

Vı́ du. 1. 1+ Tı́nh in. Tù. dó chú.ng minh rằng

a) in + in+1 + in+2 + in+3 = 0;

b) i · i2 · · · i99 · i100 = −1.

2+ Tı̀m số nguyên n nếu:

a) (1 + i)n = (1 − i)n;

b)
(1 + i√

2

)n

+
(1 − i√

2

)n

= 0.

Gia’i. 1+ Ta có i0 = 1, i1 = i, i2 = −1, i3 = −i, i4 = 1, i5 = i và

giá tri. lũy thù.a bá̆t dà̂u lă.p la. i. Ta khái quát hóa. Gia’ su.’ n ∈ Z và

n = 4k + r, r ∈ Z, 0 6 r 6 3. Khi dó

in = i4k+r = i4k · ir = (i4)kir = ir
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(v̀ı i4 = i). Tù. dó, theo kết qua’ trên ta có

in =





1 nếu n = 4k,

i nếu n = 4k + 1,

−1 nếu n = 4k + 2,

−i nếu n = 4k + 3.

(1.2)

Tù. (1.2) dẽ̂ dàng suy ra a) và b).

2+ a) Tù. hê. thú.c (1 + i)n = (1 − i)n suy ra

(1 + i

1 − i

)n

= 1.

Nhu.ng
1 + i

1 − i
= i nên

(1 + i

1 − i

)n

= in = 1 ⇒ n = 4k, k ∈ Z.

b) Tù. dă’ng thú.c
(1 + i√

2

)n

+
(1 − i√

2

)n

= 0 suy rằng
(1 + i

1 − i

)n

= −1

và do dó in = −1 ⇒ n = 4k + 2, k ∈ Z. N

Vı́ du. 2. Chú.ng minh rà̆ng nếu n là bô. i cu’a 3 th̀ı

(−1 + i
√

3

2

)n

+
(−1 − i

√
3

2

)n

= 2

và nếu n không chia hết cho 3 th̀ı

(−1 + i
√

3

2

)n

+
(−1 − i

√
3

2

)n

= −1.

Gia’i. 1+ Nếu n = 3m th̀ı

S =
[(−1 + i

√
3

2

)3]m

+
[(−1 − i

√
3

2

)3]m

=
(−1 + 3i

√
3 + 9 − 3i

√
3

8

)m

+
(−1 − 3i

√
3 + 9 + 3i

√
3

8

)m

= 1m + 1m = 2.
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2+ Nếu n = 3m+ 1 th̀ı

S =
[(−1 + i

√
3

2

)3]m(−1 + i
√

3

2

)
+
[(−1 − i

√
3

2

)3]m(1 − i
√

3

2

)

=
−1 + i

√
3

2
+

−1 − i
√

3

2
= −1.

Tu.o.ng tu.
. nếu n = 3m+ 2 ta cũng có S = −1. N

Vı́ du. 3. Tı́nh biê’u thú.c

σ =
(
1 +

1 + i

2

)[
1 +

(1 + i

2

)2][
1 +

(1 + i

2

)22]
· · ·
[
1 +

(1 + i

2

)2n]
.

Gia’i. Nhân và chia biê’u thú.c dã cho vó.i 1 − 1 + i

2
ta có

σ =
1 −

([1 + i

2

]2n)2

1 − 1 + i

2

=
1 −

[1 + i

2

]2n+1

1 − 1 + i

2

·

Ta cà̂n t́ınh

(1 + i

2

)2n+1

=
[(1 + i

2

)2]2n

=
( i

2

)2n

=
i2

n

22n =
1

22n ·

Do dó

σ =
1 − 1

22n

1 − 1 + i

2

=
2
(
1 − 1

22n

)

1 − i
× 1 + i

1 + i

=
(
1 − 1

22n

)
(1 + i) N

Vı́ du. 4. Biê’u diẽ̂n số phú.c
√

4 − 3i du.́o.i da.ng da.i số.

Gia’i. Theo di.nh ngh̃ıa ta cà̂n t̀ım số phú.c w sao cho w2 = 4 − 3i.

Nếu w = a+ bi, a, b ∈ R th̀ı

4 − 3i = (a+ bi)2 = a2 − b2 + 2abi.
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Tù. dó

a2 − b2 = 4, (1.3)

2ab = −3. (1.4)

Tù. (1.4) ta có b = − 3

2a
. Thế vào (1.3) ta thu du.o.

.c

4u2 − 16u− 9 = 0, u = a2

⇐⇒
[
u1 =

8 +
√

100

4
=

8 + 10

4
=

18

4
=

9

2
,

u2 =
8 −

√
100

4
=

8 − 10

4
= −1

2
·

Vı̀ a ∈ R nên u > 0 ⇒ u =
9

2
và do vâ.y

a = ± 3√
2
⇒ b = ∓ 1√

2
·

Tù. dó ta thu du.o.
.c

w1,2 = ±
( 3√

2
− 1√

2
i
)

N

Vı́ du. 5. Biê’u diẽ̂n số phú.c

z =

√
5 + 12i−

√
5 − 12i√

5 + 12i +
√

5 − 12i

vó.i diè̂u kiê.n là các phà̂n thu.
.c cu’a

√
5 + 12i và

√
5 − 12i dè̂u âm.

Gia’i. Áp du.ng phu.o.ng pháp gia’ i trong v́ı du. 4 ta có

√
5 + 12i = x+ iy ⇒ 5 + 12i = x2 − y2 − 2xyi

⇐⇒




x2 − y2 = 5,

2xy = 12.
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Hê. này có hai nghiê.m là (3; 2) và (−3;−2). Theo diè̂u kiê.n, phà̂n

thu.
.c cu’a

√
5 + 12i âm nên ta có

√
5 + 12i = −3 − 2i. Tu.o.ng tu.

. ta

t̀ım du.o.
.c
√

5 − 12i = −3 + 2i. Nhu. vâ.y

z =
−3 − 2i− (−3 + 2i)

−3 − 2i + (−3 + 2i)
=

2

3
i N

Vı́ du. 6. Gia’ su.’ z = a+ ib, z = ±1. Chú.ng minh rà̆ng w =
z − 1

z + 1
là

số thuà̂n a’o khi và chı’ khi a2 + b2 = 1.

Gia’i. Ta có

w =
(a− 1) + ib

(a+ 1) + ib
=

a2 + b2 − 1

(a+ 1)2 + b2
+ i

2b

(a+ 1)2 + b2
·

Tù. dó suy rà̆ng w thuà̂n a’o khi và chı’ khi

a2 + b2 − 1

(a+ 1)2 + b2
= 0 ⇐⇒ a2 + b2 = 1. N

BÀI TÂ. P

Tı́nh

1.
(1 + i)8 − 1

(1 − i)8 + 1
· (DS.

15

17
)

2.
(1 + 2i)3 + (1 − 2i)3

(2 − i)2 − (2 + i)2
· (DS. −11

4
i)

3.
(3 − 4i)(2 − i)

2 + i
− (3 + 4i)(2 + i)

2 − i
· (DS. −14

5
)

4.
(
1 +

1 − i√
2

)[
1 +

(1 − i√
2

)2][
1 +

(1 − i√
2

)22]
· · ·
[
1 +

(1 − i√
2

)2n]
.

(DS. 0)

Chı’ dã̂n. Áp du.ng cách gia’ i v́ı du. 3.

5. Chú.ng minh rằng

a) z1 + z2 = z1 + z2; b) z1z2 = z1 · z2; c)
(z1

z2

)
=
z1

z2
;
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d) zn = (z)
n
; e) z + z = 2Re z; g) z − z = 2Im z.

6. Vó.i giá tri. thu.
.c nào cu’a x và y th̀ı các că.p số sau dây là các că.p

số phú.c liên ho.
.p:

1) y2 − 2y + xy − x+ y + (x+ y)i và −y2 + 2y + 11 − 4i;

2) x+ y2 + 1 + 4i và ixy2 + iy2 − 3 ?

(DS. 1) x1 = 1, y1 = 3; x2 = 9, y2 = 5; 2) x1,2 = −5, y1,2 = ±5)

7. Chú.ng minh rà̆ng z1 và z2 là nhũ.ng số phú.c liên ho.
.p khi và chı’

khi z1 + z2 và z1z2 là nhũ.ng số thu.
.c.

8. Tı́nh:

1)
√
−5 − 12i. (DS. ±(2 − 3i))

2)
√

24 + 10i. (DS. ±(5 + i))

3)
√

24 − 10i. (DS. ±(5 − i))

4)
√

1 + i
√

3 +
√

1 − i
√

3. (DS. ±
√

6, ±i
√

2)

9. Chú.ng minh rằng

1) 1 − C2
8 + C4

8 − C6
8 + C8

8 = 16;

2) 1 − C2
9 + C4

9 − C6
9 + C8

9 = 16;

3) C1
9 −C3

9 + C5
9 − C7

9 + C9
9 = 16.

Chı’ dã̂n. Áp du.ng công thú.c nhi. thú.c Newton dối vó.i (1 + i)8 và

(1 + i)9.

1.3 Biê’u diẽ̂n h̀ınh ho.c. Môdun và acgu-

men

Mõ̂i số phú.c z = a + ib có thê’ dă.t tu.o.ng ú.ng vó.i diê’m M(a; b) cu’a

mă.t phă’ng to.a dô. và ngu.o.
.c la. i mõ̂i diê’m M(a; b) cu’a mă.t phă’ng dè̂u

tu.o.ng ú.ng vó.i số phú.c z = a+ ib. Phép tu.o.ng ú.ng du.o.
.c xác lâ.p là

do.n tri. mô.t - mô.t. Phép tu.o.ng ú.ng dó cho phép ta xem các số phú.c

nhu. là các diê’m cu’a mă.t phă’ng to.a dô. . Mă.t phă’ng dó du.o.
.c go. i là

mă.t phă’ng phú.c. Tru.c hoành cu’a nó du.o.
.c go. i là Tru. c thu.

.c, tru.c tung
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du.o.
.c go. i là Tru. c a’o. Thông thu.̀o.ng số phú.c z = a + ib có thê’ xem

nhu. vecto.
−→
OM . Mõ̂i vecto. cu’a mă.t phă’ng vó.i diê’m dà̂u O(0, 0) và

diê’m cuối ta. i diê’m M(a; b) dè̂u tu.o.ng ú.ng vó.i số phú.c z = a+ ib và

ngu.o.
.c la. i.

Su.
. tu.o.ng ú.ng du.o.

.c xác lâ.p giũ.a tâ.p ho.
.p số phú.c C vó.i tâ.p ho.

.p

các diê’m hay các vecto. mă.t phă’ng cho phép go. i các số phú.c là diê’m

hay vecto..

Vó.i phép biê’u diẽ̂n h̀ınh ho.c số phú.c, các phép toán cô.ng và trù.

các số phú.c du.o.
.c thu.

.c hiê.n theo quy tắc cô.ng và trù. các vecto..

Gia’ su.’ z ∈ C. Khi dó dô. dài cu’a vecto. tu.o.ng ú.ng vó.i số phú.c z

du.o.
.c go. i là môdun cu’a nó.

Nếu z = a+ ib th̀ı

r = |z| =
√
a2 + b2 =

√
z z.

Góc giũ.a hu.́o.ng du.o.ng cu’a tru.c thu.
.c và vecto. z (du.o.

.c xem là góc

du.o.ng nếu nó có di.nh hu.́o.ng ngu.o.
.c chiè̂u kim dò̂ng hò̂) du.o.

.c go. i là

acgumen cu’a số z 6= 0. Dối vó.i số z = 0 acgumen không xác di.nh.

Khác vó.i môdun, acgumen cu’a số phú.c xác di.nh không do.n tri., nó

xác di.nh vó.i su.
. sai khác mô.t số ha.ng bô. i nguyên cu’a 2π và

Arg z = arg z + 2kπ, k ∈ Z,

trong dó arg z là giá tri. ch́ınh cu’a acgumen du.o.
.c xác di.nh bo.’ i diè̂u

kiê.n −π < arg z 6 π hoă.c 0 6 arg z < 2π.

Phà̂n thu.
.c và phà̂n a’o cu’a số phú.c z = a+ ib du.o.

.c biê’u diẽ̂n qua

môdun và acgument cu’a nó nhu. sau




a = r cosϕ,

y = r sinϕ.
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Nhu. vâ.y, acgumen ϕ cu’a số phú.c có thê’ t̀ım tù. hê. phu.o.ng tr̀ınh





cosϕ =
a√

a2 + b2
,

sinϕ =
b√

a2 + b2
·

CÁC VÍ DU.

Vı́ du. 1. Tı̀m môdun cu’a số z =
x2 − y2 + 2xyi

xy
√

2 + i
√
x4 + y4

·

Gia’i. Ta có

|z| =

√
(x2 − y2)2 + (2xy)2

√
(xy

√
2)2 + (

√
x4 + y4)2

=
x2 + y2

x2 + y2
= 1. N

Vı́ du. 2. Chú.ng minh rà̆ng ∀ z1, z2 ∈ C ta dè̂u có:

(i) |z1 + z2| 6 |z1| + |z2|; (ii) |z1 − z2| 6 |z1| + |z2|;
(iii) |z1 + z2| > |z1| − |z2|; (iv) z1 − z2| > |z1| − |z2.

Gia’i. (i) Ta có

|z1 + z2|2 = (z1 + z2)(z1 + z2) = |z1|2 + |z2|2 + 2Re(z1z2).

Vı̀ −|z1z2| 6 Re(z1z2) 6 |z1z2| nên

|z1 + z2|2 6 |z1|2 + |z2|2 + 2|z1||z2| = (|z1| + |z2|)2

⇒ |z1 + z2| 6 |z1| + |z2|.

(ii) Vı̀ |z2| = | − z2| nên

|z1 − z2| = |z1 + (−z2)| ≤ |z1| + | − z2| = |z1| + |z2|.

(iii) Áp du.ng (ii) cho z1 = (z1 + z2) − z2 và thu du.o.
.c

|z1| 6 |z1 + z2| + |z2| → |z1 + z2| > |z1| − |z2|.



16 Chu.o.ng 1. Số phú.c

(iv) |z1 − z2| = |z1 + (−z2)| ≥ |z1| − | − z2| = |z1| − |z2|. N
Nhâ. n xét. Các bất dă’ng thú.c (iii) và (iv) còn có thê’ viết du.́o.i

da.ng

(iii)∗. |z1 + z2| >
∣∣|z1| − |z2|

∣∣; (iv)∗. |z1 − z2| >
∣∣|z1| − |z2|

∣∣.
Thâ.t vâ.y ta có |z1 + z2| > |z1| − |z2| và |z1 + z2| > |z2| − |z1|. Các

vế pha’ i khác nhau vè̂ dấu do dó nếu lấy vế pha’ i du.o.ng th̀ı thu du.o.
.c

(iii)∗. Bất dă’ng thú.c (iv)∗ thu du.o.
.c tù. (iii)∗ bà̆ng cách thay z2 bo.’ i

−z2.

Vı́ du. 3. Chú.ng minh dò̂ng nhất thú.c

|z1 + z2|2 + |z1 − z2|2 = 2(|z1|2 + |z2|2).

Gia’i th́ıch ý ngh̃ıa h̀ınh ho.c cu’a hê. thú.c dã chú.ng minh.

Gia’i. Gia’ su.’ z1 = x1 + iy1, z2 = x2 + iy2. Khi dó

z1 + z2 = x1 + x2 + i(y1 + y2),

z1 − z2 = x1 − x2 + i(y1 − y2),

|z1 + z2|2 = (x1 + x2)
2 + (y1 + y2)

2,

|z1 − z2|2 = (x1 − x2)
2 + (y1 − y2)

2.

Tù. dó thu du.o.
.c

|z1 + z2|2 + |z1 − z2|2 = 2(x2
1 + y1)

2 + 2(x2
2 + y2

2) = 2(|z1|2 + |z2|2).

Tù. hê. thú.c dã chú.ng minh suy rằng trong mõ̂i h̀ınh b̀ınh hành tô’ng các

b̀ınh phu.o.ng dô. dài cu’a các du.̀o.ng chéo bà̆ng tô’ng các b̀ınh phu.o.ng

dô. dài cu’a các ca.nh cu’a nó. N

Vı́ du. 4. Chú.ng minh rà̆ng nếu |z1| = |z2| = |z3| th̀ı

arg
z3 − z2

z3 − z1
=

1

2
arg

z2

z1
·

Gia’i. Theo gia’ thiết, các diê’m z1, z2 và z3 nà̆m trên du.̀o.ng tròn

nào dó vó.i tâm ta. i gốc to.a dô. . Ta xét các vecto. z3 − z2; z3 − z1, z1 và

z2 (hãy vẽ h̀ınh).
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Bà̆ng nhũ.ng nguyên do h̀ınh ho.c, dẽ̂ thấy rà̆ng

arg
z3 − z2

z3 − z1

= arg(z3 − z2) − arg(z3 − z1)

và góc này nh̀ın cung tròn nối diê’m z1 và z2 và góc o.’ tâm

arg
z2

z1
= argz2 − argz1

cũng chá̆n ch́ınh cung tròn dó. Theo di.nh lý quen thuô.c cu’a h̀ınh ho.c

so. cấp ta có

arg
z3 − z2

z3 − z1
=

1

2
arg

z2

z1
· N

Vı́ du. 5. Chú.ng minh rà̆ng nếu |z1| = |z2| = |z3| = 1 và z1+z2+z3 = 0

th̀ı các diê’m z1, z2 và z3 là các dı’nh cu’a tam giác dè̂u nô. i tiếp trong

du.̀o.ng tròn do.n vi..

Gia’i. Theo gia’ thiết, ba diê’m z1, z2 và z3 nà̆m trên du.̀o.ng tròn

do.n vi.. Ta t̀ım dô. dài cu’a các ca.nh tam giác.

1+ Tı̀m dô. dài |z1 − z2|. Ta có

|z1 − z2|2 = (x1 − x2)
2 + (y1 − y2)

2

= x2
1 + y2

1 + x2
2 + y2

2 − (2x1x2 + 2y1y2)

= 2(x2
1 + y2

1) + 2(x2
2 + y2

2) − [(x1 + x2)
2 + (y1 + y2)

2]

= 2|z1|2 + 2|z2|2 − 2|z1 + z2|2.

Nhu.ng z1 + z2 = −z3 và |z1 + z2| = |z3|. Do dó

|z1 − z2|2 = 2|z1|2 + 2|z2|2 − |z3|2 = 2 · 1 + 2 · 1 − 1 = 3

và tù. dó

|z1 − z2| =
√

3 .

2+ Tu.o.ng tu.
. ta có |z2 − z3| =

√
3, |z3 − z1| =

√
3. Tù. dó suy ra

tam giác vó.i dı’nh z1, z2, z3 là tam giác dè̂u. N
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Vı́ du. 6. Vó.i diè̂u kiê.n nào th̀ı ba diê’m khác nhau tù.ng dôi mô.t z1,

z2, z3 nà̆m trên mô.t du.̀o.ng thă’ng.

Gia’i. 1+ Nếu các diê’m z1, z2, z3 nà̆m trên du.̀o.ng thă’ng cho tru.́o.c

th̀ı vecto. di tù. z2 dến z1 có hu.́o.ng nhu. cu’a vecto. di tù. diê’m z3 dến

z1 hoă. c có hu.́o.ng ngu.o.
.c la. i. Diè̂u dó có ngh̃ıa là các góc nghiêng cu’a

các vecto. này dối vó.i tru.c thu.
.c hoă. c nhu. nhau hoă.c sai khác góc π.

Nhu.ng khi dó ta có

arg(z1 − z2) = arg(z1 − z3) + kπ, k = 0, 1.

Tù. dó suy ra

arg
z1 − z2

z1 − z3
= arg(z1 − z2) − arg(z1 − z3) = kπ, k = 0, 1.

Nhu. vâ.y số phú.c
z1 − z2

z1 − z3
có acgumen bà̆ng 0 hoă. c bà̆ng π, tú.c là số

z1 − z2

z1 − z3
là số thu.

.c. Diè̂u kiê.n thu du.o.
.c là diè̂u kiê.n cà̂n.

2+ Ta chú.ng minh rà̆ng dó cũng là diè̂u kiê.n du’ . Gia’ su.’

z1 − z2

z1 − z3
= α, α ∈ R.

Khi dó Im
z1 − z2

z1 − z3
= 0. Hê. thú.c này tu.o.ng du.o.ng vó.i hê. thú.c

y1 − y3

y1 − y2
=
x1 − x3

x1 − x2
· (1.5)

Phu.o.ng tr̀ınh du.̀o.ng thă’ng qua diê’m (x1, y1) và (x2, y2) có da.ng

y − y1

y2 − y1
=

x− x1

x2 − x1
· (1.6)

Tù. (1.5) và (1.6) suy ra diê’m (x3, y3) nà̆m trên du.̀o.ng thă’ng dó. N

Vı́ du. 7. Xác di.nh tâ.p ho.
.p diê’m trên mă.t phă’ng phú.c tho’a mãn các

diè̂u kiê.n:
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1) |z − 2| + |z + 2| = 5;

2) |z − 2| − |z + 2| > 3;

3) Re z > c;

4) Im z < 0.

Gia’i. 1) Dă’ng thú.c |z − 2| + |z + 2| = 5 xác di.nh quỹ t́ıch nhũ.ng

diê’m cu’a mă.t phă’ng mà tô’ng khoa’ng cách tù. dó dến hai diê’m cho

tru.́o.c F1 = −2 và F2 = +2 là hằng số bà̆ng 5. Theo di.nh ngh̃ıa trong

h̀ınh ho.c gia’ i t́ıch dó là du.̀o.ng ellip vó.i bán tru.c ló.n bằng
5

2
và tiêu

diê’m ±2.

2) Quỹ t́ıch các diê’m cu’a mă.t phă’ng C tho’a mãn diè̂u kiê.n∣∣|z − 2| − |z + 2|
∣∣ = 3 là du.̀o.ng hypecbôn. Dă’ng thú.c

|z − 2| − |z + 2| = 3

xác di.nh nhánh bên trái cu’a du.̀o.ng hypecbôn và bất dă’ng thú.c

|z − 2| − |z + 2| > 3 xác di.nh phà̂n trong cu’a nhánh dó.

3) Rez > c⇒ x > c. Dó là nu.’ a mă.t phă’ng bên pha’i du.̀o.ng thă’ng

x = c (kê’ ca’ du.̀o.ng thă’ng x = c).

4) Vı̀ Im z = y ⇒ Im z < c ⇒ y < c. Dó là nu.’ a mă.t phă’ng du.́o.i

du.̀o.ng thă’ng y = c (không kê’ du.̀o.ng thă’ng dó). N

Vı́ du. 8. Xác di.nh tâ.p ho.
.p diê’m trên mă.t phă’ng phú.c C du.o.

.c cho

bo.’ i diè̂u kiê.n:

1) |z| = Rez + 1;

2) |z − 1| > 2|z − i|;
3) |z − 2 + i|u2 − 2|z − 2 + i|u+ 1 > 0 ∀u ∈ R.

4) log3(2 + |z2 + i|) + log27

1

(2 + |z2 − i|)3
= 0.

Gia’i. 1) Gia’ su.’ z = x+ iy. Khi dó tù. diè̂u kiê.n

|z| = Rez + 1 ⇒
√
x2 + y2 = x+ 1 ⇒ y2 = 2x + 1.
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Dó là phu.o.ng tr̀ınh parabôn vó.i dı’nh ta. i diê’m
(
− 1

2
; 0
)

vó.i tru.c dối

xú.ng là tia

γ =
{

(x, y) ∈ R2 : x > −1

2
, y = 0

}
.

2) Gia’ su.’ z = x+ iy. Khi dó tù. diè̂u kiê.n dã cho suy ra:

|x− 1 + iy| > 2|x+ i(y − 1)|
⇒
√

(x− 1)2 + y2 ≥ 2
√
x2 + (y − 1)2

⇒
(
x+

1

3

)2

+
(
y − 4

3

)2

6 8

9
·

Tù. dó suy ra rà̆ng diè̂u kiê.n dã cho xác di.nh h̀ınh tròn tâm z0 = −1

3
+i

4

3

và bán ḱınh
2
√

2

3
.

3) Vı̀ tam thú.c bâ.c hai (dối vó.i u) o.’ vế trái cu’a diè̂u kiê.n dã cho

du.o.ng ∀u ∈ R nên biê.t số cu’a nó âm, tú.c là

|z − 2 + i|2 − |z − 2 + i| < 0

⇒|z − 2 + i| < 1.

Dó là h̀ınh tròn vó.i tâm ta. i z0 = 2 − i và bán ḱınh bằng 1.

4) Tù. diè̂u kiê.n dã cho ta thu du.o.
.c

log3

2 + |z2 + i|
2 + |z2 − i| = 0

⇒2 + |z2 + i|
2 + |z2 − i| = 1 và |z2 + i| = |z2 − i|.

Tù. dó suy rà̆ng z2 là số thu.
.c bất kỳ. Nhu.ng khi dó z là số thu.

.c bất

kỳ hoă. c số thuà̂n a’o bất kỳ. Nhu. vâ.y chı’ có các diê’m nà̆m trên các

tru.c to.a dô. là tho’a mãn diè̂u kiê.n dã cho. N

BÀI TÂ. P
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1. Chú.ng minh rằng

1) |z1 · z2| = |z1| · |z2|;
2) |z1 ± z2| 6 |z1| + |z2|;
3) |z1 ± z2| >

∣∣|z1| − |z2|
∣∣.

2. Xuất phát tù. các biê’u diẽ̂n h̀ınh ho.c, chú.ng minh:

1)
∣∣∣ z|z| − 1

∣∣∣ 6 |argz|;

2) |z − 1| 6
∣∣|z| − 1

∣∣+ |z||argz|.

3. Chú.ng minh rà̆ng nếu giá tri. ch́ınh argz = arg(a + ib) tho’a mãn

diè̂u kiê.n −π < argz 6 π th̀ı nó du.o.
.c t́ınh theo công thú.c

arg(a+ ib) =





arctg
b

a
nếu a > 0,

arctg
b

a
+ π nếu a < 0, b > 0,

arctg
b

a
− π nếu a < 0, b < 0.

4. Chú.ng minh rằng nếu giá tri. ch́ınh arg(a+ ib) tho’a mãn diè̂u kiê.n

0 6 arg(a+ ib) < 2π th̀ı

arg(a+ ib) =





arctg
b

a
nếu a > 0, b > 0,

arctg
b

a
+ 2π nếu a > 0, b < 0,

arctg
b

a
+ π nếu a < 0.

Chı’ dã̂n. Lu.u ý rằng giá tri. ch́ınh cu’a arctg
b

a
∈
(
− π

2
,
π

2

)
.

5. Chú.ng minh rằng |a+ b|2 + |a− b|2 = 4|a|2 nếu |a| = |b|.

6. Chú.ng minh dò̂ng nhất thú.c

|1 − ab|2 − |a− b|2 = (1 + |ab|)2 − (|a| + |b|)2, a ∈ C, b ∈ C.

Chı’ dã̂n. Su.’ du.ng hê. thú.c |z|2 = zz.
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7. Chú.ng minh dò̂ng nhất thú.c

1) |a+ b|2 = (|a|+ |b|)2 − 2
[
|ab| − Re(ab)

]
.

2) |ab+ 1|2 + |a− b|2 = (|a|2 + 1)(|b|2 + 1).

8. Chú.ng minh rà̆ng mo.i số phú.c z 6= −1 và |z| = 1 dè̂u có thê’ biê’u

diẽ̂n du.́o.i da.ng

z =
1 + ti

1 − ti
, t ∈ R.

Chı’ dã̂n. Biê’u diẽ̂n t qua z và chú.ng minh t = t.

9. Chú.ng minh rằng nếu Rea > 0 th̀ı |1 + a| > 1 + |a|√
2

·

Chı’ dã̂n. Có thê’ chú.ng minh bằng pha’n chú.ng.

10. Trong các số phú.c tho’a mãn diè̂u kiê.n

|z − 25i| 6 15

hãy t̀ım số có acgument du.o.ng nho’ nhất.

11. Tı̀m acgumen cu’a các số phú.c sau dây

1) cos
π

6
− i sin

π

6
· (DS.− π

6
)

2) − cos
π

3
+ i sin

π

3
· (DS.

2π

3
)

3) cosϕ− i sinϕ. (DS. −ϕ)

4) − cosϕ− i sinϕ. (DS. π + ϕ)

5) sinϕ+ i cosϕ. (DS.
π

2
− ϕ)

6) sinϕ− i cosϕ. (DS. ϕ− π

2
)

7) − sinϕ− i cosϕ. (DS.
(
− π

2
− ϕ

)
)
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1.4 Biê’u diẽ̂n số phú.c du.́o.i da.ng lu.o.
.ng

giác

Mo.i số phú.c z = a+ ib 6= 0 d̂èu biê’u diẽ̂n du.o.
.c du.́o.i da.ng

z = a+ ib = r(cosϕ+ i sinϕ) (1.7)

trong dó r = |z| =
√
a2 + b2, ϕ là mô.t trong các acgumen cu’a nó.

Phép biê’u diẽ̂n dó du.o.
.c go. i là da. ng lu.o.

.ng giác cu’a số phú.c z. Dê’

chuyê’n tù. da.ng da.i số sang da.ng lu.o.
.ng giác ta chı’ cà̂n t̀ım môdun

và mô. t trong các acgument cu’a nó. Vı̀ môdun và acgumen cu’a tô’ng

(hiê.u) hai số phú.c khó có thê’ biê’u diẽ̂n qua môdun và acgumen cu’a

các số ha.ng nên phép cô.ng và phép trù. du.́o.i da.ng lu.o.
.ng giác là không

kha’ thi. Ngu.o.
.c la. i, phép nhân, phép chia, phép nâng lên lũy thù.a và

khai căn du.o.
.c thu.

.c hiê.n rất tiê.n lo.
.i du.́o.i da.ng lu.o.

.ng giác.

Gia’ su.’ z1 = r1(cosϕ1 + i sinϕ1), z2 = r2(cosϕ2 + i sinϕ2),

z = r(cosϕ+ i sinϕ). Khi dó

1+ z1z2 = r1r2[cos(ϕ1 + ϕ2) + i sin(ϕ1 + ϕ2)]

2+ z1

z2
=
r1
r2

[cos(ϕ1 − ϕ2) + i sin(ϕ1 − ϕ2)], r2 6= 0.

3+ zn = rn[cosnϕ+ i sinnϕ], n ∈ Z.

4+ wk = n
√
r
[
cos

ϕ+ 2kπ

n
+ i sin

ϕ+ 2kπ

n

]
, k = 0, n − 1.

Tù. 3+ suy ra

[cosϕ+ i sinϕ]n = cos nϕ+ i sinnϕ. (1.8)

Công thú.c (1.8) du.o.
.c go. i là công thú.c Moivre.

Phép toán nâng số e lên luỹ thù.a phú.c z = x+ iy du.o.
.c di.nh ngh̃ıa

bo.’ i công thú.c

ez = ex+iy def
= ex(cos y + i sin y). (1.9)

Chă’ng ha.n
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e1+i = e(cos 1 + i sin 1),

eπi/2 = cos
π

2
+ i sin

π

2
= i,

eπi = cos π + i sinπ = −1.

Tù. (1.9) khi z = iϕ ta thu du.o.
.c công thú.c

eiϕ = cosϕ+ i sinϕ (1.10)

go. i là công thú.c Euler.

Mo.i số phú.c z 6= 0 dè̂u có thê’ biê’u diẽ̂n du.́o.i da.ng

z = reiϕ, (1.11)

trong dó r = |z|, ϕ là mô.t trong các acgumen cu’a nó. Phép biê’u diẽ̂n

(1.11) du.o.
.c go. i là da. ng mũ cu’a số phú.c. Cũng nhu. dối vó.i da.ng lu.o.

.ng

giác ta có:

1/ nếu z1 = r1e
iϕ1, z2 = r2e

iϕ2 th̀ı

z1z2 = r1r2e
i(ϕ1+ϕ2), (1.12)

z1/z2 =
r1
r2
ei(ϕ1−ϕ2), (1.13)

2/ nếu z = reiϕ th̀ı

zn = rneinϕ, (1.14)

n
√
z = n

√
rei ϕ+2kπ

n , k = 0, n − 1 (1.15)

CÁC VÍ DU.

Vı́ du. 1. Biê’u diẽ̂n các số phú.c sau dây du.́o.i da.ng lu.o.
.ng giác

1) −1 + i
√

3; 2) 2 +
√

3 + i.

Gia’i. 1) Tı̀m môdun và acgumen cu’a số phú.c dã cho:

r =

√
(−1)2 + (

√
3)2 = 2; tgϕ = −

√
3 .
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Tù. dó hoă. c ϕ = −π/3, hoă.c ϕ = −π
3

+ π =
2π

3
. Vı̀ số phú.c dã

cho thuô.c góc phà̂n tu. II nên ta cho.n ϕ =
2π

3
. Tù. dó −1 + i

√
3 =

2
[
cos
(2π

3

)
i sin

(2π

3

)]
.

2) Tı̀m modun và acgumen:

|2 +
√

3 + i| =

√
(2 +

√
3)2 + 1 =

√
8 + 4

√
3 = 2

√
2 +

√
3.

Nếu ϕ = arg(2 +
√

3 + i) th̀ı

cosϕ =
2 +

√
3

2
√

2 +
√

3
=

√
2 +

√
3

2
=

√√√√1 +

√
3

2
2

=

√√√√1 + cos
π

6
2

= cos
π

12
·

Tù. dó suy rà̆ng

2
√

3 + i = 2

√
2 +

√
3
[
cos

π

12
+ i sin

π

12

]
N

Vı́ du. 2. Biê’u diẽ̂n các số phú.c du.́o.i da.ng lu.o.
.ng giác

1) 1 + cosϕ+ i sinϕ, −π < ϕ < π.

2) 1 + cosϕ+ i sinϕ, π < ϕ < 2π.

3) w =
1 + cosϕ+ i sinϕ

1 + cosϕ− i sinϕ
, 0 < ϕ <

π

2
·

Gia’i. 1) Ta có

|z| =
√

2(1 + cosϕ) = 2
∣∣∣ cos ϕ

2

∣∣∣ = 2 cos
ϕ

2

v̀ı −π < ϕ < π ⇒ −π
2
<
ϕ

2
<
π

2
⇒ cos

ϕ

2
> 0.

Gia’ su.’ α = argz. Khi dó

cosα =
1 + cosϕ

2 cos
ϕ

2

= cos
ϕ

2
,

sinα =
sinϕ

2 cos
ϕ

2

= sin
ϕ

2
·





⇒ z = 2 cos
ϕ

2

[
cos

ϕ

2
+ i sin

ϕ

2

]
.
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2) Trong tru.̀o.ng ho.
.p này ta có

r = |z| =
√

2(1 + cosϕ) = 2
∣∣∣ cos ϕ

2

∣∣∣ = −2 cos
ϕ

2

v̀ı
π

2
<
ϕ

2
< π. Gia’ su.’ α = argz. Khi dó

cosα =
1 + cosϕ

−2 cos
ϕ

2

= − cos
ϕ

2
= cos

(ϕ
2
− π

)
,

sinα =
sinϕ

−2 cos
ϕ

2

= − sin
ϕ

2
= sin

(ϕ
2
− π

)
.

Tù. dó suy rà̆ng

1 + cosϕ+ i sinϕ = −2 cos
ϕ

2

[
cos
(ϕ

2
− π

)
+ i sin

(ϕ
2
− π

)]
.

3) Tru.́o.c hết nhâ.n xét rà̆ng |w| = 1 v̀ı tu.’ số và mã̂u số cu’a nó có

modun bà̆ng nhau. Ta t̀ım da.ng lu.o.
.ng giác cu’a tu.’ số và mã̂u số.

Xét tu.’ số: z1 = 1 + cosϕ+ i sinϕ, ϕ ∈
(
0,
π

2

)

|z1| =
√

2(1 + cosϕ) ,

ϕ1 = argz1 = arctg
sinϕ

1 + cosϕ
= arctg

(
tg
ϕ

2

)
=
ϕ

2
∈
(
− π

2
,
π

2

)
.

Tu.o.ng tu.
., dối vó.i mã̂u số

z2 = 1 + cosϕ− i sinϕ

ta có

|z2| =
√

2(1 + cosϕ) ,

ϕ2 = argz2 = arctg
( − sinϕ

1 + cosϕ

)

= arctg
(
− tg

ϕ

2

)
= arctg

(
tg
(
− ϕ

2

))
= −ϕ

2
∈
(
− π

2
,
π

2

)
.
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Tù. dó thu du.o.
.c

z2 =
√

2(1 + cosϕ)
[
cos
(
− ϕ

2

)
+ i sin

(
− ϕ

2

)]

và do vâ.y

w =

√
2(1 + cosϕ)√
2(1 + cosϕ)

×

(
cos

ϕ

2
+ i sin

ϕ

2

)

cos
(
− ϕ

2

)
+ i sin

(
− ϕ

2

)

= cosϕ+ i sinϕ. N

Vı́ du. 3. 1) Tı́nh (
√

3 + i)126

2) Tı́nh acgumen cu’a số phú.c sau

w = z4 − z2 nếu argz = ϕ và |z| = 1.

Gia’i. 1) Ta có
√

3 + i = 2
(

cos
π

6
+ i sin

π

6

)
. Tù. dó áp du.ng công

thú.c Moivre ta thu du.o.
.c:

(
√

3 + i)126 = 2126
[
cos

126π

6
+ i sin

126π

6

]

= 2126[cosπ + i sinπ] = −2126.

2) Ta có

w = z4 − z2 = cos 4ϕ + i sin 4ϕ− [cos 2ϕ − i sin 2ϕ]

= cos 4ϕ− cos 2ϕ + i(sin 4ϕ+ sin 2ϕ)

= −2 sin 3ϕ sinϕ+ 2i sin 3ϕ cosϕ

= 2 sin 3ϕ[− sinϕ+ i cosϕ].

(i) Nếu sin 3ϕ > 0 (tú.c là khi
2kπ

3
< ϕ <

(2k + 1)π

3
, k ∈ Z) th̀ı

w = 2 sin 3ϕ
[
cos
(π

2
+ ϕ

)
+ i sin

(π
2

+ ϕ
)]
.

(ii) Nếu sin 3ϕ < 0 (tú.c là khi
(2k − 1)π

3
< ϕ <

2kπ

3
, k ∈ Z) th̀ı

w = (−2 sin 3ϕ)[sinϕ− i cosϕ].
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Ta t̀ım da.ng lu.o.
.ng giác cu’a v = sinϕ − i cosϕ. Hiê’n nhiên |v| = 1.

Ta t́ınh argv

argv = arctg
(− cosϕ

sinϕ

)
= arctg(−cotgϕ)

= arctg
[
− tg

(π
2
− ϕ

)]
= arctg

[
tg
(
ϕ− π

2

)]

= ϕ− π

2
·

Nhu. vâ.y nếu sin 3ϕ < 0 th̀ı

w = (−2 sin 3ϕ)
[
cos
(
ϕ− π

2

)
+ i sin

(
ϕ− π

2

)]
.

(iii) Nếu sin 3ϕ = 0 ⇒ ϕ =
kπ

3
⇒ w = 0.

Nhu. vâ.y

argw =





π

2
+ ϕ nếu

2kπ

3
< ϕ <

(2k + 1)π

3
,

không xác di.nh nếu ϕ =
kπ

3
,

ϕ− π

2
nếu

(2k − 1)π

3
< ϕ <

2kπ

3
· N

Vı́ du. 4. Chú.ng minh rà̆ng

1) cos
π

9
+ cos

3π

9
+ cos

5π

9
+ cos

7π

9
=

1

2
.

2) cosϕ+ cos(ϕ+ α) + cos(ϕ+ 2α) + · · · + cos(ϕ+ nα)

=
sin

(n+ 1)α

2
cos
(
ϕ+

nα

2

)

sin
α

2

·

Gia’i. 1) Dă. t

S = cos
π

9
+ cos

3π

9
+ · · · + cos

7π

9
,

T = sin
π

9
+ sin

3π

9
+ · · · + sin

7π

9
,

z = cos
π

9
+ i sin

π

9
.
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Khi dó

S + iT = z + z3 + z5 + z7 =
z(1 − z8)

1 − z2

=
z − z9

1 − z2
=

z + 1

1 − z2
=

1

1 − z
=

1(
1 − cos

π

9

)
− i sin

π

9

=

(
1 − cos

π

9

)
+ i sin

π

9(
1 − cos

π

9

)2

+ sin2 π

9

=
1

2
+

sin
π

9

2
(
1 − cos

π

9

) ·

Do dó S =
1

2
·

2) Tu.o.ng tu.
. nhu. trong 1) ta ký hiê.u

S = cosϕ+ cos(ϕ+ α) + · · · + cos(ϕ+ nα),

T = sinϕ+ sin(ϕ+ α) + · · · + sin(ϕ+ nα),

z = cosα+ i sinα, c = cosϕ+ i sinϕ.

Khi dó

S + iT = c+ cz + · · · + czn =
c(1 − zn+1)

1 − z

=
(cosϕ+ i sinϕ)[1 − cos(n+ 1)α − i sin(n + 1)α]

1 − cosα − i sinα

=
(cosϕ+ i sinϕ)2 sin

(n+ 1)α

2

[
cos

(n+ 1)α − π

2
+ i sin

(n+ 1)α − π

2

]

2 sin
α

2

[
cos

α − π

2
+ i sin

α − π

2

]

=
sin

(n+ 1)α

2
cos
(
ϕ+

nα

2

)

sin
α

2

+
sin

(n+ 1)α

2
sin
(
ϕ+

nα

2

sin
α

2

i.

Tù. dó so sánh phà̂n thu.
.c và phà̂n a’o ta thu du.o.

.c kết qua’ . N
Bà̆ng phu.o.ng pháp tu.o.ng tu.

. ta có thê’ t́ınh các tô’ng da.ng

a1 sin b1 + a2 sin b2 + · · · + an sin bn,

a1 cos b1 + a2 cos b2 + · · · + an cos bn
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nếu các acgumen b1, b2, . . . , bn lâ.p nên cấp số cô.ng còn các hê. số

a1, a2, . . . , an lâ.p nên cấp số nhân.

Vı́ du. 5. Tı́nh tô’ng

1) Sn = 1 + a cosϕ+ a2 cos 2ϕ + · · · + an cos nϕ;

2) Tn = a sinϕ+ a2 sin 2ϕ+ · · · + an sinnϕ.

Gia’i. Ta lâ.p biê’u thú.c Sn + iTn và thu du.o.
.c

Σ = Sn + iTn = 1 + a(cosϕ+ i sinϕ) + a2(cos 2ϕ + i sin 2ϕ) + . . .

+ an(cos nϕ+ i sinnϕ).

Dă. t z = cosϕ+ i sinϕ và áp du.ng công thú.c Moivre ta có:

Σ = 1 + az + a2z2 + · · · + anzn =
an+1zn+1 − 1

az − 1

(nhân tu.’ số và mã̂u số vó.i
a

z
− 1)

=
an+2zn − an+1zn+1 − a

2
+ 1

a2 − a
(
z +

1

z

)
+ 1

(do z +
1

z
= 2 cosϕ)

=
an+2(cos nϕ+ i sinnϕ) − an+1[cos(n+ 1)ϕ+ i sin(n+ 1)ϕ]

a2 − 2a cosϕ+ 1

+
−a cosϕ+ ai sinϕ+ 1

a2 − 2a cosϕ+ 1

=
an+2 cos nϕ− an+1 cos(n+ 1)ϕ− a cosϕ+ 1

a2 − 2a cosϕ+ 1
+

+ i
an+2 sinnϕ− an+1 sin(n+ 1)ϕ+ a sinϕ

a2 − 2a cosϕ+ 1
·

Bà̆ng cách so sánh phà̂n thu.
.c và phà̂n a’o ta thu du.o.

.c các kết qua’ cà̂n

du.o.
.c t́ınh.

Vı́ du. 6. 1) Biê’u diẽ̂n tg5ϕ qua tgϕ.
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2) Biê’u diẽ̂n tuyến t́ınh sin5 ϕ qua các hàm sin cu’a góc bô. i cu’a ϕ.

3) Biê’u diẽ̂n cos4 ϕ và sin4 ϕ ·cos3 ϕ qua hàm cosin cu’a các góc bô. i.

Gia’i. 1) Vı̀ tg5ϕ =
sin 5ϕ

cos 5ϕ
nên ta cà̂n biê’u diẽ̂n sin 5ϕ và cos 5ϕ

qua sinϕ và cosϕ. Theo công thú.c Moivre ta có

cos 5ϕ + i sin 5ϕ = (cosϕ+ i sinϕ)5 = sin5 ϕ+ 5i cos4 ϕ sinϕ

− 10 cos3 ϕ sin2 ϕ− 10i cos2 ϕ sin3 ϕ

+ 5 cosϕ sin4 ϕ+ i sin5 ϕ.

Tách phà̂n thu.
.c và phà̂n a’o ta thu du.o.

.c biê’u thú.c dối vó.i sin 5ϕ và

cos 5ϕ và tù. dó

tg5ϕ =
5 cos4 ϕ sinϕ− 10 cos2 ϕ sin3 ϕ+ sin5 ϕ

cos5 ϕ− 10 cos3 ϕ sin2 ϕ+ 5 cosϕ sin4 ϕ

(chia tu.’ số và mã̂u số cho cos5 ϕ)

=
5tgϕ− 10tg3ϕ+ tg5ϕ

1 − 10tg2ϕ+ 5tg4ϕ
·

2) Dă. t z = cosϕ + i sinϕ. Khi dó z−1 = cosϕ − i sinϕ và theo

công thú.c Moivre:

zk = cos kϕ+ i sin kϕ, z−k = cos kϕ− i sin kϕ.

Do dó

cosϕ =
z + z−1

2
, sinϕ =

z − z−1

2i

zk + z−k = 2 cos kϕ, zk − z−k = 2i sin kϕ.

Áp du.ng các kết qua’ này ta có

sin5 ϕ =
(z − z−1

2i

)5

=
z5 − 5z3 + 10z − 10z−1 + 5z−3 − z−5

32i

=
(z5 − z−5) − 5(z3 − z−3) + 10(z − z−1)

32i

=
2i sin 5ϕ− 10i sin 3ϕ + 20i sinϕ

32i

=
sin 5ϕ− 5 sin 3ϕ+ 10 sin ϕ

16
·
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3) Tu.o.ng tu.
. nhu. trong phà̂n 2) hoă. c gia’ i theo cách sau dây

1+ cos4 ϕ =
(eiϕ + e−iϕ

2

)4

=
1

16

[
e4iϕ + 4e2iϕ + 6 + 4e−2iϕ + e−4iϕ

]

=
1

8

[e4ϕi + e−4ϕi

2

]
+

1

2

[e2ϕi + e−2ϕi

2

]
+

3

8

=
3

8
+

1

2
cos 2ϕ +

1

8
cos 4ϕ.

2+ sin4 ϕ cos3 ϕ =
(eϕi − e−ϕi

2i

)4(eϕi + e−ϕi

2

)3

=
1

128

(
e2ϕi − e−2ϕi

)3(
eϕi − e−ϕi

)

=
1

128

[
e6ϕi − 3e2ϕi + 3e−2ϕi − e−6ϕi

][
eϕi − e−ϕi

]

=
1

128

[
e7ϕi − e5ϕi − 3e3ϕi + 3eϕi + 3e−ϕi − 3e−3ϕi

− e−5ϕi + e−7ϕi
]

=
3

64
cosϕ− 3

64
cos 3ϕ− 1

64
cos 5ϕ− 1

64
cos 7ϕ. N

Vı́ du. 7. 1) Gia’ i các phu.o.ng tr̀ınh

1+ (x+ 1)n − (x− 1)n = 0

2+ (x+ i)n + (x− i)n = 0, n > 1.

2) Chú.ng minh rà̆ng mo.i nghiê.m cu’a phu.o.ng tr̀ınh

(1 + ix

1 − ix

)n

=
1 + ai

1 − ai
, n ∈ N, a ∈ R

d̂èu là nghiê.m thu.
.c khác nhau.

Gia’i. 1) Gia’ i phu.o.ng tr̀ınh

1+ Chia hai vế cu’a phu.o.ng tr̀ınh cho (x− 1)n ta du.o.
.c

(x+ 1

x− 1

)n

= 1 ⇒ x+ 1

x− 1
=

n
√

1 = cos
2kπ

n
+ i sin

2kπ

n
= εk,

k = 0, 1, . . . , n− 1.
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Tù. dó suy rà̆ng

x+ 1 = εk(x− 1) ⇒ x(εk − 1) = 1 + εk.

Khi k = 0 ⇒ ε0 = 1. Do dó vó.i k = 0 phu.o.ng tr̀ınh vô nghiê.m. Vó.i

k = 1, n − 1 ta có

x =
εk + 1

εk − 1
=

(εk + 1)(εk − 1)

εk − 1)(εk − 1)
=
εkεk + εk − εk − 1

εkεk − εk − εk − 1

=
−2i sin

2kπ

n

2 − 2 cos
2kπ

n

= −i
sin

2kπ

n

1 − cos
2kπ

n

= icotg
kπ

n
, k = 1, 2, . . . , n− 1.

2+ Cũng nhu. trên, tù. phu.o.ng tr̀ınh dã cho ta có

(x+ i

x− i

)n

= −1 ⇐⇒ x+ i

x− i
= n

√
−1 = cos

π + 2kπ

n
+ i sin

π + 2kπ

n

hay là

x+ i

x− i
= cos

(2k + 1)π

n
+ i sin

(2k + 1)π

n

= cosψ + i sinψ, ψ =
(2k + 1)π

n
·

Ta biến dô’i phu.o.ng tr̀ınh:

x+ i

x− i
− 1 = cosψ + i sinψ − 1

⇔ 2i

x− i
= 2i sin

ψ

2
cos

ψ

2
− 2 sin2 ψ

2

⇔ 1

x− i
= sin

ψ

2

[
cos

ψ

2
− 1

i
sin

ψ

2

]

= sin
ψ

2

[
cos

ψ

2
+ i sin

ψ

2

]
.
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Tù. dó suy ra

x− i =
1

sin
ψ

2

[
cos

ψ

2
+ i sin

ψ

2

]

=
cos

ψ

2
− i sin

ψ

2

sin
ψ

2

= cotg
ψ

2
− i.

Nhu. vâ.y

x− i = cotg
ψ

2
− i⇒ x = cotg

ψ

2
= cotg

(2k + 1)π

2n
, k = 0, n− 1.

2) Ta xét vế pha’ i cu’a phu.o.ng tr̀ınh dã cho. Ta có

∣∣∣1 + ai

1 − ai

∣∣∣ = 1 ⇒ 1 + ai

1 − ai
= cosα+ i sinα

và tù. dó

1 + xi

1 − xi
= n

√
1 + ai

1 − ai
= cos

α + 2kπ

n
+ i sin

α+ 2kπ

n
, k = 0, n− 1.

Tù. dó nếu dă.t ψ =
α + 2kπ

n
th̀ı

x =
cosψ − 1 + i sinψ

i[cosψ + 1 + i sinψ]
= tg

ψ

2
= tg

α+ 2kπ

2n
, k = 0, n− 1.

Rõ ràng dó là nhũ.ng nghiê.m thu.
.c khác nhau. N

Vı́ du. 8. Biê’u diẽ̂n các số phú.c sau dây du.́o.i da.ng mũ:

1) z =
(−

√
3 + i)

(
cos

π

12
− i sin

π

12

)

1 − i
·

2) z =
√√

3 + i.
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Gia’i. 1) Dă.t z1 = −
√

3 + i, z2 = cos
π

12
− i sin

π

12
, z3 = 1 − i và

biê’u diẽ̂n các số phú.c dó du.́o.i da.ng mũ. Ta có

z1 = 2e
5π
6

i;

z2 = cos
π

12
− i sin

π

12
= cos

(
− π

12

)
+ i sin

(
− π

12

)
= e−

π
12

i;

z3 =
√

2e−
π
4
i.

Tù. dó thu du.o.
.c

z =
2e

5π
6

i · e− π
12

i

√
2e−

π
4
i

=
√

2eiπ.

2) Tru.́o.c hết biê’u diẽ̂n số phú.c z1 =
√

3 + i du.́o.i da.ng mũ. Ta có

|z1| = 2; ϕ = arg(
√

3 + i) =
π

6
,

do dó
√

3 + i = 2e
π
6
i. Tù. dó thu du.o.

.c

wk =
4

√√
3 + i =

4
√

2ei
( π
6 +2kπ)

4

=
4
√

2ei
(12k+1)π

24 , k = 0, 3. N

Vı́ du. 9. Tı́nh các giá tri.

1) căn bâ.c 3: w = 3
√
−2 + 2i

2) căn bâ.c 4: w = 4
√
−4

3) căn bâ.c 5: w =

5
√√

3 − i

8 + 8i
.

Gia’i. Phu.o.ng pháp tốt nhất dê’ t́ınh giá tri. các căn thú.c là biê’u

diẽ̂n số phú.c du.́o.i dấu căn du.́o.i da.ng lu.o.
.ng giác (hoă. c da.ng mũ) rò̂i

áp du. ng các công thú.c tu.o.ng ú.ng.

1) Biê’u diẽ̂n z = −2 + 2i du.́o.i da.ng lu.o.
.ng giác. Ta có

r = |z| =
√

8 = 2
√

2; ϕ = arg(−2 + 2i) =
3π

4
·
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Do dó

wk =
3
√√

8
[
cos

3π

4
+ 2kπ

3
+ i sin

3π

4
+ 2kπ

3

]
, k = 0, 2.

Tù. dó

w0 =
√

2
(

cos
π

4
+ i sin

π

4

)
= 1 + i,

w1 =
√

2
[
cos

11π

12
+ i sin

11π

12

]
,

w2 =
√

2
[
cos

19π

12
+ i sin

19π

12

]
.

2) Ta có

−4 = 4[cos π + i sin π]

và do dó

wk =
4
√

4
[
cos

π + 2kπ

4
+ i sin

π + 2kπ

4

]
, k = 0, 3.

Tù. dó

w0 =
√

2
(

cos
π

4
+ i sin

π

4

)
= 1 + i,

w1 =
√

2
(

cos
3π

4
+ i sin

3π

4

)
= −1 + i,

w2 =
√

2
(

cos
5π

4
+ i sin

5π

4

)
= −1 − i,

w3 =
√

2
(

cos
7π

4
+ i sin

7π

4

)
= 1 − i.

3) Dă. t

z =

√
3 − i

8 + 8i
·

Khi dó |z| =

√
3 + 1√

64 + 64
=

1

4
√

2
. Ta t́ınh argz. Ta có

argz = arg(
√

3 − i) − arg(8 + 8i) = −π
6
− π

4
= −5π

12
·
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Do vâ.y

wk =
5
√( 1

4
√

2

)[
cos

−5π

12
+ 2kπ

5
+ i sin

−5π

12
+ 2kπ

5

]

=
1√
2

[
cos
(
− π

12
+

2kπ

5

)
+ i sin

(
− π

12
+

2kπ

5

)]
, k = 0, 4. N

Vı́ du. 10. 1) Tı́nh tô’ng mo.i căn bâ. c n cu’a 1.

2) Tı́nh tô’ng 1 + 2ε + 3ε2 + · · · + nεn−1, trong dó ε là căn bâ. c n

cu’a do.n vi..

3) Tı́nh tô’ng các luỹ thù.a bâ.c k cu’a mo.i căn bâ.c n cu’a số phú.c α.

Gia’i. 1) Dà̂u tiên ta viết các căn bâ. c n cu’a 1. Ta có

εk =
n
√

1 = cos
2kπ

n
+ i sin

2kπ

n
, k = 0, n− 1.

Tù. dó

ε0 = 1, ε1 = ε = cos
2π

n
+ i sin

2π

n
,

εk = cos
2kπ

n
+ i sin

2kπ

n

=
(

cos
2π

n
+ i sin

2π

n

)k

= εk, k = 1, 2, . . . , n− 1.

Nhu. vâ.y mo.i nghiê.m cu’a căn bâ. c n cu’a 1 có thê’ viết du.́o.i da.ng

1, ε, ε2, . . . , εn−1.

Bây giò. ta t́ınh

S = 1 + ε+ ε2 + · · · + εn−1 =
1 − εn

1 − ε
·

Nếu n > 1 th̀ı εn = 1 và do dó

S =
1 − εn

1 − ε
= 0.
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2) Ta ký hiê.u tô’ng cà̂n t́ınh là S. Ta xét biê’u thú.c

(1 − ε)S = S − εS = 1 + 2ε+ 3ε2 + · · · + nεn−1

− ε− 2ε2 − · · · − (n− 1)εn−1 − nεn

= 1 + ε+ ε2 + · · · + εn−1

︸ ︷︷ ︸
0(ε6=1)

−nεn = −n

v̀ı εn = 1.

Nhu. vâ.y

(1 − ε)S = −n→ S =
−n

1 − ε
nếu ε 6= 1.

Nếu ε = 1 th̀ı

S = 1 + 2 + · · · + n =
n(n + 1)

2
·

3) Gia’ su.’ β0 là mô.t trong các giá tri. căn cu’a α. Khi dó (vó.i

α 6= 0) mo.i căn bâ.c n cu’a α có thê’ biê’u diẽ̂n du.́o.i da.ng t́ıch β0εk,

k = 1, 2, . . . , n − 1, trong dó εk = cos
2kπ

n
+ i sin

2kπ

n
là căn bâ. c n

cu’a 1.

Tù. dó tô’ng cà̂n t̀ım S bà̆ng

S = βk
0 + (β0ε1)

k + (β0ε2)
k + · · · + (β0εn−1)

k

= βk
0 (1 + εk

1 + εk
2 + · · · + εk

n−1)(
εk

m =
(

cos
2mπ

n
+ i sin

2mπ

n

)k

=
(

cos
2π

n
+ i sin

2π

n

)mk
)

= βk
0

[
1 + εk

1 + ε2k
1 + · · · + ε

(n−1)k
1

]
.

Biê’u thú.c trong dấu ngoă. c vuông là cấp số nhân. Nếu εk
1 6= 1, tú.c là

k không chia hết cho n th̀ı

S = βk
0

1 − εnk
1

1 − εk
1

= βk
0

1 − 1

1 − εk
1

= 0 (v̀ı εn
1 = 1).
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Nếu εk
1 = 1 tú.c là k chia hết cho n, k = nq th̀ı

S = βnq
0 [1 + 1 + · · · + 1] = βnq

0 n = nαq (v̀ı βn
0 = α).

Nhu. vâ.y

S =





0 nếu k chia hết cho n;

nαq nếu k = nq, q ∈ Z. N

BÀI TÂ. P

1. Biê’u diẽ̂n các số phú.c sau dây du.́o.i da.ng lu.o.
.ng giác

1) −1 + i
√

3 (DS. 2
(

cos
2π

3
+ i sin

2π

3

)
)

2)
√

3 − i (DS. 2
(

cos
11π

6
+ i sin

11π

6

)
)

3) −
√

3 − i (DS. 2
(

cos
7π

6
+ i sin

7π

6

)
)

4)

√
3

2
+
i

2
(DS. cos

π

6
+ i sin

π

6
)

5)
−
√

3

2
+

1

2
i (DS. cos

5π

6
+ i sin

5π

6
)

6)
1

2
− i

√
3

2
(DS. cos

5π

3
+ i sin

5π

3
)

7) −1

2
− i

√
3

2
(DS. cos

4π

3
+ i sin

4π

3
)

8) 2 +
√

3 − i (DS. 2
√

2 +
√

3
[
cos

23π

12
+ i sin

23π

12

]
)

9) 2 −
√

3 − i (DS. 2
√

2 −
√

3
[
cos

19π

12
+ i sin

19π

12

]
)

2. Biê’u diẽ̂n các số phú.c sau dây du.́o.i da.ng lu.o.
.ng giác

1) − cosϕ+ i sinϕ (DS. cos(π − ϕ) + i sin(π − ϕ))

2) − sinϕ+ i cosϕ (DS. cos
(π

2
+ ϕ

)
+ i sin

(π
2

+ ϕ))
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3) cosϕ− i sinϕ (DS. cos(−ϕ) + i sin(−ϕ))

4) − cosϕ− i sinϕ (DS. cos(π + ϕ) + i sin(π + ϕ))

Bà̆ng cách dă.t α = θ + 2kπ, trong dó 0 6 θ < 2π, ta có:

5) 1+cosα+i sinα (DS. 2 cos
θ

2

[
cos

θ

2
+i sin

θ

2

]
vó.i 0 6 θ < π;

−2 cos
θ

2

[
cos

θ + 2π

2
+ i sin

θ + 2π

2

]
vó.i π 6 θ < 2π)

6) 1 − cosα+ i sinα (DS. 2 sin
θ

2

[
cos

π − θ

2
+ i sin

π − θ

2

]
)

7) sinα + i(1 + cosα)

(DS. 2 cos
θ

2

[
cos

π − θ

2
+ i sin

π − θ

2

]
vó.i 0 6 θ < π;

−2 cos
θ

2

[
cos

3π − θ

2
+ i sin

3π − θ

2

]
vó.i π 6 θ < 2π)

8) − sinα + i(1 + cosα)

(DS. 2 cos
θ

2

[
cos

π + θ

2
+ i sin

π + θ

2

]
vó.i 0 6 θ < π;

−2 cos
θ

2

[
cos

3π + θ

2
+ i sin

3π + θ

2

]
vó.i π 6 θ < 2π)

3. Tı́nh:

1)
(

cos
π

6
− i sin

π

6

)100

(DS. −1

2
− i

√
3

2
)

2)
( 4√

3 + i

)12

(DS. 212)

3)
(
√

3 + i)6

(−1 + i)8 − (1 + i)4
(DS. −3, 2)

4)
(−i−

√
3)15

(1 − i)20
+

(−i+
√

3)15

(1 + i)20
(DS. −64i)

5)
(1 + i)100

(1 − i)96 + (1 + i)96
(DS. −2)

6)
(1 + icotgϕ)5

1 − icotgϕ)5
(DS. cos(π − 10ϕ) + i sin(π − 10ϕ))

7)
(1 − i

√
3)(cosϕ+ i sinϕ)

2(1 − i)(cosϕ− i sinϕ)

(DS.

√
2

2

[
cos
(
6ϕ− π

12

)
+ i sin

(
6ϕ − π

12

)]
)
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8)
(1 + i

√
3)3n

(1 + i)4n
(DS. 2)

4. Chú.ng minh rằng z +
1

z
= 2 cosϕ⇒ zn +

1

zn
= 2 cos nϕ.

5. Hãy biê’u diẽ̂n các hàm sau dây qua sinϕ và cosϕ

1) sin 3ϕ (DS. 3 cos2 ϕ sinϕ− sin3 ϕ)

2) cos 3ϕ (DS. cos3 ϕ − 3 cos ϕ sin2 ϕ)

3) sin 4ϕ (DS. 4 cos3 ϕ sinϕ− 4 cosϕ sin3 ϕ)

4) cos 4ϕ (DS. cos4 ϕ − 6 cos2 ϕ sin2 ϕ + sin4 ϕ)

6. Hãy biê’u diẽ̂n các hàm sau qua tgx

1) tg4ϕ (DS.
4tgϕ− 4tg3ϕ

1 − 6tg2ϕ+ tg4ϕ
)

2) tg6ϕ (DS.
6tgϕ− 20tg3ϕ+ 6tg5ϕ

1 − 15tg2ϕ+ 15tg4ϕ− tg6ϕ
)

7. Chú.ng minh rằng

1 − C2
n + C4

n − C6
n + . . . = 2

n
2 cos

nπ

4
·

C1
n − C3

n + C5
n − C7

n + . . . = 2
n
2 sin

nπ

4
·

Chı’ dã̂n. Tı́nh (1 + i)n bà̆ng cách su.’ du.ng công thú.c Moivre và

su.’ du.ng công thú.c nhi. thú.c Newton rò̂i so sánh phà̂n thu.
.c và phà̂n

a’o các số thu du.o.
.c.

8. Chú.ng minh rằng

1) cos
π

5
+ cos

3π

5
=

1

2

2) cos
π

7
+ cos

3π

7
+ cos

5π

7
=

1

2

3) cos
2π

5
+ cos

4π

5
= −1

2

4) cos
2π

7
+ cos

4π

7
+ cos

6π

7
= −1

2

5) cos
2π

9
+ cos

4π

9
+ cos

6π

9
+ cos

8π

9
= −1

2
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9. Gia’i phu.o.ng tr̀ınh

(i− x

i+ x

)n

=
cotgα+ i

cotgα − i
, n ∈ N, α ∈ R.

(DS. x = tg
α + kπ

n
, k = 0, n − 1)

10. Chú.ng minh rằng nếu A là số phú.c có modun = 1 th̀ı mo.i nghiê.m

cu’a phu.o.ng tr̀ınh

(1 + ix

1 − ix

)n

= A

dè̂u là nghiê.m thu.
.c và khác nhau.

11. Gia’i phu.o.ng tr̀ınh

xn − naxn−1 − C2
na

2xn−2 − · · · − an = 0.

(DS. xk =
a

εk

√
2 − 1

, k = 0, n− 1)

Chı’ dã̂n. Dùng công thú.c nhi. thú.c Newton dê’ du.a phu.o.ng tr̀ınh

vè̂ da.ng xn = (x+ a)n − xn.

12. Gia’i phu.o.ng tr̀ınh

x5 + x4 + x3 + x2 + x+ 1 = 0.

(DS. xk = cos
kπ

3
+ i sin

kπ

3
, k = 1, 2, 3, 4, 5)

13. Gia’i phu.o.ng tr̀ınh

x5 + αx4 + α2x3 + α3x2 + α4x+ α5 = 0, α ∈ C, α 6= 0.

(DS. xk = α
[

cos
kπ

3
+ i sin

kπ

3

]
, k = 1, 2, 3, 4, 5)

Chı’ dã̂n. Vế trái là tô’ng cấp số nhân vó.i công bô. i bà̆ng
α

x
.

14. Gia’ su.’ n ∈ N, n > 1, c 6= 0, c ∈ R. Gia’ i các phu.o.ng tr̀ınh sau

dây



1.4. Biê’u diẽ̂n số phú.c du.́o.i da.ng lu.o.
.ng giác 43

1) (x+ c)n − (x− c)n = 0 (DS. x = −ccotgkπ
n

, k = 1, n − 1)

2) (x+ ci)n − (x− ci)n = 0 (DS. x = −cicotgkπ
n

, k = 1, n − 1)

3) (x+ ci)n + i(x− ci)n = 0

(DS. x = −cicotg(3 + 4k)π

4n
, k = 0, n − 1)

4) (x+ ci)n − (cosα+ i sinα)(x− ci)n = 0, α 6= 2kπ.

(DS. x = −cicotgα+ 2kπ

2n
, k = 0, n− 1)

15. Tı́nh

Dn(x) =
1

2π

[1
2

+ cosx+ cos 2x+ · · · + cos nx
]
.

(DS. Dn(x) =
1

2π

sin
2n + 1

2
x

2 sin
x

2

)

16. 1) Biê’u diẽ̂n cos 5x và sin 5x qua cos x và sinx.

2) Tı́nh cos
2π

5
và sin

2π

5
.

(DS. 1) cos 5x = cos5 x− 10 cos3 x sin2 x+ 5 cos x sin4 x,

sin 5x = 5 cos4 x sinx− 10 cos2 x sin3 x+ sin5 x.

2) sin
2π

5
=

√
10 + 2

√
5

4
, cos

2π

5
=

√
5 − 1

4
)

Chı’ dã̂n. Dê’ t́ınh sin
2π

5
cà̂n su.’ du. ng biê’u thú.c cu’a sin 5x.
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2.1 D- a thú.c

Da thú.c mô.t biến vó.i hê. số thuô.c tru.̀o.ng số P du.o.
.c biê’u diẽ̂n do.n tri.

du.́o.i da.ng tô’ng hũ.u ha.n

Q(x) = a0z
n + a1z

n−1 + · · · + an−1z + an (2.1)

trong dó z là biến, a0, a1, . . . , an là các số; và mõ̂i tô’ng da.ng (2.1) dè̂u

là da thú.c.

Ký hiê.u: Q(z) ∈ P[z].

Nếu a0, a1, . . . , an ∈ C th̀ı ngu.̀o.i ta nói rà̆ng Q(z) là da thú.c trên

tru.̀o.ng số phú.c: Q(z) ∈ C[z]. Nếu a0, a1, . . . , an ∈ R th̀ı Q(z) là da

thú.c trên tru.̀o.ng số thu.
.c: Q(z) ∈ R[z].
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Nếu Q(z) 6= 0 th̀ı bâ. c cu’a nó (ký hiê.u degQ(z)) là số mũ cao nhất

cu’a mo.i luỹ thù.a cu’a các số ha.ng 6= 0 cu’a da thú.c và hê. số cu’a số

ha.ng có luỹ thù.a cao nhất dó go. i là hê. số cao nhất.

Nếu P (z) và Q(z) ∈ P[z] là că.p da thú.c và Q(z) 6= 0 th̀ı tò̂n ta. i

că.p da thú.c h(z) và r(z) ∈ P[z] sao cho

1+ P = Qh+ r,

2+ hoă. c r(z) = 0, hoă. c degr < degQ.

D- i.nh lý Bézout. Phà̂n du. cu’a phép chia da thú.c P (z) cho nhi. thú.c

z − α là hà̆ng P (α) (r = P (α)).

2.1.1 D- a thú.c trên tru.̀o.ng số phú.c C

Gia’ su.’ Q(z) ∈ C[z]. Nếu thay z bo.’ i số α th̀ı ta thu du.o.
.c số phú.c

Q(α) = a0α
n + a1α

n−1 + · · · + an−1α + an.

D- i.nh ngh̃ıa 2.1.1. Nếu Q(α) = 0 th̀ı số z = α du.o.
.c go. i là nghiê.m

cu’a da thú.c Q(z) hay cu’a phu.o.ng tr̀ınh da.i số Q(z) = 0.

D- i.nh lý Descate. Da thú.c Q(z) chia hết cho nhi. thú.c z − α khi và

chı’ khi α là nghiê.m cu’a da thú.c P (z) (tú.c là P (α) = 0).

D- i.nh ngh̃ıa 2.1.2. Số phú.c α là nghiê.m bô. i m cu’a da thú.c Q(z)

nếu và chı’ nếu Q(z) chia hết cho (z − α)m nhu.ng không chia hết cho

(z − α)m+1. Số m du.o.
.c go. i là bô. i cu’a nghiê.m α. Khi m = 1, số α go. i

là nghiê.m do.n cu’a Q(z).

Trong tiết 2.1.1 ta biết rằng tâ.p ho.
.p số phú.c C du.o.

.c lâ.p nên bà̆ng

cách ghép thêm vào cho tâ.p ho.
.p số thu.

.c R mô.t nghiê.m a’o x = i cu’a

phu.o.ng tr̀ınh x2 + 1 = 0 và mô.t khi dã ghép i vào th̀ı mo.i phu.o.ng

tr̀ınh da thú.c dè̂u có nghiê.m phú.c thu.
.c su.

.. Do dó không cà̂n pha’i

sáng ta.o thêm các số mó.i dê’ gia’ i phu.o.ng tr̀ınh (v̀ı thế C còn du.o.
.c go. i

là tru.̀o.ng dóng da.i số).

D- i.nh lý Gauss (di.nh lý co. ba’n cu’a da. i số).
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Mo. i da thú.c da. i số bâ. c n (n > 1) trên tru.̀o.ng số phú.c dè̂u có ı́t

nhất mô. t nghiê.m phú.c.

Tù. di.nh lý Gauss rút ra các hê. qua’ sau.

1+ Mo. i da thú.c bâ. c n (n > 1) trên tru.̀o.ng số phú.c dè̂u có dúng n

nghiê.m nếu mõ̂i nghiê.m du.o.
.c t́ınh mô.t số là̂n bà̆ng bô. i cu’a nó, tú.c là

Q(x) = a0(z − α1)
m1(z − α2)

m2 · · · (z − αk)
mk , (2.2)

trong dó αi 6= αj ∀ i 6= j và m1 +m2 + · · · +mk = n.

Da thú.c (2.1) vó.i hê. số cao nhất a0 = 1 du.o.
.c go. i là da thú.c thu

go. n.

2+ Nếu z0 là nghiê.m bô. i m cu’a da thú.c Q(z) th̀ı số phú.c liên ho.
.p

vó.i nó z0 là nghiê.m bô. i m cu’a da thú.c liên ho.
.p Q(z), trong dó da

thú.c Q(z) du.o.
.c xác di.nh bo.’ i

Q(z)
def
= a0z

n + a1z
n−1 + · · · + an−1z + an. (2.3)

2.1.2 D- a thú.c trên tru.̀o.ng số thu.
.c R

Gia’ su.’

Q(z) = zn + a1z
n−1 + · · · + an−1z + an (2.4)

là da thú.c quy go.n vó.i hê. số thu.
.c a1, a2, . . . , an.

Da thú.c này có t́ınh chất dă.c biê.t sau dây.

D- i.nh lý 2.1.1. Nếu số phú.c α là nghiê.m bô. i m cu’a da thú.c (2.4) vó.i

hê. số thu.
.c th̀ı số phú.c liên ho.

.p vó.i nó α cũng là nghiê.m bô. i m cu’a

da thú.c dó.

Su.’ du.ng di.nh lý trên dây ta có thê’ t̀ım khai triê’n da thú.c vó.i hê.
số thu.

.c Q(z) thành t́ıch các thù.a số. Vè̂ sau ta thu.̀o.ng chı’ xét da

thú.c vó.i hê. số thu.
.c vó.i biến chı’ nhâ.n giá tri. thu.

.c nên biến dó ta ký

hiê.u là x thay cho z.
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D- i.nh lý 2.1.2. Gia’ su.’ da thú.c Q(x) có các nghiê.m thu.
.c b1, b2, . . . , bm

vó.i bô. i tu.o.ng ú.ng β1, β2, . . . , βm và các că. p nghiê.m phú.c liên ho.
.p a1

và a1, a2 và a2, . . . , an và an vó.i bô. i tu.o.ng ú.ng λ1, λ2, . . . , λn. Khi dó

Q(x) = (x− b1)
β1(x− b2)

β2 · · · (x− bm)βm(x2 + p1x+ q1)
λ1×

× (x2 + p2x+ q2)
λ2 · · · (x2 + pnx+ qb)

λn. (2.5)

D- i.nh lý 2.1.3. Nếu da thú.c Q(x) = xn + a1x
n−1 + · · · + an−1x + an

vó.i hê. số nguyên và vó.i hê. số cao nhất bằng 1 có nghiê.m hũ.u ty’ th̀ı

nghiê.m dó là số nguyên.

Dối vó.i da thú.c vó.i hê. số hũ.u ty’ ta có

D- i.nh lý 2.1.4. Nếu phân số tối gia’n
`

m
(`,m ∈ Z,m > 0) là nghiê.m

hũ.u ty’ cu’a phu.o.ng tr̀ınh vó.i hê. số hũ.u ty’ a0x
n+a1x

n−1+· · ·+an−1x+

an = 0 th̀ı ` là u.́o.c cu’a số ha. ng tu.
. do an và m là u.́o.c cu’a hê. số cao

nhất a0.

CÁC VÍ DU.

Vı́ du. 1. Gia’ su.’ P (z) = a0z
n + a1z

n−1 + · · · + an−1z + an. Chú.ng

minh rà̆ng:

1+ Nếu P (z) ∈ C[z] th̀ı P (z) = P (z).

2+ Nếu P (z) ∈ R[z] th̀ı P (z) = P (z).

Gia’i. 1+ Áp du.ng các t́ınh chất cu’a phép toán lấy liên ho.
.p ta thu

du.o.
.c

p(Z) = a0zn + a1zn−1 + · · · + an−1z + an

= a0zn + a1zn−1 + · · · + an−1z + an

= a0(z)
n + a1(z)

n−1 + · · · + an−1z + an = P (z).
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2+ Gia’ su.’ P (z) ∈ R[z]. Khi dó

P (z) = a0zn + a1zn−1 + · · · + an−1z + an

= a0zn + a1zn−1 + · · · + an−1z + an

= a0(z)
n + a1(z)

n−1 + · · · + an−1z + an

= a0(z)
n + a1(z)

n−1 + · · · + an−1z + an = P (z).

Tù. dó cũng thu du.o.
.c P (z) = P (z) v̀ı P (z) = P (z). N

Vı́ du. 2. Chú.ng minh rà̆ng nếu a là nghiê.m bô. i m cu’a da thú.c

P (z) = a0z
n + a1z

n−1 + · · · + an−1z + an, a0 6= 0

th̀ı số phú.c liên ho.
.p a là nghiê.m bô. i m cu’a da thú.c

P (z) = a0z
n + a1z

n−1 + · · · + an−1z + an

(go. i là da thú.c liên ho.
.p phú.c vó.i da thú.c P (z)).

Gia’i. Tù. v́ı du. 1 ta có

P (z) = P (z). (2.6)

Vı̀ a là nghiê.m bô. i m cu’a P (z) nên

P (z) = (z − a)mQ(z), Q(a) 6= 0 (2.7)

trong dó Q(z) là da thú.c bâ. c n−m. Tù. (2.6) và (2.7) suy ra

P (z) = P (z) = (z − a)mQ(z) = (z − a)mQ(z). (2.8)

Ta còn cà̂n chú.ng minh rà̆ng Q(a) 6= 0. Thâ. t vâ.y, nếu Q(a) = 0 th̀ı

bà̆ng cách lấy liên ho.
.p phú.c mô.t là̂n nũ.a ta có

Q(a) = Q(a) = 0 ⇒ Q(a) = 0.

Diè̂u này vô lý. Bằng cách dă.t t = z, tù. (2.8) thu du.o.
.c

P (t) = (t− a)mQ(t), Q(a) 6= 0.
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Dă’ng thú.c này chú.ng to’ rà̆ng t = a là nghiê.m bô. i m cu’a da thú.c

P (t). N

Vı́ du. 3. Chú.ng minh rà̆ng nếu a là nghiê.m bô. i m cu’a da thú.c vó.i

hê. số thu.
.c P (z) = a0z

n + a1z
n−1 + · · · + an (a0 6= 0) th̀ı số phú.c liên

ho.
.p a cũng là nghiê.m bô. i m cu’a ch́ınh da thú.c dó.

Gia’i. Tù. v́ı du. 1, 2+ ta có

P (z) = P (z) (2.9)

và do a là nghiê.m bô. i m cu’a nó nên

P (z) = (z − a)mQ(z) (2.10)

trong dó Q(z) là da thú.c bâ. c n−m và Q(a) 6= 0.

Ta cà̂n chú.ng minh rằng

P (z) = (z − a)mQ(z), Q(a) 6= 0. (2.11)

Thâ.t vâ.y tù. (2.9) và (2.10) ta có

P (z) = (z − a)mQ(z) = (z − a)m ·Q(z)

=
[
(z − a)

]m
Q(z) = (z − a)mQ(z)

v̀ı theo (2.9)

Q(z) = Q(z) ⇒ Q(z) = Q(z).

Ta còn cà̂n chú.ng minh Q(a) 6= 0. Thâ. t vâ.y v̀ı Q(a) 6= 0 nên

Q(a) 6= 0 và do dó Q(a) 6= 0 v̀ı dối vó.i da thú.c vó.i hê. số thu.
.c th̀ı

Q(t) = Q(t). N

Vı́ du. 4. Gia’i phu.o.ng tr̀ınh z3 − 4z2 + 4z − 3 = 0.

Gia’i. Tù. di.nh lý 4 suy rà̆ng các nghiê.m nguyên cu’a phu.o.ng tr̀ınh

vó.i hê. số nguyên dè̂u là u.́o.c cu’a số ha.ng tu.
. do a = −3. Số ha.ng tu.

. do
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a = −3 có các u.́o.c là ±1, ±3. Bà̆ng cách kiê’m tra ta thu du.o.
.c z0 = 3

là nghiê.m nguyên. Tù. dó

z3 − 4z2 + 4z − 3 = (z − 3)(z2 − z + 1)

= (z − 3)(z − 1

2
+ i

√
3

2

)(
z − 1

2
− i

√
3

2

)

hay là phu.o.ng tr̀ınh dã cho có ba nghiê.m là

z0 = 3, z1 =
1

2
− i

√
3

2
; z2 =

1

2
+ i

√
3

2
· N

Vı́ du. 5. Biê’u diẽ̂n da thú.c P6(z) = z6 − 3z4 + 4z2 − 12 du.́o.i da.ng:

1+ t́ıch các thù.a số tuyến t́ınh;

2+ t́ıch các thù.a số tuyến t́ınh vó.i tam thú.c bâ. c hai vó.i hê. số

thu.
.c.

Gia’i. Ta t̀ım mo.i nghiê.m cu’a da thú.c P (z). Vı̀

z6 − 3z4 + 4z2 − 12 = (z2 − 3)(z4 + 4)

nên rõ ràng là

z1 = −
√

3, z2 =
√

3, z3 = 1 + i,

z4 = 1 − i, z5 = −1 + i, z6 = −1 − i.

Tù. dó

1+ P6(z) = (z−
√

3)(z+
√

3)(z−1−i)(z−1+i)(z+1−i)(z+1+i)

2+ Bà̆ng cách nhân các că.p nhi. thú.c tuyến t́ınh tu.o.ng ú.ng vó.i các

nghiê.m phú.c liên ho.
.p vó.i nhau ta thu du.o.

.c

P6(z) = (z −
√

3)(z +
√

3)(z2 − 2z + 2)(z2 + 2z + 2). N

Vı́ du. 6. Tı̀m da thú.c hê. số thu.
.c có luỹ thù.a thấp nhất sao cho các

số z1 = 3, z2 = 2 − i là nghiê.m cu’a nó.
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Gia’i. Vı̀ da thú.c chı’ có hê. số thu.
.c nên các nghiê.m phú.c xuất hiê.n

tù.ng că.p liên ho.
.p phú.c, ngh̃ıa là nếu z2 = 2 − i là nghiê.m cu’a nó th̀ı

z2 = 2 + i cũng là nghiê.m cu’a nó. Do dó

P (z) = (z − 3)(z − 2 + i)(z − 2 − i) = z3 − 7z2 + 17z − 15. N

Vı́ du. 7. Phân t́ıch da thú.c

(x+ 1)n − (x− 1)n

thành các thù.a số tuyến t́ınh.

Gia’i. Ta có

P (x) = (x+ 1)n − (x− 1)n

= [xn + nxn−1 + . . . ]− [xn − nxn−1 + . . . ] = 2nxn−1 + . . .

Nhu. vâ.y P (x) là da thú.c bâ. c n − 1 vó.i hê. số cao nhất bà̆ng 2n. Dối

vó.i da thú.c này ta dã biết (§1) nghiê.m cu’a nó:

xk = icotg
kπ

n
, k = 1, 2, . . . , n− 1.

Do dó

(x+ 1)n − (x− 1)n

= 2n
(
x− icotg

π

n

)(
x− icotg

2π

n

)
· · ·
(
x− icotg

(n− 1)π

n

)
.N

Khi phân t́ıch da thú.c trên tru.̀o.ng P thành thù.a số ta thu.̀o.ng

gă.p nhũ.ng da thú.c không thê’ phân t́ıch thành t́ıch hai da thú.c có bâ.c

thấp ho.n trên cùng tru.̀o.ng P dó. Nhũ.ng da thú.c này du.o.
.c go. i là da

thú.c bất kha’ quy.

Chă’ng ha.n: da thú.c x2 − 2 là kha’ quy trên tru.̀o.ng số thu.
.c v̀ı:

x2 − 2 = (x−
√

2)(x+
√

2)
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nhu.ng bất kha’ quy trên tru.̀o.ng số hũ.u ty’ . Thâ.t vâ.y, nếu

x2 − 2 = (ax+ b)(cx+ d); a, b, c, d ∈ Q

th̀ı bà̆ng cách dă.t x = − b
a

ta có

b2

a2
− 2 = 0 ⇒

√
2 = ± b

a

và
√

2 là số hũ.u ty’ . Vô lý.

Vı́ du. 8. Phân t́ıch da thú.c xn − 1 thành t́ıch các da thú.c bất kha’

quy trên R.

Gia’i. Dà̂u tiên ta khai triê’n da thú.c dã cho thành t́ıch các thù.a

số tuyến t́ınh

xn − 1 = (x− ε0)(x− ε1) · · · (x− εn−1),

εk = cos
2kπ

n
+ i sin

2kπ

n
, k = 0, n − 1

và tách ra các nhi. thú.c thu.
.c. Ta có

εk ∈ R nếu sin
2kπ

n
= 0 ⇒ 2k

...n, 0 6 k < n− 1.

Tù. dó

1+ Nếu n là số le’ th̀ı diè̂u dó (2k
...n) chı’ xâ’y ra khi k = 0 (v̀ı k < n)

và khi dó ε0 = 1.

2+ Nếu n là số chã̆n (n = 2m) th̀ı nghiê.m εk chı’ thu.
.c khi k = 0

và k = m. Do dó ε0 = 1, εm = −1. Dối vó.i các giá tri. k còn la. i εk

không là số thu.
.c. Dối vó.i các giá tri. k này ta có

sin
2(n − k)π

n
= sin

(
2π − 2kπ

n

)
= − sin

2kπ

n

và do dó

εn−k = εk ⇒ ε1 = εn−1, ε2 = εn−2, . . .
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Mă.t khác

(x− εk)(x− εk) = x2 − (εk + εk)x+ εkεk = x2 − x · 2 cos
2kπ

n
+ 1.

Do dó

xn − 1 =





(x− 1)

n−1
2∏

k=1

(
x2 − x · 2 cos

2kπ

n
+ 1
)

nếu n là số le’,

(x− 1)(x+ 1)

n−2
2∏

k=1

(
x2 − x · 2 cos

2kπ

n
+ 1
)

nếu n là số chã̆n. N

BÀI TÂ. P

1. Chú.ng minh rằng số z0 = 1 + i là nghiê.m cu’a da thú.c

P4(z) = 3z4 − 5z3 + 3z2 + 4z − 2.

Tı̀m các nghiê.m còn la. i.

(DS. z1 = 1 − i, z2 =
−1 +

√
13

6
, z3 =

−1 −
√

13

6
)

2. Chú.ng minh rằng số z0 = i là nghiê.m cu’a da thú.c

P4(z) = z4 + z3 + 2z2 + z + 1.

Tı̀m các nghiê.m còn la. i.

(DS. z1 = −i, z2 =
−1 +

√
3i

2
, z3 =

−1 − i
√

3

2
)

3. Xác di.nh bô. i cu’a nghiê.m z0 = 1 cu’a da thú.c

P4(z) = z4 − 5z3 + 9z2 − 7z + 2. (DS. 3)

4. Xác di.nh bô. i cu’a nghiê.m z0 = 2 cu’a da thú.c

P5(z) = z5 − 5z4 + 7z3 − 2z2 + 4z − 8. (DS. 3)
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5. Tı̀m da thú.c hê. số thu.
.c có luỹ thù.a thấp nhất sao cho số z1 = i là

nghiê.m kép và z2 = −1 − i là nghiê.m do.n cu’a nó.

(DS. z6 + 2z5 + 4z4 + 4z3 + 5z2 + 2z + 2)

6. Phân t́ıch các da thú.c dã cho thành t́ıch các thù.a số tuyến t́ınh

1) z3 − 6z2 + 11z − 6 (DS. (z − 1)(z − 2)(z − 3))

2) 6z4 − 11z3 − z2 − 4

(DS. 6(z − 2)
(
z +

2

3

)(
z − 1 + i

√
3

2

)(
z − 1 − i

√
3

2

)
.

3) 3z4 − 23z2 − 36 (DS. 3(z− 3)(z+ 3)
(
z− i

2√
3

)(
z+ i

2√
3

)
)

4) zn − 1 (DS. (z − ε0)(z − ε1) · · · (z − εn−1),

εk = cos
2kπ

n
+ i sin

2kπ

n
, k = 0, n − 1)

5) z4 + 4 (DS. (z − 1 − i)(z − 1 + i)(z + 1 − i)(z + 1 + i))

6) z4 + 16

(DS. (z−
√

2(1 + i))(z−
√

2(1− i))(z+
√

2(1 + i))(z+
√

2(1− i)))

7) z4 + 8z3 + 8z − 1

(DS. (z − i)(z + i)(z + 4 −
√

17)(z + 4 +
√

17))

8) z3 + z + 2 (DS. (z + 1)
(
z − 1 + i

√
7

2

)(
z − 1 − i

√
7

2

)
)

7. Phân t́ıch các da thú.c trên tru.̀o.ng số thu.
.c thành các da thú.c bất

kha’ quy trên cùng tru.̀o.ng dó.

1) x3 + x+ 2 (DS. (x+ 1)(x2 − x+ 2))

2) x4 + 16 (DS. (x2 − 2x
√

2 + 4)(x2 + 2
√

2x+ 4))

3) x4 + 8x3 + 8x− 1 (DS. (x2 + 1)(x+ 4 −
√

17)(x+ 4 +
√

17))

4) x4 + 2x3 + 3x2 + 2x − 3

(DS.
(
x−

√
5 − 1

2

)(
x+

√
5 + 1

2

)
(x2 + x+ 3))

5) x10 − 2x5 + 2 (DS.
4∏

k=0

(
x2 − 2 10

√
2 cos

8k + 1

20
π + 5

√
2
)
)

6) x4 + x3 + x2 + x+ 1
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(DS.
(
x2 −

√
5 − 1

2
x+ 1

)(
x2 +

√
5 + 1

2
x+ 1

)
)

Chı’ dã̂n. Dă. t x
2 làm thù.a số chung rò̂i dùng phép dô’i biến y =

x+
1

x

7) x2n − 1 (DS. (x2 − 1)
n−1∏
k=1

(x2 − 2x cos
kπ

n
+ 1))

8) x2n+1 − 1 (DS. (x− 1)
n∏

k=1

(
x2 − 2x cos

2kπ

2n + 1
+ 1
)
)

2.2 Phân thú.c hũ.u ty’

Mô.t hàm số xác di.nh du.́o.i da.ng thu.o.ng cu’a hai da thú.c da. i số ta. i

nhũ.ng diê’m mà mẫu số không triê.t tiêu go. i là phân thú.c hũ.u ty’ .

R(x) =
P (x)

Q(x)
, Q(x) 6= 0.

Nếu degP < degQ th̀ı R(x) go. i là phân thú.c hũ.u ty’ thu.
.c su.

.. Nếu

degP > degQ th̀ı R(x) du.o.
.c go. i là phân thú.c hũ.u ty’ không thu.

.c su.
..

Nếu degP > degQ th̀ı bà̆ng cách thu.
.c hiê.n phép chia P (x) cho

Q(x) ta thu du.o.
.c

P (x)

Q(x)
= W (x) +

P1(x)

Q(x)
(2.12)

trong dó W (x) là da thú.c, còn
P1(x)

Q(x)
là phân thú.c hũ.u ty’ thu.

.c su.
..

Vè̂ sau ta chı’ xét các phân thú.c hũ.u ty’ là thu.o.ng cu’a hai da thú.c

da.i số vó.i hê. số thu.
.c (phân thú.c nhu. vâ.y du.o.

.c go. i là phân thú.c hũ.u

ty’ vó.i hê. số thu.
.c).

Phân thú.c thu.
.c do.n gia’n nhất (còn go. i là phân thú.c co. ba’n) là

nhũ.ng phân thú.c du.o.
.c biê’u diẽ̂n tối gia’n bo.’ i mô.t trong hai da.ng sau

dây

I.
A

(x− α)m
; II.

Bx+ C

(x2 + px + q)m
; A,B,C, p, q ∈ R.
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Tù. di.nh lý Gauss và các hê. qua’ cu’a nó ta có

D- i.nh lý. Mo. i phân thú.c hũ.u ty’ thu.
.c su.

. P (x)

Q(x)
hê. số thu.

.c vó.i mẫu

số có da. ng

Q(x) = (x− α)r(x− β)s · · · (x2 + p1x+ q1)
m×

× (x2 + p2x+ q2)
` · · · (x2 + psx+ qs)

n (2.13)

dè̂u có thê’ biê’u diẽ̂n du.́o.i da. ng tô’ng hũ.u ha. n các phân thú.c co. ba’n

da. ng I và II

P (x)

Q(x)
=

A

(x− α)r
+

B

(x− α)r−1
+ · · · + C

x− α
+

+
D

(x− β)s
+

E

(x− β)s−1
+ · · · + F

x− β
+

. . . . . . . . . . . . . . . . . . . . . . . .

+
Gx+H

(x2 + p1x+ q1)m
+

Ix+H

(x2 + p1x+ q1)m−1
+ · · · + Lx+M

x2 + p1x+ q1
+

. . . . . . . . . . . . . . . . . . . . . . . .

+
Nx+ P

(x2 + psx+ qs)n
+

Qx+R

(x2 + psx+ qs)n−1
+ · · · + Sx+ T

x2 + psx+ qs
,

(2.14)

trong dó A,B, . . . là nhũ.ng hằng số thu.
.c.

Nhu. vâ.y các phân thú.c co. ba’n o.’ vế pha’ i cu’a (2.14) sá̆p xếp theo

tù.ng nhóm tu.o.ng ú.ng vó.i các thù.a số o.’ vế pha’ i cu’a (2.13), trong dó

số số ha.ng cu’a mõ̂i nhóm bằng số mũ cu’a luỹ thù.a cu’a thù.a số tu.o.ng

ú.ng.

Cà̂n lu.u ý rằng khi khai triê’n phân thú.c cu. thê’ theo công thú.c

(2.14) mô.t số hê. số có thê’ bà̆ng 0 và do dó số số ha.ng trong mõ̂i nhóm

có thê’ bé ho.n số mũ cu’a thù.a số tu.o.ng ú.ng.

Trong thu.
.c hành, dê’ t́ınh các hê. số A,B, . . . ta sẽ su.’ du. ng các

phu.o.ng pháp sau.
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I. Gia’ su.’ da thú.c Q(x) chı’ có các nghiê.m thu.
.c do.n, tú.c là

Q(x) =
n∏

j=1

(x− aj), ai 6= aj ∀ i 6= j.

Khi dó

P (x)

Q(x)
=

n∑

j=1

Aj

x− aj
· (2.15)

Dê’ xác di.nh Ak ta nhân hai vế cu’a (2.15) vó.i x− ak và thu du.o.
.c

P (x)
n∏

j=1

j 6=k

(x− aj)
= Ak +

[ A1

x− a1
+ · · · + Ak−1

x− ak−1

+
Ak+1

x− ak+1
+ · · · + An

x− an

]
(x− ak). (2.16)

Thay x = ak vào (2.16) ta có

Ak =
P (ak)

n∏

j=1

j 6=k

(ak − aj)
· (2.17)

Nhu. vâ.y dê’ t́ınh hê. số Ak cu’a phân thú.c
Ak

x− ak
ta xóa thù.a số

(x− ak) kho’i mẫu số cu’a
P (x)

Q(x)
và tiếp theo là thay x = ak vào biê’u

thú.c còn la. i. Vı̀ vâ.y phu.o.ng pháp này du.o.
.c go. i là phu.o.ng pháp xóa.

II. Nếu Q(x) có nghiê.m bô. i th̀ı công thú.c (2.17) không còn su.’ du.ng

du.o.
.c. Gia’ su.’ Q(x) = gm, trong dó hoă. c g = x− α hoă. c g là t́ıch các

thù.a số là tam thú.c bâ.c hai vó.i hai biê.t số âm. Trong tru.̀o.ng ho.
.p

này ta cà̂n khai triê’n P (x) theo các luỹ thù.a cu’a g:

P (x) = a0 + a1g + a2g
2 + . . .
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trong dó a0, a1, . . . là hằng số nếu g = x− α và là da thú.c bâ.c không

vu.o.
.t quá 1 trong tru.̀o.ng ho.

.p thú. hai (trong tru.̀o.ng ho.
.p này ta cà̂n

thu.
.c hiê.n theo quy tá̆c phép chia có du.).

III. Dối vó.i tru.̀o.ng ho.
.p tô’ng quát, ta nhân hai vế cu’a (2.14) vó.i

da thú.c Q(z) và sá̆p xếp các số ha.ng o.’ vế pha’ i dă’ng thú.c thu du.o.
.c

thành da thú.c và thu du.o.
.c dò̂ng nhất thú.c giũ.a hai da thú.c: mô.t da

thú.c là P (x), còn da thú.c kia là da thú.c vó.i hê. số A,B, . . . chu.a du.o.
.c

xác di.nh. Cân bà̆ng các hê. số cu’a các luỹ thù.a cùng bâ. c ta thu du.o.
.c

hê. phu.o.ng tr̀ınh tuyến t́ınh vó.i â’n là A,B, . . . .

Gia’ i hê. dó, ta t̀ım du.o.
.c các hê. số A,B, . . . Phu.o.ng pháp này go. i

là phu.o.ng pháp hê. số bất di.nh.

Ta có thê’ xác di.nh hê. số bà̆ng cách khác là cho biến x trong dò̂ng

nhất thú.c nhũ.ng tri. số tùy ý (chă’ng ha.n các giá tri. dó là nghiê.m thu.
.c

cu’a mã̂u số).

CÁC VÍ DU.

Vı́ du. 1. Khai triê’n các phân thú.c hũ.u ty’ sau thành tô’ng các phân

thú.c co. ba’n

1)
2x3 + 4x2 + x+ 2

(x− 1)2(x2 + x+ 1)
, 2)

x2 − 2x

(x− 1)2(x2 + 1)2
·

Gia’i. 1) Vı̀ tam thú.c bâ. c hai x2 +x+1 không có nghiê.m thu.
.c nên

R1(x) =
2x3 + 4x2 + x+ 2

(x− 1)2(x2 + x+ 1)
=

B1

(x− 1)
+

B2

(x− 1)2
+

Mx+N

x2 + x+ 1
·

Quy dò̂ng mã̂u số ta có

2x3 + 4x2 + x+ 2

(x− 1)2(x2 + x+ 1)

=
B1(x

3 − 1) +B2(x
2 + x+ 1) + (Mx+N)(x2 − 2x + 1)

(x− 1)2(x2 + x+ 1)
·
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Cân bà̆ng hê. số cu’a x0, x1, x2 và x3 trong các tu.’ số ta thu du.o.
.c hê.

phu.o.ng tr̀ınh

x3
∣∣∣ B1 +B2 +N = 2,

x2
∣∣∣ B2 +M − 2N = 1,

x1
∣∣∣ B2 +N − 2M = 4,

x0
∣∣∣ B1 +M = 2.

Gia’i hê. phu.o.ng tr̀ınh ta có B1 = 2, B2 = 3, M = 0, N = 1. Tù. dó

R1(x) =
2

x− 1
+

3

(x− 1)2
+

1

x2 + x+ 1
·

2) Ta có

R2 =
x2 − 2x

(x− 1)2(x2 + 1)2
=

A1

x− 1
+

A2

(x− 1)2
+
M1x+N1

x2 + 1
+
M2x+N2

(x2 + 1)2
·

Quy dò̂ng mẫu số và cân bà̆ng các tu.’ số ta có

x2 − 2x = A1(x− 1)(x2 + 1)2 +A2(x
2 + 1)2 + (M1x+N1)(x− 1)2(x2 + 1)

+ (M2x+N2)(x− 1)2.

So sánh các hê. số cu’a các luỹ thù.a cùng bâ.c o.’ hai vế ta thu du.o.
.c

x5
∣∣∣ A1 +M1 = 0,

x4
∣∣∣ −A1 +A2 − 2M1 +N1 = 0,

x3
∣∣∣ 2A1 + 2M1 − 2N1 +M2 = 0,

x2
∣∣∣ − 2A1 + 2A2 − 2M1 + 2N1 + 2N1 − 2M2 +N2 = 1,

x1
∣∣∣ A1 +M1 − 2N1 +M2 − 2N2 = −2,

x0
∣∣∣ −A1 +A2 +N1 +N2 = 0.

Tù. dó suy ra

A1 =
1

2
, A2 = −1

4
, M1 = −1

2
,

N1 = −1

4
, M2 = −1

2
, N2 = 1
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và do vâ.y

x2 − 2x

(x− 1)2(x2 + 1)2
=

1

2
x− 1

+
−1

4
(x− 1)2

+
−1

2
x− 1

4
x2 + 1

+
−1

2
x+ 1

(x2 + 1)2
·

Vı́ du. 2. Cũng ho’i nhu. trên

1) R1(x) =
x4

x4 + 5x2 + 1
; 2) R2(x) =

1

x4 + 1
·

Gia’i. 1) R1(x) là phân thú.c hũ.u ty’ không thu.
.c su.

. nên dà̂u tiên

cà̂n thu.
.c hiê.n phép chia:

x4

x4 + 5x2 + 4
= 1 − 5x2 + 4

x4 + 5x2 + 4
= 1 +R3(x).

Chú ý rằng x4 + 5x2 + 4 = (x2 + 1)(x2 + 4), do dó

R3 = − 5x2 + 4

(x2 + 1)(x2 + 4)
=
M1x+N1

x2 + 1
+
M2x+N2

x2 + 4
·

Quy dò̂ng mã̂u số và so sánh hai tu.’ số ta thu du.o.
.c

−5x2 − 4 = (M1x+N1)(x
2 + 4) + (M2x+N2)(x

2 + 1)

và tiếp theo là cân bằng các hê. số cu’a các luỹ thù.a cùng bâ.c cu’a x ta

thu du.o.
.c hê. phu.o.ng tr̀ınh

x3
∣∣∣ M1 +M2 = 0,

x2
∣∣∣ N1 +N2 = −5,∣∣∣ ⇒M1 = M2 = 0, N1 =

1

3
, N2 = −16

3
·

x1
∣∣∣ 4M1 +N − 2 = 0,

x0
∣∣∣ 4N1 +N − 2 = −4

Vâ.y

R1(x) = 1 +
1

3
· 1

x2 + 1
− 16

3
· 1

x2 + 4
·
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2) Vı̀ x4 +1 = (x2 +1)2 − 2x2 = (x2 +
√

2x+1)(x2−
√

2x+1) nên

R2 =
1

x4 + 1
=

M1x+N1

x2 +
√

2x+ 1
+

M2x+N2

x2 −
√

2x+ 1
·

Tù. dò̂ng nhất thú.c

1 ≡ (M1x+N1)(x
2 −

√
2x+ 1) + (M + 2x+N2)(x

2 +
√

2x+ 1),

tiến hành tu.o.ng tu.
. nhu. trên ta có

M1 = −M2 =
1

2
√

2
, N1 = N2 =

1

2
·

Do dó

1

x4 + 1
=

1

2
√

2

x+
√

2

x2 +
√

2x+ 1
− 1

2
√

2

x−
√

2

x2 −
√

2x+ 1
·

Vı́ du. 3. Tı̀m khai triê’n phân thú.c

1) R1(x) =
x+ 1

(x− 1)(x− 2)x
; 2) R2(x) =

x2 + 2x+ 6

(x− 1)(x− 2)(x − 4)
·

Gia’i. 1) Vı̀ mẫu số chı’ có nghiê.m do.n 0, 1, 2 nên

x+ 1

x(x− 1)(x− 2)
=
A1

x
+

A2

x− 1
+

A2

x− 2
·

Áp du.ng công thú.c (2.17) ta du.o.
.c

A1 =
x+ 1

∣∣
x=0

(x− 1)(x− 2)
∣∣
x=0

=
1

2
;

A2 =
x+ 1

x(x− 2)

∣∣∣
x=1

= −2, A3 =
x+ 1

x(x− 1)

∣∣∣
x=2

=
3

2
·

Vâ.y

R1(x) =
1

2x
+

−2

x− 1
+

3

2(x− 2)
·
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2) Tu.o.ng tu.
. ta có

R2(x) =
x2 + 2x+ 6

(x− 1)(x − 2)(x − 4)
=

A1

x− 1
+

B

x− 2
+

C

x− 3

Vı̀ mã̂u số cu’a R2(x) chı’ có nghiê.m do.n nên

A =
x2 + 2x+ 6

(x− 2)(x− 4)

∣∣∣
x=1

= 3,

B =
x2 + 2x+ 6

(x− 1)(x− 4)

∣∣∣
x=2

= −7,

C =
x2 + 2x+ 6

(x− 1)(x− 2)

∣∣∣
x=4

= 5.

Do dó

R2(x) =
3

x− 1
− 7

x− 2
+

5

x− 4
·

Nhâ. n xét. Trong mô.t số tru.̀o.ng ho.
.p dă.c biê.t, viê.c khai triê’n phân

thú.c hũ.u ty’ có thê’ thu du.o.
.c do.n gia’n ho.n và nhanh ho.n. Chă’ng ha.n,

dê’ khai triê’n phân thú.c
1

x2(1 + x2)2
thành tô’ng các phân thú.c co. ba’n

ta có thê’ thu.
.c hiê.n nhu. sau:

1

x2(x2 + 1)2
=

(1 + x2) − x2

x2(x2 + 1)2
=

1

x2(x2 + 1)
− 1

(x2 + 1)2

=
(1 + x2) − x2

x2(x2 + 1)
− 1

(x2 + 1)2

=
1

x2
− 1

x2 + 1
− 1

(x2 + 1)2
· N

Vı́ du. 4. Khai triê’n các phân thú.c hũ.u ty’ sau:

1)
x4 + 5x3 + 5x2 − 3x+ 1

(x+ 2)5
; 2)

x5 + 3x4 + x3 − 2x2 + 2x+ 3

(x2 + x+ 1)3
·

Gia’i. 1) Dă.t g = (x + 2). Khi dó bà̆ng cách khai triê’n tu.’ số theo

các luỹ thù.a cu’a x+2 bà̆ng cách áp du.ng công thú.c nhi. thú.c Newton
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ta thu du.o.
.c

x4 + 5x3 + 5x2 − 3x+ 1

(x+ 2)5
=

=
[(x+ 2) − 2]4 + 5[(x+ 2) − 2]3 + 5[(x+ 2) − 2]2 − 3[(x+ 2) − 2)] + 1

(x+ 2)5

=
3 + 5g − g2 − 3g3 + g4

g5
=

3

g5
+

5

g4
− 1

g3
− 3

g2
+

1

g

=
3

(x+ 2)5
+

5

(x+ 2)4
− 1

(x+ 2)3
− 3

(x+ 2)3
+

1

x+ 2
·

2) Dă.t g = x2 + x+ 1. Dó là tam thú.c bâ. c hai không có nghiê.m

thu.
.c. Áp du.ng thuâ.t toán chia có du. ta có

P (x) = x5 + 3x4 + x3 − 2x2 + 2x+ 3

= (x2 + x+ 1)(x3 + 2x2 − 2x − 2) + 6x+ 5

tú.c là

P = g · q1 + r1, q1 = x3 + 2x2 − 2x− 2, r1 = 6x+ 5.

Ta la. i chia q1 cho g và thu du.o.
.c

q1 = gq2 + r2, degq2 < deg(g)

q2 = x+ 1, r2 = −4x− 3.

Nhu. vâ.y

P = gq1 + r1 = r1 + g(r2 + gq2)

= r1 + r2g + q2g
2.

Tù. dó suy ra

P

g3
=
r1
g3

+
r2
g3

+ q2 ·
1

g

=
6x + 5

(x2 + x+ 1)3
− 4x+ 3

(x2 + x+ 1)2
+

x+ 1

x2 + x+ 1
· N
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BÀI TÂ. P

Trong các bài toán sau dây, hãy khai triê’n phân thú.c hũ.u ty’ dã

cho thành tô’ng hũ.u ha.n các phân thú.c co. ba’n thu.
.c.

1.
2x − 3

x(x2 − 1)(x2 − 4)

(DS. − 3

4x
+

1

6(x− 1)
+

5

6(x + 1)
+

1

24(x− 2)
− 7

24(x + 2)
)

2.
x+ 1

x3 − 1
(DS.

2

3(x− 1)
− 2x+ 1

3(x2 + x+ 1)
)

3.
1

x3(x− 1)4

(DS.
10

x
+

4

x2
+

1

x3
− 10

x− 1
+

6

(x− 1)2
− 3

(x− 1)3
+

1

(x− 1)4
)

4.
1

(x4 − 1)2
(DS. − 3

16(x− 1)
+

1

16(x − 1)2

+
3

16(x+ 1)
+

1

16(x+ 1)2
+

1

4(x2 + 1)
+

1

4(x2 + 1)2
)

5.
2x− 1

(x+ 1)3(x2 + x+ 1)

(DS.
2

x+ 1
− 1

(x+ 1)2
− 3

(x+ 1)3
− 2x− 1

x2 + x+ 1
)

6.
1

x(x2 + 1)3
(DS.

1

x
+

x

(x2 + 1)3
− x

(x2 + 1)2
− x

x2 + 1
)

7.
x2 + 3x+ 1

x4(x2 + 1)
(DS.

1

x4
+

3

x3
− 3

x
+

3x

x2 + 1
)

8.
x5 + 3x3 − x2 + 4x − 2

(x2 + 1)3
(DS.

2x− 1

(x2 + 1)3
+

x− 1

(x2 + 1)2
+

x

x2 + 1
)

9.
x5 + 2x3 − 6x2 − 3x− 9

(x2 + x+ 2)3

(DS.
1

(x2 + x+ 2)3
+

x− 1

(x2 + x+ 2)2
+

x− 2

x2 + x+ 2
)

10.
2x − 1

x(x+ 1)2(x2 + x+ 1)2
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(DS. −1

x
+

7

x+ 1
+

3

(x+ 1)2
− 6x+ 2

x2 + x+ 1
− 3x+ 2

(x2 + x+ 1)2
)

11.
x2

(x2 + 1)(x2 + x+ 1)2

(DS.
1

x2 + 1
+

1

x2 + x+ 1
− x

(x2 + x+ 1)2
)

12.
1

x5 − x4 + x3 − x2 + x− 1

(DS.
1

3(x− 1)
− 1

6

2x+ 1

x2 + x+ 1
− 1

2(x2 − x+ 1)
)
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3.3 Ha.ng cu’a ma trâ.n . . . . . . . . . . . . . . . 109

3.3.1 D- i.nh ngh̃ıa . . . . . . . . . . . . . . . . . . 109
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3.1 Ma trâ.n

Gia’ su.’ P là tru.̀o.ng số nào dó (P = R,C).

3.1.1 D- i.nh ngh̃ıa ma trâ.n

Ta xét ba’ng h̀ınh chũ. nhâ.t lâ.p nên tù. m× n số cu’a P:

a11 a12 . . . a1n

a21 a22 . . . a2n

...
...

. . .
...

am1 am2 . . . amn

Ba’ng số này du.o.
.c go. i là ma trâ. n (hay ch́ınh xác ho.n: ma trâ. n số)

ḱıch thu.́o.c m × n. Các số aij, i = 1,m, j = 1, n du.o.
.c go. i là phà̂n

tu.’ cu’a ma trâ.n, trong dó i chı’ số hiê.u hàng, j chı’ số hiê.u cô.t cu’a ma

trâ.n.

Ký hiê.u: có thê’ dùng mô. t trong các ký hiê.u

A =




a11 a12 . . . a1n

a21 a22 . . . a2n

...
...

. . .
...

am1 am2 . . . amn



, hay




a11 a12 . . . a1n

a21 a22 . . . a2n

...
...

. . .
...

am1 am2 . . . amn




hay

∥∥∥∥∥∥∥∥∥∥

a11 a12 . . . a1n

a21 a22 . . . a2n

...
...

. . .
...

am1 am2 . . . amn

∥∥∥∥∥∥∥∥∥∥
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hay ngá̆n go.n ho.n

A =
∥∥aij

∥∥
m×n

=
(
aij

)
m×n

=
[
aij

]
m×n

.

Tâ.p ho.
.p mo.i (m× n)-ma trâ.n du.o.

.c ký hiê.u là M(m× n).

Nếu m = n th̀ı ma trâ.n A =
∥∥aij

∥∥
m×n

du.o.
.c go. i là ma trâ. n vuông

cấp n (thu.̀o.ng ký hiê.u: A =
∥∥aij

∥∥
n×n

=
∥∥aij

∥∥n

1
). Dối vó.i ma trâ.n

vuông A =
∥∥aij

∥∥n

1
các phà̂n tu.’ aii, i = 1, n du.o.

.c go. i là nhũ.ng phà̂n

tu.’ du.̀o.ng chéo. Các phà̂n tu.’ này lâ.p thành du.̀o.ng chéo ch́ınh cu’a ma

trâ.n vuông.

Ma trâ.n vuông mà mo.i phà̂n tu.’ không nằm trên du.̀o.ng chéo ch́ınh

dè̂u bà̆ng 0 (tú.c là aij = 0 ∀ i 6= j) go. i là ma trâ. n du.̀o.ng chéo:

A =




d1

d2 ©
. . .

© . . .

dn




= diag[d1 d2 . . . dn].

Nếu trong ma trâ.n du.̀o.ng chéo A mo.i phà̂n tu.’ d1 = d2 = · · · = dn = 1

th̀ı ma trâ.n dó du.o.
.c go. i là ma trâ.n do.n vi. cấp n và ký hiê.u:

En = E =




1

1 ©
. . .

© . . .

1



.

Nhu. vâ.y En =
∥∥δij

∥∥n

1
, trong dó δij =





0 nếu i 6= j

1 nếu i = j.
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Sau cùng, (m× n)-ma trâ.n da.ng

Om×n =




0 0 . . . 0

0 0 . . . 0
...

...
. . .

...

0 0 . . . 0




go. i là ma trâ.n - không ḱıch thu.́o.c m× n. Nếu m = n th̀ı ký hiê.u On

hay On
1 .

Nhâ. n xét. 1) Ta nhấn ma.nh: ma trâ.n A =
∥∥aij

∥∥
m×n

không pha’i là

mô.t số, nó là mô. t Ba’ng các số.

2) Ma trâ.n ḱıch thu.́o.c (1 × n) go. i là ma trâ.n hàng

[
a1, a2, . . . , an

]

còn ma trâ.n (m× 1) go. i là ma trâ.n cô.t




a1

a2

...

am




3.1.2 Các phép toán tuyến t́ınh trên ma trâ.n

Gia’ su.’ mo.i ma trâ.n du.o.
.c xét là trên cùng mô.t tru.̀o.ng P (= R,C).

Các phép toán tuyến t́ınh trên tâ.p ho.
.p các ma trâ.n là phép cô.ng các

ma trâ.n (chı’ dối vó.i các ma trâ. n cùng ḱıch thu.́o.c!) và phép nhân ma

trâ.n vó.i mô.t số và chúng du.o.
.c di.nh ngh̃ıa nhò. các phép toán trên các

phà̂n tu.’ cu’a chúng.

1. Cho A =
[
aij

]
m×n

, B =
[
bij
]
m×n

. Ma trâ.n C =
[
cij
]
m×n

du.o.
.c

go. i là tô’ng cu’a A và B nếu

cij = aij + bij ∀ i = 1,m, ∀ j = 1, n
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và ký hiê.u

C = A+B
(
[cij] = [aij + bij], i = 1,m, j = 1, n

)
.

2. Gia’ su.’ A =
[
aij

]
m×n

và λ ∈ P. Ma trâ.n C =
[
cij
]
m×n

du.o.
.c go. i

là t́ıch cu’a ma trâ.n A vó.i số λ nếu

cij = λaij ∀ i = 1,m, ∀ j = 1, n

và ký hiê.u

C = λA
(
λA =

[
λaij

]
m×n

).

Tru.̀o.ng ho.
.p dă.c biê.t khi λ = −1 ta viết (−1)A = −A và go. i −A

là ma trâ.n dối cu’a ma trâ.n A.

Các phép toán tuyến t́ınh trên tâ.p ho.
.p ma trâ.n M(m×n) có các

t́ınh chất sau dây.

Gia’ su.’ A,B,C ∈ M(m× n) và α, β ∈ P. Khi dó

I. A+B = B +A (luâ.t giao hoán).

II. A+ (B + C) = (A+B) + C (luâ.t kết ho.
.p).

III. A+ Om×n = A.

IV. A+ (−A) = Om×n.

V. 1 ·A = A.

VI. α(βA) = (αβ)A - luâ.t kết ho.
.p dối vó.i phép nhân các số.

VII. α(A+B) = αA+ αB - luâ.t phân bố cu’a phép nhân vó.i mô.t

số dối vó.i phép cô.ng ma trâ.n.

VIII. (α + β)A = αA+ βA - luâ.t phân bố cu’a phép nhân vó.i ma

trâ.n dối vó.i phép cô.ng các số.

Hiê.u các ma trâ.n A−B có thê’ di.nh ngh̃ıa nhu. sau

A−B
def
= A+ (−B).
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3.1.3 Phép nhân các ma trâ.n

Ma trâ.n A du.o.
.c go. i là tu.o.ng th́ıch vó.i ma trâ.n B nếu số cô.t cu’a ma

trâ.n A bà̆ng số hàng cu’a ma trâ.n B (tù. su.
. tu.o.ng th́ıch cu’a A vó.i B

nói chung không suy ra du.o.
.c rà̆ng ma trâ.n B tu.o.ng th́ıch vó.i ma trâ.n

A).

Cho ma trâ.n A =
[
aij

]
m×n

và B =
[
bij
]
n×p

. Ma trâ.n C =
[
cij
]
m×p

du.o.
.c go. i là t́ıch cu’a ma trâ.n A vó.i ma trâ.n B nếu

cij =

n∑

s=1

aisbsj. (3.1)

Ký hiê.u C = AB và nói rằng “nhân bên pha’i ma trâ.n A vó.i ma

trâ.n B” hay “nhân bên trái ma trâ.n B vó.i ma trâ.n A”.

Tù. (3.1) suy ra quy tá̆c t̀ım các số ha.ng cu’a t́ıch các ma trâ.n:

phà̂n tu.’ cij dú.ng o.’ vi. tŕı giao cu’a hàng thú. i và cô.t thú. j cu’a ma

trâ.n C = AB bà̆ng tô’ng các t́ıch cu’a các phà̂n tu.’ hàng thú. i cu’a ma

trâ.n A nhân vó.i các phà̂n tu.’ tu.o.ng ú.ng cu’a cô.t thú. j cu’a ma trâ.n

B.



a11 a12 . . . a1n

. . . . . . . . . . . .

ai1 ai2 . . . ain

. . . . . . . . . . . .

am1 am2 . . . amn



×



b11

...

bn1




bij
...

bij



b1p

...

bnp


 =



c11

... c1p

. . . cij . . .

cm1
... cmp




Chú ý. 1) Nói chung phép nhân ma trâ.n không có t́ınh chất giao

hoán.

2) Tı́ch hai ma trâ.n khác 0 có thê’ bà̆ng ma trâ.n không.

3) Vó.i diè̂u kiê.n các phép toán du.o.
.c viết ra có ngh̃ıa, phép nhân

ma trâ.n có các t́ınh chất sau

I. (AB)C = A(BC) - luâ.t kết ho.
.p.

II. α(AB) = (αA)B = A(αB), α ∈ P.

III. (A+B)C = AC +BC (luâ.t phân bố phép nhân bên pha’i
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dối vó.i phép cô.ng ma trâ.n).

IV. C(A+B) = CA+ CB (luâ.t phân bố phép nhân bên trái

dối vó.i phép cô.ng ma trâ.n).

3.1.4 Phép chuyê’n vi. ma trâ.n

Phép toán trên các ma trâ.n mà trong dó các hàng chuyê’n thành các

cô.t còn các cô.t chuyê’n thành các hàng du.o.
.c go. i là phép chuyê’n vi. ma

trâ.n.

Cho ma trâ.n A =
[
aij

]
m×n

. Ma trâ.n thu du.o.
.c tù. ma trâ.n A bà̆ng

phép chuyê’n vi. ma trâ.n du.o.
.c go. i là ma trâ. n chuyê’n vi. dối vó.i ma trâ.n

A và du.o.
.c ký hiê.u là AT . Nhu. vâ.y: AT là (n ×m)-ma trâ.n.

Ma trâ.n vuông du.o.
.c go. i là ma trâ. n dối xú.ng nếu AT = A và du.o.

.c

go. i là ma trâ. n pha’n xú.ng nếu AT = −A. Nhu. vâ.y nếu A =
[
aij

]n
1

là

ma trâ.n dối xú.ng th̀ı aij = aji ∀ i, j = 1, n và nếu A pha’n xú.ng th̀ı

aij = −aji. Do dó các phà̂n tu.’ trên du.̀o.ng chéo ch́ınh cu’a ma trâ.n

pha’n xú.ng là bà̆ng 0.

CÁC VÍ DU.

Vı́ du. 1. 1) Cô.ng các ma trâ.n

[
1 2

3 4

]
và

[
5 6

7 8

]
.

2) Nhân ma trâ.n A =

[
−1 2 −1

4 0 1

]
vó.i số λ = 3.

Gia’i. 1) Hai ma trâ.n dã cho có cùng ḱıch thu.́o.c nên có thê’ cô.ng

vó.i nhau. Theo di.nh ngh̃ıa phép cô.ng các ma trâ.n ta có

[
1 2

3 4

]
+

[
5 6

7 8

]
=

[
1 + 5 2 + 6

3 + 7 4 + 8

]
=

[
6 8

10 12

]
.

2) λA = 3 ·
[
−1 2 −1

4 0 1

]
=

[
−1 · 3 2 · 3 −1 · 3
4 · 3 0 · 3 1 · 3

]
=
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[
−3 6 −3

12 0 3

]
.

Vı́ du. 2. Trong tru.̀o.ng ho.
.p nào th̀ı:

1) có thê’ nhân bên pha’i mô.t ma trâ.n hàng vó.i mô.t ma trâ.n cô.t ?

2) có thê’ nhân bên pha’i mô.t ma trâ.n cô.t vó.i mô.t ma trâ.n hàng ?

Gia’i. 1) Ma trâ.n hàng là ma trâ.n ḱıch thu.́o.c (1 × n) còn ma trâ.n

cô.t là ma trâ.n ḱıch thu.́o.c (m× 1). Phép nhân ma trâ.n hàng (1 × n)

vó.i ma trâ.n cô.t (m× 1) chı’ có thê’ nếu n = m:

1 × n · n× 1 = 1 × 1

tú.c là kết qua’ phép nhân là mô.t số, cu. thê’ là

[
a1 a2 . . . an

]




b1

b2
...

bn




=
[
a1b1 + a2b2 + · · · + anbn

]
= c.

2) Ma trâ.n cô.t A

A =




a1

a2

...

am




là ma trâ.n ḱıch thu.́o.c (m× 1). Ma trâ.n này tu.o.ng th́ıch vó.i ma trâ.n

ḱıch thu.́o.c (1 × n), tú.c là ma trâ.n hàng. Nhu. vâ.y phép nhân dã nêu

luôn luôn thu.
.c hiê.n du.o.

.c, cu. thê’ là




a1

a2

...

am




[
b1 b2 . . . bn

]
=




a1b1 a1b2 . . . a1bn

a2b1 a2b2 . . . a2bn
...

...
. . .

...

amb1 amb2 . . . ambn



. N
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Vı́ du. 3. Tı́nh AB và BA nếu

1) A =

[
3 2 1

0 1 2

]
, B =




1

3

3


.

2) A =

[
1 4 −1

2 0 1

]
, B =



−1 0

1 3

−1 1


.

Gia’i. 1) Theo quy tá̆c nhân các ma trâ.n ta có

AB =

[
3 2 1

0 1 2

] 


1

3

3


 =

[
3 · 1 + 2 · 3 + 1 · 3
0 · 1 + 1 · 3 + 2 · 3

]
=

[
12

9

]
.

Tı́ch BA không tò̂n ta. i v̀ı ma trâ.n B không tu.o.ng th́ıch vó.i ma

trâ.n A.

2) Ta có ma trâ.n A tu.o.ng th́ıch vó.i ma trâ.n B. Do dó

AB =

[
1 4 −1

2 0 1

] 

−2 0

1 3

−1 1




=

[
1 · (−2) + 4 · 1 + (−1)(−1) 1 · 0 + 4 · 3 + (−1) · 1
2 · (−2) + 0 · 1 + (1) · (−1) 2 · 0 + 0 · 3 + 1 · 1

]

=

[
3 11

−5 1

]
.

Tu.o.ng tu.
., ma trâ.n B tu.o.ng th́ıch vó.i ma trâ.n A và

BA =



−2 −8 2

7 4 2

1 −4 2


 . N

Vı́ du. 4. 1) Cho ma trâ.n A =

[
0 1

0 0

]
. Tı̀m mo.i ma trâ.n X giao

hoán vó.i A (AX = XA).
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2) Tı̀m mo.i ma trâ.n giao hoán vó.i ma trâ.n A =

[
1 2

−1 −1

]
.

3) Tı́nh t́ıch

[
1 1

0 0

] [
1 1

−1 −1

]
.

Gia’i. 1) Vı̀ A là ma trâ.n cấp 2 nên dê’ các t́ıch AX và XA xác

di.nh, ma trâ.n X cũng pha’i là ma trâ.n cấp 2. Gia’ su.’ A =

[
α β

γ δ

]
.

Khi dó

AX =

[
0 1

0 0

] [
α β

γ δ

]
=

[
γ δ

0 0

]
,

XA =

[
α β

γ δ

] [
0 1

0 0

]
=

[
0 α

0 γ

]
.

Tù. dó nếu AX = XA ⇒ γ = 0, α = δ. Do dó mo.i ma trâ.n hoán vi.
vó.i ma trâ.n dã cho dè̂u có da.ng

X =

[
α β

0 α

]
.

2) Tu.o.ng tu.
. nhu. trên, gia’ su.’ X =

[
x y

u v

]
là ma trâ.n giao hoán
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vó.i ma trâ.n A =

[
1 2

−1 −1

]
. Khi dó

[
1 2

−1 −1

] [
x y

u v

]
=

[
x y

u v

] [
1 2

−1 −1

]

⇒

[
x+ 2u y + 2v

−x− u −y − v

]
=

[
x− y 2x− y

u− v 2u− v

]

⇒





x+ 2u = x− y

−x− u = u− v

y + 2v = 2x− y

−y − v = 2u− v

⇒




x = u− 2v

y = −2u
; u, v tùy ý.

Vâ.y ta thu du.o.
.c

X =

[
u− 2v −2u

u v

]
, u, v tùy ý.

3) Dẽ̂ dàng thấy rà̆ng

[
1 1

0 0

] [
1 1

−1 −1

]
=

[
0 0

0 0

]
. Tù. v́ı du. này

suy ra rằng dối vó.i các ma trâ.n nếu AB = O th̀ı không nhất thiết

A = O hoă. c B = O. N

Vı́ du. 5. Ma trâ.n S = λEn, trong dó En là ma trâ.n do.n vi. cấp n và

λ là mô.t số du.o.
.c go. i là ma trâ. n vô hu.́o.ng. Chú.ng to’ rà̆ng ma trâ.n

vô hu.́o.ng hoán vi. vó.i mo.i ma trâ.n vuông cùng cấp.

Gia’i. Áp du.ng các t́ınh chất cu’a ma trâ.n do.n vi. ta có

SA = (λEn)A = λ(EnA) = λA;

AS = A(λEn) = λ(AEn) = λA,

tú.c là AS = SA dối vó.i mo.i ma trâ.n vuông A cấp n. N
Cho A là ma trâ.n vuông, k là số tu.

. nhiên ló.n ho.n 1. Khi dó t́ıch

k ma trâ.n A du.o.
.c go. i là luỹ thù.a bâ. c k cu’a A và ký hiê.u Ak. Theo
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di.nh ngh̃ıa A0 = E. Nhu. vâ.y

Ak def
= A×A×A× · · · ×A︸ ︷︷ ︸

k là̂n

A◦ = E.

Vı́ du. 6. Tı̀m mo.i luỹ thù.a cu’a ma trâ.n

A =




0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 0


 .

Gia’i. Ta có

A2 =




0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 0







0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 0


 =




0 0 1 0

0 0 0 1

0 0 0 0

0 0 0 0


 ,

và dẽ̂ thấy rằng

A3 = A2A =




0 0 1 0

0 0 0 1

0 0 0 0

0 0 0 0







0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 0


 =




0 0 0 1

0 0 0 0

0 0 0 0

0 0 0 0


 ,

A4 =




0 0 0 1

0 0 0 0

0 0 0 0

0 0 0 0







0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 0


 =




0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0


 .

Các lũy thù.a tiếp theo cu’a ma trâ.n A dè̂u bà̆ng 0.

Vı́ du. 7. Gia’ su.’

J =

[
0 1

−1 0

]
, E = E2×2.
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Chú.ng minh rằng

1) J2 = −E.

2) Ma trâ.n da.ng Z = αE + βJ =

[
α β

−β α

]
du.o.

.c cô.ng và nhân

vó.i nhau tu.o.ng tu.
. nhu. các số phú.c da.ng

Z = α+ βi.

Gia’i. 1) Ta có

J2 =

[
0 1

−1 0

] [
0 1

−1 0

]
=

[
−1 0

0 −1

]
= −E.

2) Xét Z1 = α1E + β1J , Z2 = α2E + β2J . Khi dó theo di.nh ngh̃ıa

các phép toán tuyến t́ınh trên ma trâ.n cùng các t́ınh chất cu’a chúng,

mô.t mă.t ta có

Z1 + Z2 = (α1 + α2)E + (β1 + β2)J

và mă.t khác

Z1 + Z2 =

[
α1 β1

−β1 α1

]
+

[
α2 β2

−β2 α2

]
=

[
α1 + α2 β1 + β2

−(β1 + β2) α1 + α2

]

= (α1 + α2)E + (β1 + β2)J.

Dối vó.i phép nhân su.
. lý gia’ i cũng tu.o.ng tu.

.. N

Vı́ du. 8. Tı́nh An nếu:

1) A =

[
3 1

0 3

]
; 2) A =

[
4 1

0 3

]
.

Gia’i. Du.
.a vào t́ınh chất cu’a ma trâ.n vô hu.́o.ng: ma trâ.n vô hu.́o.ng

hoán vi. vó.i mo.i ma trâ.n cùng cấp, ta sẽ biê’u diẽ̂n ma trâ.n dã cho thành
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tô’ng ma trâ.n vô hu.́o.ng cô.ng vó.i ma trâ.n da.ng dă.c biê.t mà phép nâng

lên lũy thù.a du.o.
.c thu.

.c hiê.n do.n gia’n ho.n.

1) A =

[
3 1

0 3

]
=

[
3 0

0 3

]
+

[
0 1

0 0

]
= B + B̃,

Bm =

[
3 0

0 3

]m

=

[
3m 0

0 3n

]
(xem bài 4. 3) du.́o.i dây),

B̃m =

[
0 0

0 0

]
∀m > 2.

Tiếp theo do BB̃ = B̃B nên ta có thê’ áp du.ng công thú.c

(B + B̃)n =
n∑

i=0

C i
nB

iB̃n−i (3.2)

(xem bài 5.3) du.́o.i dây). Theo (3.2) ta có

(B + B̃)n = Bn + C1
nB

n−1B̃ + C2
nB

n−2B̃2 + · · · + B̃n

= |do B̃m = 0, m > 2|
= Bn + Cn

1B
n−1B̃ = Bn + nBn−1B̃

=

[
3n 0

0 3n

]
=

[
n3n−1 0

0 n3n−1

] [
0 1

0 0

]

=

[
3n 0

0 3n

]
+

[
0 n3n−1

0 0

]
=

[
3n n3n−1

0 3n

]
.

2) Tu.o.ng tu.
. nhu. trên ta có

A =

[
4 1

0 3

]
=

[
3 0

0 3

]
+

[
1 1

0 0

]
= B + B̃.

Bm =

[
3 0

0 3

]m

=

[
3m 0

0 3m

]
, (3.3)

B̃m =

[
1 1

0 0

]m

=

[
1 1

0 0

]
∀m > 1 (3.4)
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Tiếp theo do BB̃ = B̃B nên ta có thê’ áp du.ng công thú.c

An = (B + B̃)n = Bn + C1
nB

n−1B̃ + C2
nB

n−2B̃2 + · · · + B̃n. (3.5)

Ta t́ınh Ck
nB

n−kB̃k. Theo (3.3) và (3.4) ta có

Ck
n

[
3n−k 0

0 3n−k

] [
1 1

0 0

]
= Ck

n

[
3n−k 3n−k

0 0

]
=

[
Ck

n3n−k Ck
n3n−k

0 0

]
.

(3.6)

Tù. (3.6), (3.3) và (3.5) ta thu du.o.
.c

An =

[
3n 0

0 3n

]
+

n∑

k=1

[
Ck

n3n−k Ck
n3n−k

0 0

]

=


3n +

n∑
k=1

Ck
n3n−k 0 +

n∑
k=1

Ck
n3n−k

0 3n


 .

Vı̀ 3n +
n∑

k=1

Ck
n3n−k = (3 + 1)n = 4n và 0 +

n∑
k=1

Ck
n3n−k =

n∑
k=0

Ck
n3n−k −

3n = 4n − 3n, do vâ.y

An =

[
4n 4n − 3n

0 3n

]
. N

BÀI TÂ. P

1. Tı́nh A+B, AB và BA nếu

1) A =

[
1 2

3 4

]
, B =

[
4 −4

0 i

]
;

2) A =




1 −1 0

2 1 1

3 −1 2


, B =



−2 1 2

0 4 5

2 −3 7


.
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(DS. 1) A+B =

[
5 −2

3 4 + i

]
, AB =

[
4 −4 + 2i

12 −12 + 4i

]
,

BA =

[
−8 −8

3 4i

]
;

2) A+B =



−1 0 2

2 5 6

5 −4 9


, AB =



−1 −3 −3

−2 3 16

−2 −7 15


,

BA =




6 1 5

23 −1 14

−17 −12 11


)

2. Tı́nh t́ıch các ma trâ.n

1)




5 2 1

5 2 3

6 5 2







1 3 −2

−3 −4 −5

2 1 3


. (DS.




1 3 2

5 10 9

−5 0 −7


)

2)




3 4 9

2 −1 6

5 3 5







5 6 4

8 9 7

−4 −5 −3


. (DS.




11 9 13

−22 −27 −17

29 32 26


)

3)




1 2 −2

1 3 −1

1 −2 5

1 3 −2







1 −2 4

2 3 2

3 1 4


. (DS.




−1 2 0

4 6 6

12 −3 20

1 5 2


)

4)




2 1 3

4 2 1

−2 1 −3

1 2 1







1

2

−1


. (DS.




1

7

3

9


)
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5)

[
1 −3 3 −1

1 3 −5 1

]



1 1

1 2

1 1

1 −2


. (DS.

[
0 0

0 0

]
)

6)




1

2

3



[
3 2 1

]
. (DS.




3 2 1

6 4 2

9 6 3


)

3. Tı́nh các t́ıch AB và BA nếu

1) A =




−1 3 0

−2 1 1

3 0 −2

4 1 2


, B =

[
5 −1 3 1

2 0 −1 4

]
. (DS. Tı́ch AB

không tò̂n ta. i v̀ı ma trâ.n A không tu.o.ng th́ıch vó.i ma trâ.n B; BA =[
10 15 −5

11 10 10

]
)

2) A =




2 0

1 −4

3 1

0 −1


, B =

[
5 1 0 −3

]
. (DS. Tı́ch AB không

tò̂n ta. i v̀ı A không tu.o.ng th́ıch vó.i B; BA =
[
11 −1

]
)

3) A =

[
1 2 3 4

2 1 −2 3

]
, B =




1 5 3

6 8 2

1 2 −1

3 0 1


. (DS. AB =

[
28 27 8

15 14 13

]
, t́ıch BA không tò̂n ta. i)

4) A =

[
cosα − sinα

cosα cosα

]
, B =

[
cosβ − sinβ

sin β cos β

]
.
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(DS. AB = BA =

[
cos(α+ β) = sin(α + β)

sin(α+ β) cos(α + β)

]
)

4. Tı́nh các luỹ thù.a cu’a ma trâ.n A
n nếu:

1) A =

[
1 1

0 1

]
. (DS. An =

[
1 n

0 1

]
)

Chı’ dã̂n. Su.’ du.ng phu.o.ng pháp quy na.p toán ho.c

2) A =

[
cosϕ − sinϕ

sinϕ cosϕ

]
. (DS. An =

[
cosnϕ − sinnϕ

sin nϕ cosnϕ

]
)

3)A =




d1

d2 ©
. . .

© . . .

dn




. (DS.An = diag
[
dn

1 dn
2 . . . dn

n

]
)

4) A =




2 1 0

0 1 0

0 0 1


. (DS.




2 2n − 1 0

0 1 0

0 0 2


)

5. Chú.ng minh rằng nếu AB = BA th̀ı

1) (A+B)2 = A2 + 2AB +B2.

2) A2 −B2 = (A+B)(A−B).

3) (A+B)n = An + C1
nA

n−1B + C2
nA

n−2B2 + · · · +Bn.

Chı’ dã̂n. Su.’ du.ng phu.o.ng pháp quy na.p toán ho.c.

Gia’ su.’ cho da thú.c P (x) = a0 + a1x + · · · + a + kxk. Khi dó ma

trâ.n vuông

P (A) = a0E + a1A+ · · · + akA
k, x = A

du.o.
.c go. i là giá tri. cu’a da thú.c P (x) ta. i x = A và biê’u thú.c

P (A) = a0E + aA + · · · + akA
k go. i là da thú.c cu’a ma trâ.n A.

6. Gia’ su.’ P (x) và Q(x) là hai da thú.c vó.i hê. số ∈ P và A là ma trâ.n

vuông cấp n. Chú.ng minh rà̆ng
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1) ϕ(x) = P (x) +Q(x) ⇒ ϕ(A) = P (A) +Q(A).

2) ψ(x) = P (x)Q(x) ⇒ ψ(A) = P (A)Q(A).

3) P (A)Q(A) = Q(A)P (A).

7. Tı̀m giá tri. cu’a da thú.c ma trâ.n

1) P (x) = x2 − 5x+ 3, A =

[
2 −1

−3 3

]
. (DS.

[
0 0

0 0

]
)

2) P (x) = 3x2 − 2x + 5, A =




1 −2 3

2 −4 1

3 −5 2


. (DS.




21 −23 15

−13 34 10

−9 22 25


)

3) P (x) = 3x5 − 4x4 − 10x3 + 3x2 − 7, A =




0 1 0

0 0 1

0 0 0


.

(DS.



−7 0 3

0 −7 0

0 0 −7


)

4) Chú.ng minh rà̆ng ma trâ.n



1 2 −2

1 0 3

1 3 0




là nghiê.m cu’a da thú.c P (x) = x3 − x2 − 9x + 9.

5) Chú.ng minh rà̆ng ma trâ.n

A =




1 0 0

0 1 0

0 0 3




là nghiê.m cu’a da thú.c P (x) = x3 − 5x2 + 7x− 3.
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8. Chú.ng minh rằng nếu A là ma trâ.n du.̀o.ng chéo cấp n vó.i các

phà̂n tu.’ trên du.̀o.ng chéo ch́ınh là λ1, λ2, . . . , λn th̀ı vó.i mo.i da thú.c

P (x) ma trâ.n P (A) cũng là ma trâ.n du.̀o.ng chéo vó.i các phà̂n tu.’ trên

du.̀o.ng chéo ch́ınh là P (λ1), P (λ2), . . . , P (λn). Hãy xét tru.̀o.ng ho.
.p

khi A là ma trâ.n vuông cấp 3.

9. Chú.ng minh rằng (An)T = (AT )n.

Chı’ dã̂n. Chú.ng minh bà̆ng phu.o.ng pháp quy na.p và su.’ du.ng hê.
thú.c (AB)T = BTAT .

10. Chú.ng minh rà̆ng mo.i ma trâ.n vuông A dè̂u có thê’ biê’u diẽ̂n du.́o.i

da.ng tô’ng mô.t ma trâ.n dối xú.ng và mô.t ma trâ.n pha’n xú.ng.

Chı’ dã̂n. Dă.t P =
1

2
(A+AT ), Q =

1

2
(A−AT ), A = P +Q.

3.2 D- i.nh thú.c

3.2.1 Nghi.ch thế

Mo.i cách sắp xếp thú. tu.
. n phà̂n tu.’ cu’a tâ.p ho.

.p số J = {1, 2, . . . , n}
du.o.

.c go. i là mô.t hoán vi. cu’a n phà̂n tu.’ dó. Số các hoán vi. có thê’ có

cu’a n phà̂n tu.’ cu’a J là n!. Hai số trong mô.t hoán vi. lâ.p thành mô.t

nghi.ch thế nếu số ló.n ho.n dú.ng tru.́o.c số bé ho.n. Số nghi.ch thế cu’a

hoán vi. (α1, . . . , αn) du.o.
.c ký hiê.u là

inv(α1, α2, . . . , αn),

dó ch́ınh là số că.p lâ.p thành nghi.ch thế trong hoán vi..

Hoán vi. {α1, . . . , αn} du.o.
.c go. i là hoán vi. chã̆n nếu số nghi.ch thế

cu’a nó là chẵn và go. i là hoán vi. le’ nếu số nghi.ch thế là le’.

3.2.2 D- i.nh thú.c

Mõ̂i ma trâ.n vuông cấp n (và chı’ có ma trâ.n vuông !) dè̂u tu.o.ng ú.ng

vó.i mô.t số - go. i là di.nh thú.c cu’a nó.
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Gia’ su.’ cho ma trâ.n vuông cấp n trên tru.̀o.ng P(R,C):

A =
∥∥aij

∥∥n

1
=




a11 a12 . . . a1n

a21 a22 . . . a2n

...
...

. . .
...

an1 an2 . . . ann




(3.7)

Di.nh thú.c cu’a ma trâ.n A là mô.t số thu du.o.
.c tù. các phà̂n tu.’ cu’a

ma trâ.n theo quy tá̆c sau dây:

1) di.nh thú.c cấp n bà̆ng tô’ng da. i số cu’a n! số ha.ng;

2) mỗi số ha.ng cu’a di.nh thú.c là t́ıch

ai1j1ai2j2 · · · ainjn (3.8)

cu’a n phà̂n tu.’ cu’a ma trâ.n mà cú. mõ̂i hàng và mõ̂i cô.t dè̂u có dúng

mô.t phà̂n tu.’ trong t́ıch này;

3) số ha.ng ai1j1ai2j2 · · · ainjn cu’a di.nh thú.c có dấu cô.ng nếu hoán

vi. lâ.p nên bo.’ i các số hiê.u hàng {i1, i2, . . . , in} và hoán vi. lâ.p nên bo.’ i

các số hiê.u cô.t {j1, j2, . . . , jn} là cùng chã̆n hoă. c cùng le’ và có dấu

trù. (“ − ”) trong tru.̀o.ng ho.
.p ngu.o.

.c la. i.

Ký hiê.u: Di.nh thú.c cu’a ma trâ.n A du.o.
.c ký hiê.u là

detA, |A| hay

∣∣∣∣∣∣∣∣∣∣

a11 a12 . . . a1n

a21 a22 . . . a2n

...
...

. . .
...

an1 an2 . . . ann

∣∣∣∣∣∣∣∣∣∣

.

Nhâ. n xét. 1) Nhu. vâ.y, dê’ xác di.nh dấu cu’a số ha.ng di.nh thú.c ta

cà̂n t́ınh

s = inv(i1, . . . , in)

σ = inv(j1, . . . , jn)

và khi dó dấu cu’a số ha.ng di.nh thú.c là dấu cu’a thù.a số (−1)s+σ.
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2) Nếu ta viết các thù.a số cu’a t́ıch (3.8) theo thú. tu.
. tăng dà̂n cu’a

số hiê.u hàng:

ai1j1ai2j2 · · · ainjn = a1α1a2α2 · · · anαn

th̀ı

detA =
∑

(α1,...,αn)

(−1)inv(α1,...,αn)a1α1a2α2 · · · anαn. (3.9)

trong dó tô’ng lấy theo mo.i hoán vi. (α1, α2, . . . , αn) cu’a các số

1, 2, . . . , n.

Trong ma trâ.n vuông (3.7) ta cố di.nh k (k < n) hàng và k cô.t nào

dó. Gia’ su.’ dó là các hàng vó.i số hiê.u i1 < i2 < · · · < ik và các cô.t vó.i

số hiê.u j1 < j2 < · · · < jk. Tù. các phà̂n tu.’ nà̆m trên giao cu’a hàng

và các cô.t du.o.
.c cho.n ta có thê’ lâ.p di.nh thú.c cấp k

∣∣∣∣∣∣∣∣∣∣

ai1j1 ai1j2 . . . ai1jk

ai2j1 ai2j2 . . . ai2jk

...
...

. . .
...

aikj1 aikj2 . . . aikjk

∣∣∣∣∣∣∣∣∣∣

.

Di.nh thú.c này du.o.
.c go. i là di.nh thú.c con cấp k cu’a ma trâ.n A. Ký

hiê.u M
i1i2...ik
j1j2 ···jk

.

Nếu ta bo’ di các hàng thú. i1, i2, . . . , ik và các cô.t thú. j1, j2, . . . , jk

th̀ı các phà̂n tu.’ còn la. i cu’a ma trâ.n A sẽ ta.o thành mô.t ma trâ.n vuông

cấp n − k. Di.nh thú.c cu’a ma trâ.n vuông này là di.nh thú.c con cấp

n − k cu’a ma trâ.n A và du.o.
.c go. i là phà̂n bù (hay di.nh thú.c con bù)

cu’a di.nh thú.c con M
i1i2···ik
j1j2 ···jk

và du.o.
.c ký hiê.u là M i1i2···ik

j1j2···jk
.

Di.nh thú.c con bù vó.i dấu

(−1)(i1+i2+···+ik)+(j1+j2+···+jk)

du.o.
.c go. i là phà̂n bù da. i số cu’a di.nh thú.c con M

i1···ik
j1···jk

.

Tru.̀o.ng ho.
.p dă.c biê.t: di.nh thú.c con bù Mij cu’a di.nh thú.c con cấp

1 là ‖aij‖ cu’a A du.o.
.c go. i là phà̂n bù cu’a phà̂n tu.’ aij cu’a A và số

Aij = (−1)i+jMij go. i là phà̂n bù da. i số cu’a phà̂n tu.’ aij.
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3.2.3 Tı́nh chất cu’a di.nh thú.c

Di.nh thú.c có các t́ınh chất sau

I. Qua phép chuyê’n vi. ma trâ.n, di.nh thú.c cu’a nó không dô’i, tú.c

là detA = detAT .

Tù. t́ınh chất b̀ınh dă’ng này giũ.a các hàng và các cô.t cu’a di.nh

thú.c suy ra rằng mô.t diè̂u khă’ng di.nh nào dó dã dúng vó.i hàng th̀ı

nó cũng dúng vó.i cô.t. Do dó các t́ınh chất tiếp theo dây chı’ cà̂n phát

biê’u cho hàng.

II. Nếu dô’i chõ̂ hai hàng cho nhau th̀ı di.nh thú.c dô’i dấu.

III. Thù.a số chung cu’a mo.i phà̂n tu.’ cu’a mô.t hàng cu’a di.nh thú.c

có thê’ du.a ra ngoài dấu di.nh thú.c.

IV. Di.nh thú.c có mô.t hàng bà̆ng 0 là bà̆ng 0.

V. Di.nh thú.c có hai hàng giống nhau là bằng 0.

VI. Nếu di.nh thú.c có hai hàng ty’ lê. vó.i nhau th̀ı nó bằng 0.

VII. Nếu các phà̂n tu.’ cu’a hàng thú. i cu’a di.nh thú.c D có da.ng

aij = bij + ciJ , i = 1, n, j = 1, n th̀ı di.nh thú.c D bà̆ng tô’ng hai di.nh

thú.c D1 + D2, trong dó di.nh thú.c D1 có hàng thú. i là (bi1bi2 · · · bin)
và di.nh thú.c D2 có hàng thú. i là (ci1, ci2, . . . , cin) còn các hàng khác

là các hàng tu.o.ng ú.ng cu’a D.

VIII. Nếu di.nh thú.c có mô.t hàng là tô’ ho.
.p tuyến t́ınh cu’a các

hàng khác th̀ı di.nh thú.c bà̆ng 0.

IX. Di.nh thú.c không dô’i nếu thêm vào mô.t hàng nào dó mô.t tô’

ho.
.p tuyến t́ınh cu’a các hàng khác.

X. Di.nh thú.c bà̆ng tô’ng các t́ıch cu’a các phà̂n tu.’ cu’a mô.t hàng

nào dó vó.i phà̂n bù da. i số tu.o.ng ú.ng.

detA = ai1Ai1 + ai2Ai2 + · · · + ainAin =

n∑

j=1

aijAij. (3.10)

Nhâ. n xét. Ngu.̀o.i ta cũng dùng t́ınh chất X này dê’ làm di.nh ngh̃ıa

di.nh thú.c.
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XI. Tô’ng các t́ıch cu’a các phà̂n tu.’ cu’a mô.t hàng nào dó vó.i phà̂n

bù da. i số tu.o.ng ú.ng cu’a các phà̂n tu.’ cu’a hàng khác là bà̆ng 0:

n∑

j=1

aijAkj = 0, ∀ k 6= i; i, k = 1, n.

Nhâ. n xét. Các t́ınh chất I-III là nhũ.ng t́ınh chất co. ba’n. Các t́ınh

chất sau là nhũ.ng hê. qua’ cu’a ba t́ınh chất ấy.

3.2.4 Phu.o.ng pháp t́ınh di.nh thú.c

I. Di.nh thú.c cấp 1, cấp 2 và cấp 3 du.o.
.c t́ınh theo các công thú.c

|a11| = a11;∣∣∣∣∣
a11 a12

a21 a22

∣∣∣∣∣ = a11a22 − a12a21; (3.11)

∣∣∣∣∣∣∣

a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣∣
= a11a22a33 + a12a23a31 + a13a21a32

− a13a22a31 − a11a23a32 − a12a21a33.

Khi t́ınh di.nh thú.c cấp 3 ta có thê’ su.’ du.ng quy tắc Surrus “da.ng

tam giác” hoă. c “da.ng du.̀o.ng song song” sau dây
∣∣∣∣∣∣∣∣∣∣∣∣

• • •

• • •

• • •

∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣

• • •

• • •

• • •

∣∣∣∣∣∣∣∣∣∣∣∣
(+) (−)

a11 a12 a13 a11 a12

a21 a22 a23 a21 a22

a31 a32 a33 a31 a32



90 Chu.o.ng 3. Ma trâ.n. D- i.nh thú.c

	 	 	 ⊕ ⊕ ⊕

II. T́ınh di.nh thú.c cấp n

1+ Khai triê’n di.nh thú.c theo các phà̂n tu.’ cu’a mô.t hàng hoă. c mô.t

cô.t (t́ınh chất XI, (3.10)).

2+ Su.’ du.ng các t́ınh chất cu’a di.nh thú.c dê’ biến dô’i di.nh thú.c dã

cho thành di.nh thú.c mó.i sao cho ngoa. i trù. mô.t phà̂n tu.’ ai0j0 6= 0, tất

ca’ các phà̂n tu.’ còn la. i cu’a hàng thú. i0 (hoă. c cô.t j0) dè̂u bà̆ng 0. Khi

dó

detA = (−1)i0+j0ai0j0Mi0j0 .

Tiếp theo là lă.p la. i quá tr̀ınh dó dối vó.i Mi0j0 là di.nh thú.c cấp thấp

ho.n mô.t do.n vi..

3+ Su.’ du.ng các t́ınh chất cu’a di.nh thú.c dê’ biến dô’i di.nh thú.c dã

cho thành di.nh thú.c tam giác (tú.c là di.nh thú.c mà mo.i phà̂n tu.’ o.’

mô.t ph́ıa cu’a du.̀o.ng chéo ch́ınh dè̂u bà̆ng 0). Khi dó di.nh thú.c bà̆ng

t́ıch các phà̂n tu.’ trên du.̀o.ng chéo ch́ınh.

4+ Phu.o.ng pháp truy hò̂i: biến dô’i, khai triê’n di.nh thú.c theo hàng

hoă. c theo cô.t sao cho di.nh thú.c dã cho có thê’ biê’u diẽ̂n qua các di.nh

thú.c cùng da.ng nhu.ng cấp thấp ho.n.

5+ Biê’u diẽ̂n di.nh thú.c dã cho du.́o.i da.ng tô’ng các di.nh thú.c cùng

cấp.

6+ Dùng di.nh lý Laplace: Gia’ su.’ trong ma trâ.n vuông A cấp n ta

cho.n mô.t cách tùy ý m hàng (hay m cô.t) 1 6 m 6 n−1. Khi dó di.nh

thú.c detA bà̆ng tô’ng các t́ıch cu’a mo.i di.nh thú.c con cấp m nà̆m trên

các hàng du.o.
.c cho.n nhân vó.i phà̂n bù da. i số tu.o.ng ú.ng cu’a chúng.

CÁC VÍ DU.

Vı́ du. 1. 1) Tı́nh số nghi.ch thế trong hoán vi.

(
5 3 1 6 4 2

)
.

2) Vó.i nhũ.ng giá tri. nào cu’a i và j th̀ı số ha.ng a51a1ia2ja43a32 cu’a

di.nh thú.c cấp 5 có dấu trù..
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Gia’i. 1) Dê’ t́ınh số nghi.ch thế tiê.n lo.
.i ho.n ca’ là tiến hành nhu.

sau: (i) dà̂u tiên, t́ınh có bao nhiêu số dú.ng tru.́o.c số 1 (gia’ su.’ có k1

số) rò̂i ga.ch bo’ số 1 kho’i hoán vi.; (ii) tiếp dến t́ınh xem có bao nhiêu

số dú.ng tru.́o.c số 2 (gia’ su.’ k2) rò̂i ga. ch bo’ số 2 kho’i hoán vi.; v.v... Khi

dó

inv(α1, α2, . . . , αn) = k1 + k2 + · · · + kn.

Bà̆ng phu.o.ng pháp vù.a nêu dẽ̂ thấy là

inv(531642) = 2 + 4 + 1 + 2 = 9.

2) Các chı’ số i và j chı’ có thê’ nhâ.n các giá tri. sau dây: (a) i = 4,

j = 5; hoă. c (b) i = 5 và j = 4 v̀ı vó.i các giá tri. khác cu’a i và j t́ıch

dã cho chú.a ı́t nhất hai phà̂n tu.’ cu’a cùng mô.t cô.t. Dê’ xác di.nh dấu

cu’a số ha.ng ta sá̆p xếp các thù.a số cu’a t́ıch theo thú. tu.
. tăng cu’a chı’

số thú. nhất rò̂i t́ınh số nghi.ch thế cu’a hoán vi. các chı’ số thú. hai. Ta

có

a1ia2ja32a43a51

+) Gia’ su.’ i = 4, j = 5 ⇒ inv(45231) = 8. Do vâ.y vó.i i = 4, j = 5

số ha.ng dã cho có dấu (+).

+) Gia’ su.’ i = 5, j = 4 ⇒ inv(54231) = 9. Do dó số ha.ng dã cho

có dấu trù.. Vâ.y số ha.ng dã cho chı’ có dấu trù. khi i = 5, j = 4. N

Vı́ du. 2. Tı́nh các di.nh thú.c sau dây

1) ∆1 =

∣∣∣∣∣∣∣∣∣

0 0 0 a14

0 0 a23 0

0 a32 0 0

a41 0 0 0

∣∣∣∣∣∣∣∣∣
; 2) ∆2 =

∣∣∣∣∣∣∣∣∣

1 4 2 4

2 3 3 6

3 2 1 2

4 1 1 2

∣∣∣∣∣∣∣∣∣
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Gia’i. 1) Có thê’ t́ınh ∆1 bà̆ng cách su.’ du.ng t́ınh chất X.

∆1 = (−1)1+4a14

∣∣∣∣∣∣∣

0 0 a23

0 a32 0

a41 0 0

∣∣∣∣∣∣∣

= (−1)1+4a14(−1)2+3a23

∣∣∣∣∣
0 a32

a41 0

∣∣∣∣∣ = a14a23a32a41.

Kết qua’ này cũng có thê’ thu du.o.
.c nhò. di.nh ngh̃ıa di.nh thú.c. Theo

di.nh ngh̃ıa ∆1 là tô’ng da.i số cu’a 4! = 24 số ha.ng, trong dó chı’ có số

ha.ng

a14a23a32a41

là khác 0. Vı̀ hoán vi. cu’a các chı’ số thú. hai chã̆n nên số ha.ng có dấu

cô.ng. Tù. dó ta thu du.o.
.c ∆1 = a14a23a32a41.

2) Áp du.ng t́ınh chất XI ta có thê’ khai triê’n di.nh thú.c theo cô.t

thú. nhất

∆2 = 1

∣∣∣∣∣∣∣

3 3 6

2 1 2

1 1 2

∣∣∣∣∣∣∣
− 2

∣∣∣∣∣∣∣

4 2 4

2 1 2

2 1 2

∣∣∣∣∣∣∣
+ 3

∣∣∣∣∣∣∣

4 2 4

3 3 6

1 1 2

∣∣∣∣∣∣∣
− 4

∣∣∣∣∣∣∣

4 2 4

3 3 6

2 1 2

∣∣∣∣∣∣∣

= 1 · 0 − 2 · 0 + 3 · 0 − 4 · 0 = 0.

O
.’ dây mo.i di.nh thú.c cấp 3 dè̂u có hai cô.t ty’ lê. vó.i nhau, nên chúng

bà̆ng 0. N

Vı́ du. 3. Tı́nh các di.nh thú.c

1) ∆1 =

∣∣∣∣∣∣∣∣∣

1 1 2 3

1 2 3 1

2 3 6 4

3 5 9 4

∣∣∣∣∣∣∣∣∣
, 2) ∆2 =

∣∣∣∣∣∣∣∣∣∣∣∣

2 0 1 3 1

−1 1 2 2 3

1 4 0 −1 5

2 1 3 1 2

1 2 −1 3 1

∣∣∣∣∣∣∣∣∣∣∣∣

.
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Gia’i. Ta biến dô’i các di.nh thú.c dê’ thu du.o.
.c các số 0 trong mô.t

hàng (cô.t). Ta quy u.́o.c các ký hiê.u: h2 − h1 → h′2 có ngh̃ıa là lấy

hàng thú. hai trù. di hàng thú. nhất dê’ thu du.o.
.c hàng thú. hai mó.i.

Tu.o.ng tu.
. nhu. vâ.y ta ký hiê.u các phép biến dô’i theo cô.t.

1) Ta có

∆1 =

∣∣∣∣∣∣∣∣∣

1 1 2 3

1 2 3 1

2 3 6 4

3 5 9 4

∣∣∣∣∣∣∣∣∣

h2 − h1 → h′2
h3 − 2h1 → h′3
h4 − 3h1 → h4

=

∣∣∣∣∣∣∣∣∣

1 1 2 3

0 1 1 −2

0 1 2 −2

0 2 3 5

∣∣∣∣∣∣∣∣∣

= 1 · (−1)1+1

∣∣∣∣∣∣∣

1 1 −2

1 2 −2

2 3 5

∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣

1 1 −2

1 2 −2

2 3 5

∣∣∣∣∣∣∣
h2 − h1 → h′2 =

∣∣∣∣∣∣∣

1 1 −2

0 1 0

2 3 5

∣∣∣∣∣∣∣

= 1 · (−1)2+2

∣∣∣∣∣
1 −2

2 −5

∣∣∣∣∣ = −1.

2) Dê’ t́ınh ∆2 ta thu.
.c hiê.n phép biến dô’i: c1−2c3 → c′1; c4−3c3 →

c′4; c5 − c3 → c′5 và thu du.o.
.c

∆2 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 0 1 0 0

−5 1 2 −4 1

1 4 0 −1 5

−4 1 3 −1 5

−4 1 3 −8 −1

3 2 −1 6 2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= a13A13 = 1 · (−1)1+3

∣∣∣∣∣∣∣∣∣

−5 1 −4 1

1 4 −1 5

−4 1 −8 −1

3 2 6 2

∣∣∣∣∣∣∣∣∣

Dối vó.i di.nh thú.c cấp 4 vù.a thu du.o.
.c ta cũng tiến hành tu.o.ng tu.

.:
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c1 + 5c4 → c′1; c2 − c4 → c′2; c3 + 4c4 → c′3 và thu du.o.
.c

∆2 =

∣∣∣∣∣∣∣∣∣

0 0 0 1

26 −1 19 5

−9 2 −12 −1

13 0 14 2

∣∣∣∣∣∣∣∣∣
= a14A14 = 1 · (−1)1+4

∣∣∣∣∣∣∣

26 −1 19

−9 2 −12

13 0 14

∣∣∣∣∣∣∣

Nhu. vâ.y ta dã du.a viê.c t́ınh di.nh thú.c cấp 5 vè̂ t́ınh di.nh thú.c cấp 3.

Dê’ t́ınh di.nh thú.c cấp 3 này ta có thê’ dùng quy tắc Sarrus hoă. c tiê.n

ho.n ca’ là biến dô’i nó theo hàng: h2 + 2h1 → h′2 và có

∆2 = −

∣∣∣∣∣∣∣

26 −1 19

43 0 26

13 0 14

∣∣∣∣∣∣∣
= −a12A12 = −(−1)(−1)1+2

∣∣∣∣∣
43 26

13 14

∣∣∣∣∣ = −264.

Vı́ du. 4. Tı́nh các di.nh thú.c

1) ∆1 =

∣∣∣∣∣∣∣∣∣

1 2 −1 5

1 5 6 3

−1 −2 3 5

2 4 −2 8

∣∣∣∣∣∣∣∣∣
, 2) ∆2 =

∣∣∣∣∣∣∣∣∣∣∣∣

1 −1 3 −2 4

0 3 2 0 1

0 0 4 −1 −1

0 6 4 2 3

1 −1 3 −2 5

∣∣∣∣∣∣∣∣∣∣∣∣

.

Gia’i. Ta sẽ t́ınh các di.nh thú.c dã cho bà̆ng phu.o.ng pháp du.a vè̂

di.nh thú.c tam giác.

1) Ta có

∆1 =

∣∣∣∣∣∣∣∣∣

1 2 −1 5

1 5 6 3

−1 −2 3 5

2 4 −2 8

∣∣∣∣∣∣∣∣∣

h2 − h1 → h′2
h3 + h1 → h′3
h4 − 2h1 → h′4

=

∣∣∣∣∣∣∣∣∣

1 2 −1 5

0 3 7 −2

0 0 2 10

0 0 0 −2

∣∣∣∣∣∣∣∣∣
.

Vı̀ di.nh thú.c tam giác bằng t́ıch các phà̂n tu.’ trên du.̀o.ng chéo ch́ınh

nên

∆1 = 1 · 3 · 2 · (−2) = −12.
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2)

∆2 =

∣∣∣∣∣∣∣∣∣∣∣∣

1 −1 3 −2 4

0 3 2 0 1

0 0 4 −1 −1

0 6 4 2 3

1 −1 3 −2 5

∣∣∣∣∣∣∣∣∣∣∣∣
h4 − 2h2 → h′4
h5 − h1 → h′5

=

∣∣∣∣∣∣∣∣∣∣∣∣

1 −1 3 −2 4

0 3 2 0 1

0 0 4 −1 −1

0 0 0 2 1

0 0 0 0 1

∣∣∣∣∣∣∣∣∣∣∣∣

= 1 · 3 · 4 · 2 · 1 = 24.

Vı́ du. 5. Tı́nh các di.nh thú.c

1) ∆n =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a0 −1 0 0 . . . 0 0

a1 x −1 0 . . . 0 0

a2 0 x −1 . . . 0 0
...

...
...

...
. . .

...
...

an−1 0 0 0 . . . 0 −1

an 0 0 0 . . . 0 x

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

;

2) ∆n =

∣∣∣∣∣∣∣∣∣∣∣∣

7 4 0 0 . . . 0 0

3 7 4 0 . . . 0 0

0 3 7 4 . . . 0 0
...

...
...

...
. . .

...
...

0 0 0 0 . . . 3 7

∣∣∣∣∣∣∣∣∣∣∣∣

3) ∆n =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

α+ β αβ 0 . . . 0 0

1 α+ β αβ . . . 0 0

0 1 α + β . . . 0 0
...

...
...

. . .
...

...

0 0 0 . . . α+ β αβ

0 0 0 . . . 1 α+ β

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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Gia’i. 1) Khai triê’n ∆n+1 theo hàng cuối (hàng thú. n + 1) ta có

∆n+1 = (−1)n+1an

∣∣∣∣∣∣∣∣∣∣

−1 0 . . . 0

x −1 . . . 0
...

...
. . .

...

0 0 . . . −1

∣∣∣∣∣∣∣∣∣∣

+ x

∣∣∣∣∣∣∣∣∣∣

a0 −1 0 . . . 0

a1 x −1 . . . 0
...

...
...

. . .
...

an−1 0 0 . . . x

∣∣∣∣∣∣∣∣∣∣

Di.nh thú.c thú. nhất o.’ vế pha’ i là di.nh thú.c tam giác (= (−1)n), di.nh

thú.c thú. hai là di.nh thú.c cùng da.ng vó.i ∆1 nhu.ng cấp n. Do vâ.y

di.nh thú.c ∆n+1 có thê’ biê’u diẽ̂n bo.’ i hê. thú.c truy hò̂i sau dây:

∆n+1 = an(−1)n(−1)n + x∆n.

Dê’ thu du.o.
.c biê’u thú.c tô’ng quát cu’a ∆n+1 ta xét ∆1 và ∆2:

∆1 = a0; ∆2 =

∣∣∣∣∣
a0 −1

a1 x

∣∣∣∣∣ = a0x− a1.

Nhu. vâ.y ∆1 là da thú.c bâ. c 0 vó.i hê. số a0, còn ∆2 là da thú.c bâ.c nhất

vó.i hê. số a0 và a1.

Ta chú.ng to’ rà̆ng ∆n+1 có da.ng tu.o.ng tu.
.:

∆n+1 = a0x
n + a1x

n−1 + · · · + an.

Gia’ su.’ dã chú.ng minh ∆n = a0x
n−1 + · · · + an−1. Khi dó

∆n+1 = an + x∆n = an + x(a0x
n−1 + · · · + an−1)

= a0x
n + a1x

n−1 + · · · + an−1x+ an.

2) Khai triê’n di.nh thú.c theo hàng thú. nhất ta thu du.o.
.c hê. thú.c

truy hò̂i:

∆n = 7∆n−1 − 12∆n−2 ⇒ ∆n − 3∆n−1 = 4∆n−1 − 3 · 4∆n−2

= 4[∆n−1 − 3∆n−2].
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Tù. dó suy ra

∆n − 3∆n−1 = 4n−2(∆2 − ∆1)

∆1 = 7, ∆2 =

∣∣∣∣∣
7 4

3 7

∣∣∣∣∣ = 37

và do dó

∆n − 3∆n−1 = 4n−2[37 − 21] = 4n−2 · 42 = 4n.

Nếu tù. hê. thú.c truy hò̂i ta biến dô’i cách khác th̀ı thu du.o.
.c

∆n − 4∆n−1 = 3[∆n−1 − 4∆n−2] = · · · = 3n−2(∆2 − ∆1)

= 3n−2 · 32 = 3n.

Nhu. vâ.y

∆n − 3∆n−1 = 4n

∆n − 4∆n−1 = 3n

}
⇒ ∆n−1 = 4n − 3n

và do dó

∆n = 3∆n−1 + 4n = 4n+1 − 3n+1.

3) Ta biê’u diẽ̂n cô.t thú. nhất du.́o.i da.ng các tô’ng hai số ha.ng α+β,
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1 + 0, 0 +0, . . . , 0 +0 và viết di.nh thú.c du.́o.i da.ng tô’ng hai di.nh thú.c

∆n =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

α αβ 0 . . . 0 0

1 α+ β αβ . . . 0 0

0 1 α+ β . . . 0 0
...

...
...

. . .
...

...

0 0 0 . . . α+ β αβ

0 0 0 . . . 1 α + β

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
︸ ︷︷ ︸

D1

+

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

β αβ 0 . . . 0 0

0 α+ β αβ . . . 0 0

0 1 α+ β . . . 0 0
...

...
...

. . .
...

...

0 0 0 . . . α + β αβ

0 0 0 . . . 1 α + β

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
︸ ︷︷ ︸

D2

= D1 +D2.

Tı́nh D1. Lấy cô.t thú. hai trù. di cô.t thú. nhất nhân vó.i β, lấy cô.t

thú. ba trù. di cô.t thú. hai vù.a thu du.o.
.c nhân vó.i β, v.v... Kết qua’ ta

thu du.o.
.c di.nh thú.c tam giác

D1 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

α 0 0 . . . 0 0

1 α 0 . . . 0 0

0 1 α . . . 0 0
...

...
...

. . .
...

...

0 0 0 . . . α 0

0 0 0 . . . 1 α

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= αn.
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Tı́nh D2. Khai triê’n D2 theo cô.t thú. nhất ta thu du.o.
.c:

D2 = β

∣∣∣∣∣∣∣∣∣∣∣∣

α + β αβ . . . 0 0

1 α+ β . . . 0 0
...

...
. . .

...
...

0 0 . . . α+ β αβ

0 0 . . . 1 α + β

∣∣∣∣∣∣∣∣∣∣∣∣

= β∆n−1.

Nhu. vâ.y ta thu du.o.
.c công thú.c truy hò̂i ∆n = αn + β∆n−1.

Ta t́ınh mô.t vài di.nh thú.c dà̂u tiên

∆1 = α + β =
α2 − β2

α − β
;

∆2 =

∣∣∣∣∣
α+ β αβ

1 α+ β

∣∣∣∣∣ = α2 + αβ + β2 =
α3 − β3

α− β
,

∆3 =

∣∣∣∣∣∣∣

α+ β αβ 0

1 α+ β αβ

0 1 α + β

∣∣∣∣∣∣∣

= α3 + α2β + αβ2 + β4 =
α4 − β4

α − β
; ................

Ta sẽ chú.ng minh rằng hê. thú.c

∆m =
αm+1 − βm+1

α − β
· (*)

dúng vó.i m ∈ N bất kỳ. Ta áp du.ng phu.o.ng pháp quy na.p toán ho.c.

Gia’ su.’ (∗) dúng vó.im = n−1. Ta chú.ng minh nó dúng vó.im = n.

Khi m = n− 1 ta có

∆n−1 =
αn − βn

α − β
⇒

∆n = αn + β
αn − βn

α− β
=
αn+1 − αnβ + αnβ − βn+1

α− β
=
αn+1 − βn+1

α− β
·
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Nhu. vâ.y hê. thú.c (∗) dúng ∀m ∈ N. Do dó

∆n =
αn+1 − βn−1

α− β
· N

BÀI TÂ. P

1. Xác di.nh số nghi.ch thế trong các hoán vi..

1) (1 3 5 7 9 2 4 6 8). (DS. 10)

2) (9 8 7 6 5 4 3 2 1). (DS. 36)

3) (2 5 8 1 4 7 3 6 9). (DS. 12)

4) (7 5 4 6 1 2 3 9 8). (DS. 17)

2. Cho.n k và ` sao cho hoán vi.

1) (7 4 3 k ` 8 5 2) là hoán vi. le’. (DS. k = 6, ` = 1)

2) (k 3 4 7 ` 2 6 5) là hoán vi. chã̆n. (DS. k = 8, ` = 1)

3) (4 8 k 2 5 ` 1 7) là hoán vi. chã̆n. (DS. k = 6, ` = 3)

4) (6 3 4 k 7 ` 2 1) là hoán vi. le’. (DS. k = 5, ` = 8)

3. Xác di.nh số nghi.ch thế trong các hoán vi..

1) n n− 1 n− 2 . . . 2 1. (DS.
n(n − 1)

2
)

2) 1 3 5 7 . . . 2n − 1 2 4 6 . . . 2n. (DS.
n(n − 1)

2
)

3) 2 4 6 . . . 2n 1 3 5 . . . 2n − 1. (DS.
n(n+ 1)

2
)

4) 2n − 1 2n − 3 . . . 5 3 1 2n 2n − 2 . . . 6 4 2. (DS.
3n(n − 1)

2
)

4. Trong các t́ıch sau dây, t́ıch nào là số ha.ng cu’a di.nh thú.c cấp 7;

xác di.nh dấu cu’a số ha.ng dó.

1) a43a53a63a15a23a34a71. (DS. Không pha’i)

2) a23a67a54a16a35a41a72. (DS. Số ha.ng có dấu cô.ng)

3) a15a28a74a36a61a43. (DS. Không pha’i)

4) a72a16a33a55a27a61a44. (DS. Số ha.ng có dấu cô.ng)
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5. Trong các t́ıch sau dây, t́ıch nào là số ha.ng cu’a di.nh thú.c cấp tu.o.ng

ú.ng xác di.nh dấu cu’a số ha.ng dó.

1) a43a61a52a13a25a34. (DS. Không pha’i)

2) a27a63a14a56a35a41a72. (DS. Là số ha.ng cu’a di.nh thú.c cấp 7

vó.i dấu +)

3) a15a28a75a36a81a43. (DS. Không pha’i)

4) an1an−1 2 . . . a1n.

(DS. Là số ha.ng cu’a di.nh thú.c cấp n vó.i dấu (−1)
n(n−1)

2 )

5) a12a23 . . . ak,k+1 . . . an−1,nan1.

(DS. Là số ha.ng cu’a di.nh thú.c cấp n vó.i dấu (−1)n−1)

6) a13a24a35 . . . an−2,nan−1,1an2.

(DS. Số ha.ng cu’a di.nh thú.c cấp n vó.i dấu “+”)

6. Xác di.nh các số k và ` sao cho trong di.nh thú.c cấp 6:

1+ Các t́ıch sau là số ha.ng cu’a nó vó.i dấu “−”:

1) a62a35ak3a44a`6a21. (DS. k = 5, ` = 1)

2) a1ka25a44a6`a52a31. (DS. k = 6, ` = 3)

2+ Các t́ıch sau là số ha.ng có dấu +:

3) a63a16a5`a45a2ka31. (DS. k = 2, ` = 4)

4) ak5a21a34a13a`6a62. (DS. k = 5, ` = 4)

7. Trong di.nh thú.c cấp n

1) t́ıch các phà̂n tu.’ cu’a du.̀o.ng chéo ch́ınh là số có dấu g̀ı ?

(DS. +)

2) t́ıch các phà̂n tu.’ cu’a du.̀o.ng chéo phu. có dấu g̀ı ?

(DS. Có dấu “+” nếu n = 4k hoă. c n = 4k + 1; và có dấu “−”

nếu n = 4k + 2 hoă. c n = 4k + 3)

8. Tı́nh các di.nh thú.c cấp hai:

1)

∣∣∣∣∣
a2 ab

ab b2

∣∣∣∣∣ 2)

∣∣∣∣∣
a2 + ab+ b2 a2 − ab+ b2

a+ b a− b

∣∣∣∣∣

3)

∣∣∣∣∣
cosα − sinα

sinα cosα

∣∣∣∣∣ 4)

∣∣∣∣∣
sinα cosα

sinβ cosβ

∣∣∣∣∣
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5)

∣∣∣∣∣
1 logba

logab 1

∣∣∣∣∣ 6)

∣∣∣∣∣
a+ bi c+ di

−c+ di a− bi

∣∣∣∣∣; i
2 − 1.

7)

∣∣∣∣∣∣∣

(1 − t)2

1 + t2
2t

1 + t2
2t

1 + t2
−(1 + t)2

1 + t2

∣∣∣∣∣∣∣
8)

∣∣∣∣∣
ε ε

−1 ε

∣∣∣∣∣, ε = cos
2π

3
+ i sin

2π

3
.

(DS. 1) 0; 2) −2b3; 3) 1; 4) sin(α − β); 5) 0; 6) a2 + b2 + c2 + d2;

7) −1; 8) −1)

9. Tı́nh các di.nh thú.c cấp ba

1)

∣∣∣∣∣∣∣

3 2 1

2 5 3

3 4 3

∣∣∣∣∣∣∣
2)

∣∣∣∣∣∣∣

a b c

b c a

c a b

∣∣∣∣∣∣∣

3)

∣∣∣∣∣∣∣

cosα sinα cos β sinα sinβ

− sinα cosα cosβ cosα sinβ

0 − sin β cos β

∣∣∣∣∣∣∣
.

4)

∣∣∣∣∣∣∣

1 i 1 + i

−i 1 0

1 − i 0 1

∣∣∣∣∣∣∣
; i2 = −1, 5)

∣∣∣∣∣∣∣

a2 + 1 ab ac

ab b2 + 1 bc

ac bc c2 + 1

∣∣∣∣∣∣∣

6)

∣∣∣∣∣∣∣

sinα cosα 1

sinβ cos β 1

sin γ cos γ 1

∣∣∣∣∣∣∣
7)

∣∣∣∣∣∣∣

1 1 ε

1 1 ε2

ε2 ε ε

∣∣∣∣∣∣∣
, ε = cos

2π

3
+ i sin

2π

3

8)

∣∣∣∣∣∣∣

a+ b c 1

b+ c a 1

c+ a b 1

∣∣∣∣∣∣∣

(DS. 1) 8; 2) 3abc− a3 − b3 − c3; 3) 1; 4) −2; 5) 1 + a2 + b2 + c2;

6) sin(α− β) + sin(β − γ) + sin(γ − α); 7) −3; 8) 0)
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10. Tı́nh di.nh thú.c Vandermonde 1

∣∣∣∣∣∣∣∣∣

1 1 1 1

a b c d

a2 b2 c2 d2

a3 b3 c3 d3

∣∣∣∣∣∣∣∣∣

(DS. (b− a)(c− a)(d− a)(c− b)(d− b)(d− c))

Chı’ dã̂n. Lấy các cô.t trù. di cô.t thú. nhất rò̂i khai triê’n di.nh thú.c

thu du.o.
.c theo hàng thú. nhất và tiếp tu.c nhu. vâ.y dối vó.i di.nh thú.c

cấp ba.

11. Tı́nh di.nh thú.c
∣∣∣∣∣∣∣∣∣∣∣∣

1 1 1 0 0

1 2 3 0 0

0 1 1 1 1

0 x1 x2 x3 x4

0 x2
1 x2

2 x2
3 x2

4

∣∣∣∣∣∣∣∣∣∣∣∣

(DS. (x3 − x2)(x4 − x2)(x4 − x3) − 2(x3 − x1)(x4 − x1)(x4 − x3))

Chı’ dã̂n. Dùng di.nh lý Laplace cho hàng thú. nhất và thú. hai và

chı’ dã̂n cho bài 10.

12. Tı́nh di.nh thú.c bà̆ng cách khai triê’n (theo các phà̂n tu.’ cu’a hàng

hoă.c cô.t):

1)

∣∣∣∣∣∣∣∣∣

a 3 0 5

0 b 0 2

1 2 c 3

0 0 0 d

∣∣∣∣∣∣∣∣∣
. (DS. abcd)

2)

∣∣∣∣∣∣∣∣∣

1 1 1 a

2 2 1 b

3 2 1 c

1 2 3 d

∣∣∣∣∣∣∣∣∣
theo các phà̂n tu.’ cô. t thú. tu..

1A. T. Vandermonde (1735-1796) là nhà toán ho.c Pháp.
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(DS. 4a− c− d)

3)

∣∣∣∣∣∣∣∣∣

a 1 1 1

b 0 1 1

c 1 0 1

d 1 1 0

∣∣∣∣∣∣∣∣∣
theo các phà̂n tu.’ cu’a cô.t thú. nhất.

(DS. 2a+ b− c+ d)

4)

∣∣∣∣∣∣∣∣∣

1 2 −1 2

2 −1 −2 1

a b c d

−2 −1 1 2

∣∣∣∣∣∣∣∣∣
theo các phà̂n tu.’ cu’a hàng thú. ba.

(DS. −5a− 5b− 5c− 5d)

5)

∣∣∣∣∣∣∣∣∣

2 3 5 −4

3 −5 4 2

−4 2 3 5

5 4 −2 3

∣∣∣∣∣∣∣∣∣
theo các phà̂n tu.’ hàng thú. hai.

(DS. −2858)

6)

∣∣∣∣∣∣∣∣∣

−5 1 −4 1

1 4 −1 5

−4 1 −8 −1

3 2 6 2

∣∣∣∣∣∣∣∣∣
theo các phà̂n tu.’ hàng thú. nhất

(DS. −264)

13. Dùng di.nh ngh̃ıa dê’ t́ınh các di.nh thú.c sau

1)

∣∣∣∣∣∣∣

1 0 0

2 2 1

3 3 2

∣∣∣∣∣∣∣
. (DS. 1)

2)

∣∣∣∣∣∣∣

logba 1 0

0 2 0

2 1 logab

∣∣∣∣∣∣∣
. (DS. 1)
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3)

∣∣∣∣∣∣∣∣∣

1 0 0 2

3 0 0 4

0 5 6 0

0 7 8 0

∣∣∣∣∣∣∣∣∣
. (DS. 4)

4)

∣∣∣∣∣∣∣∣∣

0 0 3 4

0 0 4 3

1 2 0 0

2 1 0 0

∣∣∣∣∣∣∣∣∣
. (DS. −21)

5)

∣∣∣∣∣∣∣∣∣∣

a1 0 0 . . . 0

a1 a1 0 . . . 0
...

...
...

. . .
...

an an−1 an−2 . . . a1

∣∣∣∣∣∣∣∣∣∣

. (DS. an
1)

6)

∣∣∣∣∣∣∣∣∣∣∣∣

0 . . . 0 0 −1

0 . . . 0 −2 0

0 . . . −3 0 0
...

. . .
...

...
...

−n . . . 0 0 0

∣∣∣∣∣∣∣∣∣∣∣∣

. (DS. (−1)
n(n+1)

2 n!)

7)

∣∣∣∣∣∣∣∣∣∣∣∣

1 a a . . . a

0 2 a . . . a

0 0 3 . . . a
...

...
...

. . .
...

0 0 0 . . . n

∣∣∣∣∣∣∣∣∣∣∣∣

. (DS. n!)

8)

∣∣∣∣∣∣∣∣∣∣∣∣

0 . . . 0 0 a1

0 . . . 0 a2 a1

0 . . . a3 a2 a1

...
. . .

...
...

...

an . . . a3 a2 a1

∣∣∣∣∣∣∣∣∣∣∣∣

. (DS. (−1)
n(n−1)

2 a1a2 . . . an)
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9)

∣∣∣∣∣∣∣∣∣

2 1 0 4

−1 2 0 4

−2 3 0 5

−3 4 0 6

∣∣∣∣∣∣∣∣∣
. (DS. 0)

10)

∣∣∣∣∣∣∣∣∣∣∣∣

1 2 1 2 1

1 1 1 1 1

2 3 0 0 0

3 2 0 0 0

1 2 0 0 0

∣∣∣∣∣∣∣∣∣∣∣∣

. (DS. 0)

14. Gia’i các phu.o.ng tr̀ınh

1)

∣∣∣∣∣∣∣∣∣

1 1 4 4

−1 3 − x2 3 3

7 7 5 5

−7 −7 6 x2 − 3

∣∣∣∣∣∣∣∣∣
= 0. (DS. x1,2 = ±3; x3,4 = ±3)

2)

∣∣∣∣∣∣∣∣∣

1 2 3 4

−2 2 − x 1 7

3 6 4 + x 12

−4 x− 14 2 3

∣∣∣∣∣∣∣∣∣
= 0. (DS. x1 = 6; x2 = 5)

3)

∣∣∣∣∣∣∣∣∣

1 x x2 x3

1 2 4 8

1 3 9 27

1 4 16 64

∣∣∣∣∣∣∣∣∣
= 0. (DS. x1 = 2, x2 = 3, x3 = 4)

15. Tı́nh các di.nh thú.c cấp n

1)

∣∣∣∣∣∣∣∣∣∣∣∣

2 2 3 . . . n

−1 0 3 . . . n

−1 −2 0 . . . n
...

...
...

. . .
...

−1 −2 −3 . . . 0

∣∣∣∣∣∣∣∣∣∣∣∣

. (DS. n!)

Chı’ dã̂n. Thêm hàng thú. nhất vào mo.i hàng cu’a di.nh thú.c bá̆t
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dà̂u tù. hàng thú. hai.

2)

∣∣∣∣∣∣∣∣∣∣∣∣

1 2 2 . . . 2

2 2 2 . . . 2

2 2 3 . . . 2
...

...
...

. . .
...

2 2 2 . . . n

∣∣∣∣∣∣∣∣∣∣∣∣

. (DS. −2(n− 2)!)

Chı’ dã̂n. Lấy mo.i hàng (kê’ tù. hàng thú. ba) trù. di hàng thú. hai,

sau dó lấy hàng thú. hai trù. di hàng thú. nhất nhân vó.i 2.

3)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

x a1 a2 . . . an−1 1

a1 x a2 . . . an−1 1

a1 a2 x . . . an−1 1
...

...
...

. . .
...

a1 a2 a3 . . . x 1

a1 a2 a3 . . . an 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

. (DS. (x−a1)(x−a2) · · · (x−an))

Chı’ dã̂n. Lấy tất ca’ các cô.t cu’a di.nh thú.c trù. di cô.t cuối cùng

nhân tu.o.ng ú.ng vó.i a1, a2, . . . , an.

4)

∣∣∣∣∣∣∣∣∣∣∣∣

0 1 1 . . . 1

1 0 1 . . . 1

1 1 0 . . . 1
...

...
...

. . .
...

1 1 1 . . . 0

∣∣∣∣∣∣∣∣∣∣∣∣
n×n

. (DS. (−1)n−1(n− 1))

Chı’ dã̂n. Thêm cho cô.t thú. nhất tất ca’ các cô.t còn la. i; sau dó lấy

mo.i hàng kê’ tù. hàng thú. hai trù. di hàng thú. nhất.

5)

∣∣∣∣∣∣∣∣∣∣∣∣

1 n n . . . n

n 2 n . . . n

n n 3 . . . n
...

...
...

. . .
...

n n n . . . n

∣∣∣∣∣∣∣∣∣∣∣∣

. (DS. (−1)nn!)

Chı’ dã̂n. Lấy các hàng thú. nhất, thú. hai, ... thú. n−1 trù. di hàng

thú. n.
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6)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 x1 x2 . . . xn−1 xn

1 x x2 . . . xn−1 xn

1 x1 x . . . xn−1 xn

...
...

. . .
...

1 x1 x2 . . . x xn

1 x1 x2 . . . xn−1 x

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

. (DS. (x−x1)(x−x2) · · · (x−xn))

Chı’ dã̂n. Nhân hàng thú. nhất vó.i (−1) rò̂i cô.ng vó.i tất ca’ các

hàng còn la. i.

7)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 2 3 . . . n− 1 n

1 3 3 . . . n− 1 n

1 2 5 . . . n− 1 n
...

...
...

. . .
...

1 2 3 . . . 2n− 3 n

1 2 3 . . . n− 1 2n − 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

. (DS. (n− 1)!)

Chı’ dã̂n. Nhân hàng thú. nhất vó.i (−1) rò̂i cô.ng vó.i tất ca’ các

hàng còn la. i.

8)

∣∣∣∣∣∣∣∣∣∣∣∣

a b 0 . . . 0 0

0 a b . . . 0 0
...

...
...

. . .
...

0 0 0 . . . a b

b 0 0 . . . 0 a

∣∣∣∣∣∣∣∣∣∣∣∣

. (DS. an + (−1)n+1bn)

9)

∣∣∣∣∣∣∣∣∣∣∣∣

a0 a1 a2 . . . an−1 an

−y1 x1 0 . . . 0 0

0 −y2 x2 . . . 0 0
...

...
...

. . .
...

0 0 0 . . . −yn xn

∣∣∣∣∣∣∣∣∣∣∣∣

.

(DS. a0x1x2 · · ·xn + a1y1x2 · · · xn + a2y1y2x3 · · · xn + · · · +

any1y2 · · · yn)

Chı’ dã̂n. Khai triê’n di.nh thú.c theo cô. t cuối dê’ thu du.o.
.c hê. thú.c

truy hò̂i.
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10)

∣∣∣∣∣∣∣∣∣∣∣∣

1 2 3 4 . . . n − 1 n

−1 x 0 0 . . . 0 0
...

...
...

...
. . .

...
...

0 0 0 0 . . . x 0

0 0 0 0 . . . −1 x

∣∣∣∣∣∣∣∣∣∣∣∣

(DS. ∆n = x∆n−1 + n, ∆n = xn−1 + 2xn−2 + · · · + (n− 1)x + n)

Chı’ dã̂n. Khai triê’n di.nh thú.c theo cô.t cuối.

3.3 Ha.ng cu’a ma trâ.n

3.3.1 D- i.nh ngh̃ıa

Số nguyên r > 0 du.o.
.c go. i là ha. ng cu’a ma trâ.n A nếu nó tho’a mãn

hai diè̂u kiê.n sau dây:

(i) Ma trâ.n A có ı́t nhất mô.t di.nh thú.c con khác 0 cấp r.

(ii) Mo.i di.nh thú.c con cấp r + 1 và cấp cao ho.n (nếu có) cu’a ma

trâ.n A dè̂u bà̆ng 0.

Ha.ng cu’a ma trâ.nA thu.̀o.ng du.o.
.c ký hiê.u là r(A), rA hoă. c rank(A).

Tù. di.nh ngh̃ıa suy ra:

a) Dối vó.i (m× n)-ma trâ.n A ta có: 0 6 r(A) 6 min(m;n).

b) r = r(A) = 0 khi và chı’ khi mo.i phà̂n tu.’ cu’a ma trâ.n dè̂u bà̆ng

0.

c) Dối vó.i ma trâ.n vuông cấp n ta có r(A) = n⇔ detA 6= 0.

3.3.2 Phu.o.ng pháp t̀ım ha.ng cu’a ma trâ.n

Phu.o.ng pháp I (phu.o.ng pháp di.nh thú.c bao) du.
.a trên di.nh

ngh̃ıa ha.ng cu’a ma trâ.n, gò̂m các bu.́o.c sau dây

(i) Tı̀m mô.t di.nh thú.c con nào dó khác 0; gia’ su.’ dó là di.nh thú.c

∆r 6= 0.
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(ii) Tı́nh tiếp các di.nh thú.c con ∆r+1 cấp r + 1 bao di.nh thú.c ∆r

(tú.c là di.nh thú.c con ∆r+1 chú.a di.nh thú.c con ∆r) nếu chúng tò̂n ta. i.

+) Nếu tất ca’ các di.nh thú.c con cấp r+ 1 dè̂u bà̆ng 0 th̀ı kết luâ.n

r(A) = r.

+ Nếu có mô.t di.nh thú.c con cấp r + 1 khác 0 (∆r+1 6= 0) th̀ı t́ınh

tiếp các di.nh thú.c con cấp r + 2 bao di.nh thú.c ∆r+1 dó (nếu chúng

tò̂n ta. i). Nếu mo.i di.nh thú.c cấp r + 2 dè̂u bằng 0 th̀ı r(A) = r + 1,

còn nếu có mô.t di.nh thú.c con cấp r + 2 khác 0 th̀ı quy tr̀ınh la. i tiếp

tu.c.

Phu.o.ng pháp II du.
.a trên các phép biến dô’i so. cấp thu.

.c hiê.n

trên ma trâ.n dã cho.

D- i.nh ngh̃ıa. Các phép biến dô’i sau dây trên ma trâ.n du.o.
.c go. i là các

phép biến dô’i so. cấp:

1+ Dô’i chõ̂ hai hàng (hoă.c hai cô.t) cho nhau.

2+ Nhân tất ca’ các phà̂n tu.’ cu’a mô.t hàng (hoă. c cô.t) vó.i mô.t số

khác 0.

3+ Cô.ng vào mô.t hàng cu’a ma trâ.n mô.t hàng khác sau khi nhân

vó.i mô.t số tùy ý 6= 0.

D- i.nh lý. Ha. ng cu’a ma trâ. n là bất biến qua các phép biến dô’i so. cấp.

Khi thu.
.c hiê.n các phép biến dô’i so. cấp trên ma trâ.n ta luôn quy

u.́o.c rà̆ng dấu A ∼ B có ngh̃ıa là mô.t ma trâ.n thu du.o.
.c tù. ma trâ.n

kia bo.’ i các phép biến dô’i so. cấp và r(A) = r(B).

CÁC VÍ DU.

Vı́ du. 1. Tı̀m ha.ng r(A) nếu

A =




−1 0 0 1

0 1 1 2

1 1 1 1

4 2 3 1

3 1 2 0



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Gia’i. Ta t̀ım ha.ng cu’a ma trâ.n dã cho theo phu.o.ng pháp I. Hiê’n

nhiên ma trâ.n A có di.nh thú.c con

∆2 =

∣∣∣∣∣
−1 0

0 1

∣∣∣∣∣ = −1 6= 0.

Ta t́ınh các di.nh thú.c con ∆3 bao ∆2. Ta có

∆
(1)
3 =

∣∣∣∣∣∣∣

−1 0 0

0 1 1

1 1 1

∣∣∣∣∣∣∣
= (−1)

∣∣∣∣∣
1 1

1 1

∣∣∣∣∣ = 0;

∆(2)
3 =

∣∣∣∣∣∣∣

−1 0 0

0 1 1

4 2 3

∣∣∣∣∣∣∣
= −1 6= 0.

Nhu. vâ.y có mô.t di.nh thú.c bao ∆
(2)
3 6= 0. Ta t́ınh di.nh thú.c bao cu’a

∆
(2)
3 . Ta có

δ
(1)
4 =

∣∣∣∣∣∣∣∣∣

−1 0 0 1

0 1 1 2

1 1 1 1

4 2 3 1

∣∣∣∣∣∣∣∣∣
= 0

(ta. i sao ?). Tù. dó suy ra r(A) = 3. N

Vı́ du. 2. Tı̀m ha.ng r(A) nếu

A =




1 −3 2 5

−2 4 3 1

0 −2 7 11

7 −15 −7 2

−1 1 5 6




Gia’i. Ta gia’ i theo phu.o.ng pháp I. Hiê’n nhiên ma trâ.n A có di.nh

thú.c con

∆2 =

∣∣∣∣∣
1 −3

−2 4

∣∣∣∣∣ = −2 6= 0.
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Tất ca’ các di.nh thú.c con bao ∆2:

∣∣∣∣∣∣∣

1 −3 2

−2 4 3

0 −2 7

∣∣∣∣∣∣∣
;

∣∣∣∣∣∣∣

1 −3 5

−2 4 1

0 −2 11

∣∣∣∣∣∣∣
;

∣∣∣∣∣∣∣

1 −3 2

−2 4 3

7 −15 −7

∣∣∣∣∣∣∣
;

∣∣∣∣∣∣∣

1 −3 5

−2 4 1

7 −15 2

∣∣∣∣∣∣∣
;

∣∣∣∣∣∣∣

1 −3 2

−2 4 3

−1 1 5

∣∣∣∣∣∣∣
;

∣∣∣∣∣∣∣

1 −3 5

−2 4 3

−1 1 6

∣∣∣∣∣∣∣

dè̂u bà̆ng 0. Do dó r(A) = 2. N

Vı́ du. 3. Bà̆ng các phép biến dô’i so. cấp, t́ınh ha.ng cu’a các ma trâ.n

1) A =




1 2 3 5

3 −1 4 −2

5 3 10 8


; 2) B =




−1 0 0 1

0 1 1 2

1 1 1 1

4 2 3 1

3 1 2 0




.

Gia’i. 1) Ta thu.
.c hiê.n phép biến dô’i so. cấp theo hàng và thu du.o.

.c

A =




1 2 3 5

3 −1 4 −2

5 3 10 8


 h2 − 3h1 → h′2
h3 − 5h1 → h′3

∼

∼




1 2 3 5

0 −7 −5 −7

0 −7 −5 −17



h3 − h2 → h′3

∼




1 2 3 5

0 −7 −5 −17

0 0 0 0


 .

Dó là ma trâ.n h̀ınh thang và hiê’n nhiên nó có ha.ng bà̆ng 2. Do dó

r(A) = 2.
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2) Ta có

B =




−1 0 0 1

0 1 1 2

1 1 1 1

4 2 3 1

3 2 1 0



h3 + h1 → h′3
h5 + 4h1 → h′4
h5 + 3h1 → h′5

∼




−1 0 0 1

0 1 1 2

0 1 1 2

0 2 3 5

0 1 2 3



h3 − h2 → h′3
h4 − 2h2 → h′4
h5 − h2 → h′5

∼




−1 0 0 1

0 1 1 2

0 0 0 0

0 0 1 1

0 0 1 1



∼




−1 0 0 1

0 1 1 2

0 0 1 1

0 0 0 0

0 0 1 1



h5 − h3 → h′5

∼




−1 0 0 1

0 1 1 2

0 0 1 1

0 0 0 0

0 0 0 0



.

Tù. dó thu du.o.
.c r(B) = 3. N

Vı́ du. 4. Tı́nh ha.ng cu’a các ma trâ.n

1) A =




1 2 4 5 2

2 3 1 1 3

0 1 7 9 1

1 3 11 14 3


 ; 2) B =




1 3 2 0 5

2 6 9 7 12

−2 −5 2 4 5

1 4 8 4 20


 .

Gia’i. 1) Ta thu.
.c hiê.n các phép biến dô’i sau:

A =




1 2 4 5 2

2 3 1 1 3

0 1 7 9 1

1 3 11 14 3


 ∼




1 2 4 5 2

−0 −1 −7 −9 −1

0 1 7 9 1

0 1 7 9 1




∼




1 2 4 5 2

0 1 7 9 1

0 1 7 9 1

0 1 7 9 1


 ∼




1 2 4 5 2

0 1 7 9 1

0 0 0 0 0

0 0 0 0 0


 ∼

[
1 2 4 5 2

0 1 7 9 1

]

Tù. dó suy rà̆ng r(A) = 2.
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2) Ta thu.
.c hiê.n các phép biến dô’i

B =




1 3 2 0 5

2 6 9 7 12

−2 −5 2 4 5

1 4 8 4 20


 ∼




1 3 2 0 5

0 0 5 7 2

0 1 6 4 15

0 1 6 4 15




∼




1 3 2 0 5

0 1 6 4 15

0 0 5 7 2

0 1 6 4 15


 ∼




1 3 2 0 5

0 1 6 4 15

0 0 5 7 2

0 0 0 0 0




Tù. dó suy rà̆ng r(B) = 3. N

BÀI TÂ. P

Tı̀m ha.ng cu’a các ma trâ.n:

1. A =

[
1 2

3 −1

]
. (DS. r(A) = 2)

2. A =

[
−1 3

2 −6

]
. (DS. r(A) = 1)

3. A =

[
1 2

3 6

]
. (DS. r(A) = 1)

4. A =




1 2

3 4

5 6


. (DS. r(A) = 2)

5. A =

[
1 −2 1

−1 4 3

]
. (DS. r(A) = 2)
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6. A =




0 1 3

0 3 −1

0 2 0


. (DS. r(A) = 2)

7. A =




1 −2 3

2 −4 6

5 1 4


. (DS. r(A) = 2)

8. A =




1 3 2

2 6 4

−1 3 −2


. (DS. r(A) = 1)

9. A =




1 −2 4 0

−1 3 5 1

2 −1 4 0


. (DS. r(A) = 3)

Su.’ du.ng các phép biến dô’i so. cấp dê’ t̀ım ha.ng cu’a ma trâ.n:

10. A =



−1 0 3 −2

2 3 −1 −3

3 6 1 −8


. (DS. r(A) = 2)

11. A =




2 −2 1

−3 1 −1

5 4 1

1 0 0


. (DS. r(A) = 3)

12. A =




4 9 0 7 2

−1 1 6 0 3

0 −1 2 1 −3

4 −3 −1 9 6


 (DS. r(A) = 4)

13. A =




−1 −3 −2 1 −3

4 1 2 4 −1

−6 9 −1 −2 6

4 6 1 12 −4


. (DS. r(A) = 3)
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14. A =




2 −9 −5 −2 9 −5

4 4 3 7 −4 4

−2 −3 −1 −3 3 −3

2 2 −1 2 −6 2

−1 1 3 −1 1 −1




. (DS. r(A) = 4)

Tı̀m ha.ng cu’a ma trâ.n bà̆ng phu.o.ng pháp di.nh thú.c bao:

15. A =




1 1 0 0 0

2 3 0 0 0

0 0 5 0 0

0 0 0 6 0

0 0 0 0 8




. (DS. r(A) = 5)

16. A =




1 2 3 4

−1 3 0 1

2 4 1 8

1 7 6 9

0 10 1 10




. (DS. r(A) = 3)

17. A =




1 1 3 3 2

2 2 −1 −1 4

1 1 3 3 2


 (DS. r(A) = 2)

18. A =




2 4 −2 3 3 1

−1 −2 1 1 7 2

1 2 −1 4 10 3


. (DS. r(A) = 2)

19. A =




1 1 2 3 −1

0 2 1 2 2

0 0 3 3 −3

0 0 0 4 0

1 3 6 12 −2

1 3 3 5 1




. (DS. r(A) = 4)
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20. Vó.i giá tri. nào cu’a λ th̀ı ma trâ.n

A =

[
λ −1

1 2

]

có ha.ng bà̆ng 1 ? (DS. λ = −1

2
)

21. Vó.i giá tri. nào cu’a λ th̀ı ha.ng r(A) = 2, nếu

A =



λ 0 1

3 4 1

1 −1 2


? (DS. λ =

7

9
)

22. Vó.i giá tri. nào cu’a λ th̀ı ha.ng r(A) = 3 nếu

A =




1 0 −1

2 λ − 2 3

1 0 4


? (DS. λ 6= 2)

23. Vó.i giá tri. nào cu’a λ th̀ı ha.ng r(A) = 3 nếu

A =




1 0 λ

2 3 4

0 0 8


? (DS. ∀λ ∈ R)

24. Vó.i giá tri. nào cu’a λ th̀ı ha.ng: 1) r(A) = 1; 2) r(A) = 2;

3) r(A) = 3 nếu:

A =




1 λ 2

2 1 4

4 2 8


?

(DS. 1) λ =
1

2
; 2) λ 6= 1

2
; 3) Không tò̂n ta. i)
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3.4 Ma trâ.n nghi.ch da’o

3.4.1 D- i.nh ngh̃ıa

Nếu A là ma trâ.n vuông cấp n th̀ı ma trâ.n vuông B cấp n tho’a mãn

diè̂u kiê.n

AB = BA = En

trong dó En là ma trâ.n do.n vi. cấp n du.o.
.c go. i là ma trâ. n nghi.ch da’o

dối vó.i ma trâ.n A và du.o.
.c ký hiê.u là B = A−1.

Nhu. vâ.y theo di.nh ngh̃ıa

AA−1 = A−1A = En.

D- i.nh lý. Ma trâ. n vuông A có ma trâ. n nghi.ch da’o khi và chı’ khi ma

trâ. n A không suy biến (tú.c là khi detA 6= 0) và khi dó

A−1 =
1

detA
PA, (3.12)

PA =




A11 A21 . . . An1

A12 A22 . . . An2

...
...

. . .
...

A1n A2n . . . Ann




trong dó Aij là phà̂n bù da. i số cu’a phà̂n tu.’ aij (i, j = 1, n) cu’a ma

trâ. n A. Ma trâ. n PA du.o.
.c go. i là ma trâ. n phu. ho.

.p cu’a ma trâ. n A.

T́ınh chất

1+ Nếu ma trâ.n A có ma trâ.n nghi.ch da’o và m 6= 0 th̀ı ma trâ.n

mA cũng có ma trâ.n nghi.ch da’o và

(mA)−1 =
1

m
A−1.
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2+ Nếu A và B là hai ma trâ.n vuông cùng cấp và dè̂u có ma trâ.n

nghi.ch da’o th̀ı

(AB)−1 = B−1A−1.

3+ Nếu A có ma trâ.n nghi.ch da’o A−1 th̀ı A−1 cũng có ma trâ.n

nghi.ch da’o và

(
A−1

)−1
= A.

3.4.2 Phu.o.ng pháp t̀ım ma trâ.n nghi.ch da’o

Phu.o.ng pháp I gò̂m các bu.́o.c sau

Bu.́o.c 1. Tı́nh detA

+ Nếu detA = 0 th̀ı A không có ma trâ.n nghi.ch da’o.

+ Nếu detA 6= 0 th̀ı chuyê’n sang bu.́o.c 2.

Bu.́o.c 2. Tı̀m ma trâ.n phu. ho.
.p PA. Tù. dó áp du.ng công thú.c

(3.12) ta thu du.o.
.c ma trâ.n A

−1.

Phu.o.ng pháp II (phu.o.ng pháp Gauss-Jordan)

Dà̂u tiên ta viết ma trâ.n do.n vi. cùng cấp vó.i ma trâ.n A vào bên

pha’i ma trâ.n A và thu du.o.
.c ma trâ.n

M =
[
A|En

]
. (3.13)

Tiếp theo thu.
.c hiê.n các phép biến dô’i so. cấp trên các hàng cu’a

ma trâ.n M dê’ du.a khối ma trâ.n A vè̂ ma trâ.n do.n vi. En còn khối En

trong (3.13) thành ma trâ.n B:

[
A|En

]
−→

[
En|B

]
.

Khi dó B = A−1.

CÁC VÍ DU.
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Vı́ du. 1. Tı̀m ma trâ.n nghi.ch da’o dối vó.i các ma trâ.n sau:

1) A =




3 5 −2

1 −3 2

6 7 −3


 ; 2) A =




1 0 −2 1 −7

−5 4 2 0 3

1 6 7 8 9

2 6 5 9 2

3 −2 1 0 1




Gia’i. 1) Ta có detA = 10 6= 0. Do dó ma trâ.n A trong 1) có

ma trâ.n nghi.ch da’o. Phà̂n bù da. i số cu’a các phà̂n tu.’ cu’a nó bà̆ng:

A11 = −5; A12 = 15; A13 = 25; A21 = 1; A22 = 3; A23 = 9; A31 = 4;

A32 = −8; A33 = −14.

Tù. dó theo công thú.c (3.12) ta có

A−1 =
1

10



−5 1 4

15 3 −8

25 9 −14


 =




−1

2

1

10

2

5
3

2

3

10
−4

5
5

2

9

10
−7

5



.

2) Ta t́ınh detA. Lấy hàng thú. ba cô.ng vào hàng thú. nhất ta có

detA =

∣∣∣∣∣∣∣∣∣∣∣∣

2 6 5 9 2

−5 4 2 0 3

1 6 7 8 9

2 6 5 9 2

3 −2 1 0 1

∣∣∣∣∣∣∣∣∣∣∣∣

= 0

v̀ı trong ma trâ.n thu du.o.
.c có hàng thú. nhất và thú. tu. giống nhau.

Nhu. vâ.y ma trâ.n A trong 2) là ma trâ.n suy biến, do dó nó không có

ma trâ.n nghi.ch da’o.

Vı́ du. 2. Dùng các phép biến dô’i so. cấp t̀ım ma trâ.n nghi.ch da’o dối
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vó.i ma trâ.n

1) A =




2 0 4

1 −1 −2

−1 2 3


 ; 2) A =




2 3 4

2 6 8

2 6 12


 .

Gia’i. 1) Ta lâ.p ma trâ.n

M =




2 0 4
∣∣ 1 0 0

1 −1 −2
∣∣ 0 1 0

−1 2 3
∣∣ 0 0 1


 .

Nhân hàng thú. nhất vó.i
1

2
ta thu du.o.

.c

M −→




1 0 2
∣∣∣ 1

2
0 0

1 −1 −2
∣∣∣ 0 1 0

−1 2 3
∣∣∣ 0 0 1


h2 − h1 → h′2
h3 + h1 → h′3

−→

−→




1 0 2
∣∣∣ 1

2
0 0

0 −1 −4
∣∣∣ −1

2
1 0

0 2 5
∣∣∣ 1

2
0 1




h2(−1)→h′
2−−−−−−−→




1 0 2
∣∣∣ 1

2
0 0

0 1 4
∣∣∣ 1

2
−1 0

0 2 5
∣∣∣ 1

2
0 1



h3 − 2h2 → h′3

−→

−→




1 0 2
∣∣∣ 1

2
0 0

0 1 4
∣∣∣ 1

2
−1 0

0 0 −3
∣∣∣ −1

2
2 1



h3 × (−1

3
) → h′3

−→
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


1 0 2
∣∣∣ 1

2
0 0

0 1 4
∣∣∣ 1

2
−1 0

0 0 1
∣∣∣ 1

6
−2

3
−1

3




h1 − 2h3 → h′1
−−−−−−−−−→
h2 − 4h3 → h′2




1 0 0
∣∣∣ 1

6

4

3

2

3

0 1 0
∣∣∣ −1

6

5

3

4

4

0 0 1
∣∣∣ 1

6
−2

3
−1

3




Tù. dó suy rà̆ng

A−1 =




1

6

4

3

2

3

−1

6

5

3

4

3
1

6
−2

3
−1

3




2) Ta lâ.p ma trâ.n

M =




2 3 4
∣∣ 1 0 0

2 6 8
∣∣ 0 1 0

2 6 12
∣∣ 0 0 1


 .

Thu.
.c hiê.n các phép biến dô’i so. cấp

M

h2 − h1 → h′2
−−−−−−−−−→
h3 − h1 → h′3




2 3 4
∣∣ 1 0 0

0 3 4
∣∣ −1 1 0

0 3 8
∣∣ −1 0 1




−−−−−−−−−→
h3 − h2 → h′3




2 3 4
∣∣ 1 0 0

0 3 4
∣∣ −1 1 0

0 0 4
∣∣ 0 −1 1




h1 − h3 → h′1
h2 − h3 → h′2
−−−−−−−→




2 3 0
∣∣ 1 1 −1

0 3 0
∣∣ −1 2 −1

0 0 4
∣∣ 0 −1 1



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h1 − h2 → h′1
−−−−−−−→




2 0 0
∣∣ 2 −1 0

0 3 0
∣∣ −1 2 −1

0 0 4
∣∣ 0 −1 1




h1(
1
2
) → h′1

−−−−−−−→
h2(

1
3
) → h′2

h3(
1
4
) → h′4




1 0 0

∣∣∣∣∣ 1 −1

2
0

0 1 0

∣∣∣∣∣ −1

3

2

3
−1

3

0 0 1

∣∣∣∣∣ 0 −1

4

1

4




Tù. dó suy rà̆ng

A−1 =




1 −1

2
0

−1

3

2

3
−1

3

0 −1

4

1

4




Vı́ du. 3. Chú.ng minh các t́ınh chất sau dây cu’a di.nh thú.c

1) detA−1 = (detA)−1.

2) Nếu A và B không suy biến th̀ı t́ıch AB cũng không suy biến

và

(AB)−1 = B−1A−1.

3)
(
A−1

)−1
= A.

4)
(
AT
)−1

=
(
A−1

)T
.

Gia’i. 1) Ta sẽ áp du.ng công thú.c t́ınh di.nh thú.c cu’a t́ıch hai ma

trâ.n vuông cùng cấp A và B:

detAB = detA · detB

Ta có

AA−1 = E ⇒det(AA−1) = detE = 1

⇒detA · detA−1 = 1 ⇒ (detA)−1 = det(A−1).
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2) Ta có

(B−1A−1)(AB) = B−1(A−1A)B = B−1B = E

và tù. dó suy ra B−1A−1 = (AB)−1. Tu.o.ng tu.
. B−1A−1(AB) = E và

do dó ma trâ.n B
−1A−1 là ma trâ.n nghi.ch da’o cu’a ma trâ.n AB.

3) Ta thấy
(
A−1

)−1
là ma trâ.n duy nhất mà t́ıch cu’a nó nhân vó.i

A−1 bà̆ng E. Nhu.ng ma trâ.n A cũng có t́ınh chất dó. Nhu. vâ.y 3)

du.o.
.c chú.ng minh.

4) Dê’ chú.ng minh
(
AT
)−1

=
(
A−1

)T
ta xét dă’ng thú.c AA−1 = E.

Tù. dó áp du. ng t́ınh chất cu’a ma trâ.n chuyê’n vi. ta có

(AA−1)T = E ⇒ (A−1)TAT = E ⇒ (A−1)T = (AT )−1

theo di.nh ngh̃ıa ma trâ.n nghi.ch da’o. N

Vı́ du. 4. 1) Chú.ng minh rà̆ng nếu A là ma trâ.n vuông tho’a mãn

diè̂u kiê.n A
2 − 3A+ E = O th̀ı A−1 = 3E −A.

2) Chú.ng minh rà̆ng (E −A)−1 = E +A+A2 nếu A3 = O.

Gia’i. 1) Tù. diè̂u kiê.n dã cho ta có

E = 3A−A2 = A(3E −A).

Do vâ.y

detA · det(3E −A) = detE = 1

và do dó detA 6= 0, tú.c là A có ma trâ.n nghi.ch da’o. Do

E = A(3E −A) → A−1E = A−1A(3E −A)

⇒ A−1 = 3E −A.

2) Ta có thê’ nhân ma trâ.n E − A vó.i E +A+ A2. Nếu chúng là

ma trâ.n nghi.ch da’o nhau th̀ı kết qua’ là ma trâ.n do.n vi.. Ta có

(E −A)(E +A+A2) = E −A+A−A2 +A2 −A3 = E −A3 = E
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v̀ı theo gia’ thiết A3 = O. Tù. dó suy ra diè̂u pha’i chú.ng minh. N

Vı́ du. 5. Tı̀m ma trâ.n nghi.ch da’o dối vó.i ma trâ.n

A =

[
α β

γ δ

]
.

Gia’i. Dê’ tò̂n ta. i ma trâ.n nghi.ch da’o ta cà̂n gia’ thiết rà̆ng detA =

αδ − γβ 6= 0. Vó.i gia’ thiết dó ta t̀ım các phà̂n bù da. i số: A11 = δ;

A12 = −γ; A21 = −β; A22 = α. Do dó

A−1 =
1

αδ − γβ

[
δ −β
−γ α

]
. N

Tù. v́ı du. này ta rút ra quy tá̆c t̀ım ma trâ.n nghi.ch da’o vó.i ma

trâ.n cấp 2:

Ma trâ.n nghi.ch da’o cu’a ma trâ.n cấp hai bằng t́ıch cu’a mô.t số

là nghi.ch da’o cu’a di.nh thú.c cu’a nó nhân vó.i ma trâ.n mà du.̀o.ng

chéo ch́ınh là hoán vi. cu’a hai phà̂n tu.’ cu’a du.̀o.ng chéo ch́ınh cu’a

nó và các phà̂n tu.’ cu’a du.̀o.ng chéo thú. hai cũng ch́ınh là các

phà̂n tu.’ cu’a du.̀o.ng chéo thú. hai cu’a ma trâ.n dã cho nhu.ng vó.i

dấu ngu.o.
.c la.i.

Chă’ng ha.n, nếu A =

[
6 5

2 2

]
th̀ı

A−1 =
1

2

[
2 −5

−2 6

]
.

Vı́ du. 6. 1) Gia’ su.’ A là ma trâ.n không suy biến. Hãy gia’ i các phu.o.ng

tr̀ınh ma trâ.n:

AX = B, Y A = B.

2) Gia’ i các phu.o.ng tr̀ınh trong 1) nếu

A =

[
7 3

2 1

]
, B =

[
1 2

0 −1

]
.
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Gia’i. Nhân bên trái hai vế cu’a phu.o.ng tr̀ınh AX = B vó.i A−1 và

thu.
.c hiê.n các phép t́ınh da.i số tu.o.ng ú.ng ta có

A−1AX = A−1B ⇒ EX = A−1B ⇒ X = A−1B.

Tu.o.ng tu.
.

Y AA−1 = BA−1 ⇒ Y E = BA−1 ⇒ Y = BA−1.

Rõ ràng là nếu A−1 và B không giao hoán th̀ı X 6= Y .

2) Vó.i

A =

[
7 3

2 1

]
⇒ A−1 =

1

detA

[
1 −3

−2 7

]
=

[
1 −3

−2 7

]

Tù. dó

X = A−1B =

[
1 −3

−2 7

] [
1 2

0 −1

]
=

[
1 5

−2 −11

]
,

Y = BA−1 =

[
1 2

0 −1

] [
1 −3

−2 7

]
=

[
−3 11

2 −7

]
. N

BÀI TÂ. P

Tı̀m ma trâ.n nghi.ch da’o cu’a ma trâ.n dã cho (nếu chúng tò̂n ta. i)

1.

[
2 −1

3 5

]
. (DS.

1

13

[
5 1

−3 2

]
)

2.

[
0 1

3 −2

]
. (DS.

1

3

[
2 1

3 0

]
)

3.




1 −1 3

5 1 2

1 4 −1


. (DS.

1

41



−9 11 −5

7 −4 13

19 −5 6


)
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4.




1 2 −3

3 −1 5

5 3 −1


. (DS. Không tò̂n ta. i)

5.




2 −3 0

−1 1 4

3 −2 5


. (DS. − 1

25




13 15 −12

17 10 −8

−1 −5 −1


)

6.




1 0 1

0 0 2

−1 3 1


. (DS.

1

6




6 −3 0

−2 −2 2

0 3 0


)

7.



−1 3 4

0 1 2

0 1 5


. (DS. −1

3




3 −11 2

0 −5 +2

0 1 −1


)

8.




3 2 −1

1 1 2

2 2 5


. (DS.




1 −12 5

−1 17 −7

0 −2 1


)

9.




1 0 0

0
1√
2

1√
2

0 − 1√
2

1√
2




. (DS.




1 0 0

0
1√
2

− 1√
2

0
1√
2

1√
2




)

10.




1 2 2

2 1 −2

2 −2 1


. (DS.

1

9




1 2 2

2 1 −2

2 −2 1


)

11.




2 1 −1

3 1 −2

3 1 0


. (DS.




−1
1

2

1

2

3 −3

2
−1

2

0 −1

2

1

2




)
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12.



−1 5 2

1 4 1

1 2 1


. (DS.




−1

3

1

6

1

2

0
1

2
−1

2
1

3
−7

6

3

2




)

13.




1 4 1

1 1 4

−1 2 2


. (DS.




2

9

2

9
−5

9
2

9
−1

9

1

9

−1

9

2

9

1

9




)

14.




1 −3 −1

−1 4 1

1 9 −2


. (DS.




17 15 −1

1 1 0

13 12 −1


)

15.




−1 2 3 4

1 −1 0 0

3 −5 −1 −3

2 1 0 3


. (DS. Không tò̂n ta. i)

16.




1 1 1 1

0 1 1 1

0 0 1 1

0 0 0 1


. (DS.




1 −1 0 0

0 1 −1 0

0 0 1 −1

0 0 0 1


)

17.




1 1 0 0

−1 0 1 1

0 0 1 1

1 1 1 0


. (DS.




0 −1 1 0

1 1 −1 0

−1 0 0 1

1 0 1 −1


)

18.




1 2 −1 2

2 5 −3 5

0 0 5 4

0 0 6 5


. (DS.




5 −2 −5 4

−2 1 11 −9

0 0 5 −4

0 0 −6 5


)
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19.




1 3 −5 7

0 1 2 −3

0 0 1 2

0 0 0 1


. (DS.




1 −3 11 −38

0 1 −2 7

0 0 1 −2

0 0 0 1


)

20.




a11 0 . . . 0

0 a22 . . . 0
...

...
. . .

...

0 0
. . . ann




, a11a12 · · · ann 6= 0.

(DS.




1

a11
0 . . . 0

0
1

a22
. . . 0

...
...

. . .
...

0 0 . . .
1

ann




)

21.




1 1 1 . . . 1

0 1 1 . . . 1

0 0 1 . . . 1
...

...
...

. . .
...

0 0 0
. . . 1




. (DS.




1 −1 0 . . . 0 0

0 1 −1 . . . 0 0

0 0 1 . . . 0 0
...

...
...

. . .
...

...

0 0 0 . . . 1 −1

0 0 0
. . . 0 1




)

22.




1 a a2 . . . an

0 1 a . . . an−1

0 0 1 . . . an−2

...
...

...
. . .

...

0 0 0 . . . 1




. (DS.




1 −a 0 . . . 0 0

0 1 −a . . . 0 0

0 0 1 . . . 0 0
...

...
...

. . . 1 −a
0 0 0 . . . 0 1




)

23. Vó.i giá tri. nào cu’a λ th̀ı các ma trâ.n sau dây có ma trâ.n nghi.ch

da’o:



130 Chu.o.ng 3. Ma trâ.n. D- i.nh thú.c

1)




1 −2 2

λ 3 0

2 1 1


; 2)



λ 2 0

2 λ 1

0 1 λ


.

(DS. 1) λ 6= 9

4
; 2) λ 6= 0, λ = ±

√
5)

24. Tı̀m ma trâ.n X tho’a mãn các phu.o.ng tr̀ınh

1)

[
2 −1

3 1

]
X =

[
1 −1

0 1

]
. (DS.

1

5

[
1 0

−3 5

]
)

2) X

[
3 1

2 1

]
=

[
−2 1

3 −1

]
. (DS.

[
−5 2

13 −5

]
)

3)

[
2 −1

1 0

]
X

[
3 1

−1 2

]
=

[
1 −1

3 0

]
. (DS.

[
6 −3

11 −2

]
)

4) AX +B = 2C, trong dó

A =




1 1 1

0 1 1

0 0 1


 , B =




1 −1 2

0 3 4

−2 0 −1


 , C =




2 3 0

4 −3 5

1 −1 0


 .

(DS.



−5 16 −8

4 −7 5

4 −2 1


)

5) XA− 2B = E, trong dó

A =




1 −1 3

−2 5 7

−1 1 2


 , B =




1 3 −2

−1 2 0

3 −1 4


 .

(DS.
1

15



−21 45 −156

−21 15 −21

51 20 −79


)

25. Gia’ su.’ A là ma trâ.n cấp n và (E + A)k = O vó.i số tu.
. nhiên k

nào dó. Chú.ng minh rằng ma trâ.n A không suy biến.
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26. Chú.ng minh rà̆ng các ma trâ.n A+ E và A − E không suy biến

và nghi.ch da’o nhau nếu A2 = O.

27. Chú.ng minh rằng ma trâ.n A+E và A2 +E −A không suy biến

và nghi.ch da’o nhau nếu A3 = O.

28. Chú.ng minh rà̆ng nếu A,B,C là nhũ.ng ma trâ.n không suy biến

th̀ı ABC và C−1B−1A−1 là nghi.ch da’o nhau.

29. Ma trâ. n vuông A cấp n du.o.
.c go. i là dò̂ng da. ng vó.i ma trâ. n vuông

cùng cấp B nếu tò̂n ta. i ma trâ. n kha’ nghi.ch T sao cho B = T−1AT .

Chú.ng minh các t́ınh chất sau cu’a ma trâ.n dò̂ng da.ng:

1+ Mo.i ma trâ.n dè̂u dò̂ng da.ng vó.i ch́ınh nó.

2+ Nếu A dò̂ng da.ng vó.i B th̀ı B dò̂ng da.ng vó.i A.

3+ Nếu A dò̂ng da.ng vó.i B, còn B dò̂ng da.ng vó.i C th̀ı A dò̂ng

da.ng vó.i C.

Chı’ dã̂n. 1+ Áp du.ng hê. thú.c E−1 = E. 2+ Nhân bên pha’i hê.
thú.c B = T−1AT vó.i T−1 và nhân bên trái vó.i T . 3+ Áp du.ng di.nh

ngh̃ıa.

30. Ma trâ. n vuông du.o.
.c go. i là ma trâ. n tru.

.c giao nếu AAT = ATA =

E, ngh̃ıa là ma trâ. n chuyê’n vi. A
T bà̆ng ma trâ. n nghi.ch da’o A−1 cu’a

A. Chú.ng minh các t́ınh chất sau cu’a ma trâ.n tru.
.c giao:

1+ Nếu A tru.
.c giao th̀ı A−1 tru.

.c giao.

2+ Tı́ch các ma trâ.n tru.
.c giao cùng cấp là ma trâ.n tru.

.c giao.

3+ Nếu A là ma trâ.n tru.
.c giao th̀ı AT cũng là ma trâ.n tru.

.c giao.

4+ Di.nh thú.c cu’a ma trâ.n tru.
.c giao là bà̆ng ±1.

Chı’ dã̂n 4+. Xuất phát tù.AAT = E và áp du.ng di.nh lý det(AB) =

detAdetB.
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4.1 Hê. n phu.o.ng tr̀ınh vó.i n â’n có di.nh

thú.c khác 0

Hê. phu.o.ng tr̀ınh tuyến t́ınh trên tru.̀o.ng số P du.o.
.c go. i là hê. Cramer1

nếu số phu.o.ng tr̀ınh bằng số â’n và di.nh thú.c cu’a ma trâ.n co. ba’n (ma

trâ.n hê. số) cu’a hê. là khác không.

1G. Cramer (1704-1752) là nhà toán ho.c Thu.y S̃ı.
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Hê. Cramer có da.ng

a11x1 + a12x2 + · · · + a1nxn = h1,

a21x1 + a22x2 + · · · + a2nxn = h2,

. . . . . . . . . . . . . . . . . .

an1x1 + an2x2 + · · · + annxn = hn





(4.1)

hay du.́o.i da.ng ma trâ.n

AX = H (4.2)

trong dó

A =




a11 a12 . . . a1n

a21 a22 . . . a2n

· · · ...
. . .

...

an1 an2 . . . ann



, X =




x1

x2

...

xn



, H =




h1

h2

...

hn




hoă.c



a11

a21

...

an1



x1 +




a12

a22

...

an2



x2 + · · · +




a1n

a2n

...

ann



xn =




h1

h2

...

hn



.

4.1.1 Phu.o.ng pháp ma trâ.n

Vı̀ detA 6= 0 nên tò̂n ta. i ma trâ.n nghi.ch da’o A−1. Khi dó tù. (4.2) ta

thu du.o.
.c

A−1AX = A−1H ⇒ EX = X = A−1H.

Vâ.y hê. nghiê.m duy nhất là

X = A−1H. (4.3)

Tuy nhiên viê.c t̀ım ma trâ.n nghi.ch da’o nói chung là rất phú.c ta.p nếu

cấp cu’a ma trâ.n A ló.n.
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4.1.2 Phu.o.ng pháp Cramer

Nghiê.m duy nhất cu’a hê. Cramer du.o.
.c xác di.nh theo công thú.c

Cramer:

xj =
det(Aj)

detA
, j = 1, n (4.4)

trong dó Aj là ma trâ.n thu du.o.
.c tù. ma trâ.n A bà̆ng cách thay cô.t

thú. j bo.’ i cô.t các hê. số tu.
. do H, và các cô.t khác giũ. nguyên.

4.1.3 Phu.o.ng pháp Gauss

Nô.i dung chu’ yếu cu’a phu.o.ng pháp Gauss (hay thuâ.t toán Gauss) là

khu.’ liên tiếp các â’n cu’a hê.. Thuâ.t toán Gauss du.
.a trên các phép biến

dô’i so. cấp hê. phu.o.ng tr̀ınh. Dó là các phép biến dô’i:

1+ Nhân mô.t phu.o.ng tr̀ınh nào dó cu’a hê. vó.i mô.t số khác 0.

2+ Thêm vào mô.t phu.o.ng tr̀ınh nào dó cu’a hê. mô.t phu.o.ng tr̀ınh

khác nhân vó.i mô.t số tùy ý.

3+ Dô’i chõ̂ hai phu.o.ng tr̀ınh cu’a hê..

D- i.nh lý. Mo. i phép biến dô’i so. cấp thu.
.c hiê.n trên hê. phu.o.ng tr̀ınh

(4.1) dè̂u du.a dến mô. t hê. phu.o.ng tr̀ınh mó.i tu.o.ng du.o.ng.

Viê.c thu.
.c hiê.n các phép biến dô’i so. cấp trên hê. phu.o.ng tr̀ınnh

(4.1) thu.
.c chất là thu.

.c hiê.n các phép biến dô’i so. cấp trên các hàng

cu’a ma trâ.n mo.’ rô.ng cu’a hê..

Do dó sau mô.t số bu.́o.c biến dô’i ta thu du.o.
.c hê. (4.1) tu.o.ng du.o.ng

vó.i hê. tam giác

b11x1 + b12x2 + · · · + b1nxn = h1

b22x2 + · · · + b2nxn = h2

. . . . . . . . .

bnnxn = hn





Tù. dó rút ra xn, xn−1, . . . , x2, x1.
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CÁC VÍ DU.

Vı́ du. 1. Gia’i các hê. phu.o.ng tr̀ınh sau bằng phu.o.ng pháp ma trâ.n

1)

x1 + x2 + x3 = 4,

x1 + 2x2 + 4x3 = 4,

x1 + 3x2 + 9x3 = 2.





(4.5)

2)

3x1 + 2x2 − x3 = 1,

x1 + x2 + 2x3 = 2,

2x1 + 2x2 + 5x3 = 3.





(4.6)

Gia’i. 1) Ta ký hiê.u

A =




1 1 1

1 2 4

1 3 9


 , X =



x1

x2

x3


 , H =




4

4

2


 .

Khi dó phu.o.ng tr̀ınh (4.5) có da.ng

AX = H.

Vı̀ detA = 2 6= 0 nên A có ma trâ.n nghi.ch da’o và do vâ.y hê. (4.5) có

nghiê.m duy nhất:

X = A−1H.

Dẽ̂ dàng thấy rà̆ng

A−1 =




3 −3 1

−5

2
4 −3

2
1

2
−1

1

2




và do dó



x1

x2

x3


 =




3 −3 1

−5

2
4 −3

2
1

2
−1

1

2







4

4

2


 .
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Thu.
.c hiê.n phép nhân ma trâ.n o.’ vế pha’ i ta thu du.o.

.c

x1 = 3 · 4 − 3 · 4 + 1 · 2 = 2,

x2 = −5

2
· 4 + 4 · 4 − 3

2
· 2 = 3,

x3 =
1

2
· 4 − 1 · 4 +

1

2
· 2 = −1.

2) Viết ma trâ.n A cu’a hê. và t̀ım A−1:

A =




3 2 −1

1 1 2

2 2 5


 ⇒ A−1 =




1 −12 5

−1 17 −7

0 −2 1


 .

Tù. dó suy rà̆ng


x1

x2

x3


 =




1 −12 5

−1 17 −7

0 −2 1







1

2

3


 =



−8

12

−1




tú.c là

x1 = 8, x2 = 12, x3 = −1. N

Vı́ du. 2. Áp du.ng quy tá̆c Cramer, gia’ i các hê. phu.o.ng tr̀ınh

1)

x1 + 2x2 + 3x3 = 6,

2x1 − x2 + x3 = 2,

3x1 − x2 − 2x3 = 2.





(4.7)

2)

x1 − 2x2 + 3x3 − x4 = 6,

2x1 + 3x2 − 4x3 + 4x4 = 7,

3x1 + x2 − 2x3 − 2x4 = 9,

x1 − 3x2 + 7x3 + 6x4 = −7.





(4.8)

Gia’i. 1) Áp du.ng công thú.c (4.4)

xj =
det(Aj)

detA
, j = 1, 3
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trong dó

detA =

∣∣∣∣∣∣∣

1 2 3

3 −1 1

3 1 −2

∣∣∣∣∣∣∣
= 30 6= 0; detA1 =

∣∣∣∣∣∣∣

6 2 3

2 −1 1

2 1 −2

∣∣∣∣∣∣∣
= 30;

detA2 =

∣∣∣∣∣∣∣

1 6 3

2 2 1

3 2 −2

∣∣∣∣∣∣∣
= 30; detA3 =

∣∣∣∣∣∣∣

1 2 6

2 −1 2

3 1 2

∣∣∣∣∣∣∣
= 30.

Tù. dó suy ra

x1 = 1, x2 = 1, x3 = 1.

2) Tı́nh di.nh thú.c cu’a hê.:

detA =

∣∣∣∣∣∣∣∣∣

1 −2 3 −1

2 3 −4 4

3 1 −2 −2

1 −3 7 6

∣∣∣∣∣∣∣∣∣
= 35.

Vı̀ detA 6= 0 nên hê. có nghiê.m duy nhất và nghiê.m du.o.
.c t̀ım theo

công thú.c (4.4). Ta t́ınh các di.nh thú.c

det(A1) =

∣∣∣∣∣∣∣∣∣

6 −2 3 −1

−7 3 −4 4

9 1 −2 −2

−7 −3 7 6

∣∣∣∣∣∣∣∣∣
= 70,
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det(A2) =

∣∣∣∣∣∣∣∣∣

1 6 3 −1

2 −7 −4 4

3 9 −2 −2

1 −7 7 6

∣∣∣∣∣∣∣∣∣
= −35,

det(A3) =

∣∣∣∣∣∣∣∣∣

1 −2 6 −1

2 3 −7 4

3 1 9 −2

1 −3 −7 6

∣∣∣∣∣∣∣∣∣
= 0,

det(A4) =

∣∣∣∣∣∣∣∣∣

1 −2 3 6

2 3 −4 −7

3 1 −2 9

1 −3 7 −7

∣∣∣∣∣∣∣∣∣
= −70.

Do dó

x1 =
det(A1)

detA
= 2, x2 =

det(A2)

detA
= −1,

x3 =
det(A3)

detA
= 0, x4 =

det(A4)

detA
= −2. N

Vı́ du. 3. Áp du.ng phu.o.ng pháp Gauss gia’ i các hê. phu.o.ng tr̀ınh

1)

x1 − 2x3 = −3,

−2x1 + x2 + 6x3 = 11,

−x1 + 5x2 − 4x3 = −4.

2)

2x1 − x2 + 3x3 − x4 = 9,

x1 + x2 − 2x3 + 4x4 = −1,

3x1 + 2x2 − x3 + 3x4 = 0,

5x1 − 2x2 + x3 − 2x4 = 9.
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Gia’i. 1) Lâ.p ma trâ.n mo.’ rô.ng và thu.
.c hiê.n các phép biến dô’i:

Ã =




1 0 −2
∣∣ −3

−2 1 6
∣∣ 11

−1 5 −4
∣∣ −4


 h2 + 2h1 → h′2
h3 + h1 → h′3

−→




1 0 −2
∣∣ −3

0 1 2
∣∣ 5

0 5 −6
∣∣ −7




−→
h3 − 5h2 → h′3




1 0 −2
∣∣ −3

0 1 2
∣∣ 5

0 0 −16
∣∣ −32


 .

Tù. dó suy ra

x1 − 2x3 = −3

x2 + 2x3 = 5

−16x3 = −32





⇒ x1 = 1, x2 = 1, x3 = 2.

2) Lâ.p ma trâ.n mo.’ rô.ng và thu.
.c hiê.n các phép biến dô’i so. cấp:




2 −1 3 −1
∣∣ 9

1 1 −2 4
∣∣ −1

3 2 −1 3
∣∣ 0

5 −2 1 −2
∣∣ 9




h1 → h′2
h2 → h′1 −→




1 1 −2 4
∣∣ −1

2 −1 3 −1
∣∣ 9

3 2 −1 3
∣∣ 0

5 −2 1 −2
∣∣ 9




−→
h2 − 2h1 → h′2
h3 − 3h1 → h′3
h4 − 5h1 → h′4




1 1 −2 4
∣∣ −1

0 −3 7 −9
∣∣ 11

0 −1 5 −9
∣∣ 3

0 −7 11 −22
∣∣ 14



h2 → h′3
h3 → h′2

−→
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−→




1 1 −2 4
∣∣ −1

0 −1 5 −9
∣∣ 3

0 −3 7 −9
∣∣ 11

0 −7 11 −22
∣∣ 14


h3 − 3h2 → h′3
h4 − 7h2 → h′4

−→




1 1 −2 4
∣∣ −1

0 −1 5 −9
∣∣ 3

0 0 −8 18
∣∣ 2

0 0 −24 41
∣∣ −7




−→

h4 − 3h3 → h′4




1 1 −2 4
∣∣ −1

0 −1 5 −9
∣∣ 3

0 0 −8 18
∣∣ 2

0 0 0 −13
∣∣ −13




Tù. dó suy ra rằng x1 = 1, x2 = −2, x3 = 2, x4 = 1. N

BÀI TÂ. P

Gia’i các hê. phu.o.ng tr̀ınh tuyến t́ınh sau

1.

x1 − x2 + 2x3 = 11,

x1 + 2x2 − x3 = 11,

4x1 − 3x2 − 3x3 = 24.





. (DS. x1 = 9, x2 = 2, x3 = 2)

2.

x1 − 3x2 − 4x3 = 4,

2x1 + x2 − 3x3 = −1,

3x1 − 2x2 + x3 = 11.





. (DS. x1 = 2, x2 = −2, x3 = 1)

3.

2x1 + 3x2 − x3 = 4,

x1 + 2x2 + 2x3 = 5,

3x1 + 4x2 − 5x3 = 2.





. (DS. x1 = x2 = x3 = 1)
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4.

x1 + 2x2 + x3 = 8,

−2x1 + 3x2 − 3x3 = −5,

3x1 − 4x2 + 5x3 = 10.





. (DS. x1 = 1, x2 = 2, x3 = 3)

5.

2x1 + x2 − x3 = 0,

3x2 + 4x3 = −6,

x1 + x3 = 1.





. (DS. x1 = 1, x2 = −2, x3 = 0)

6.

2x1 − 3x2 − x3 + 6 = 0,

3x1 + 4x2 + 3x3 + 5 = 0,

x1 + x2 + x3 + 2 = 0.





. (DS. x1 = −2, x2 = 1, x3 = −1)

7.

x2 + 3x3 + 6 = 0,

x1 − 2x2 − x3 = 5,

3x1 + 4x2 − 2x = 13.





. (DS. x1 = 3, x2 = 0, x3 = −2)

8.

2x1 − x2 + x3 + 2x4 = 5,

x1 + 3x2 − x3 + 5x4 = 4,

5x1 + 4x2 + 3x3 = 2,

3x1 − 3x2 − x3 − 6x4 = −6.





.

(DS. x1 =
1

3
, x2 = −2

3
, x3 = 1, x4 =

4

3
)

9.

x1 − 2x2 + 3x3 − x4 = −8,

2x1 + 3x2 − x3 + 5x4 = 19,

4x1 − x2 + x3 + x4 = −1,

3x1 + 2x2 − x3 − 2x4 = −2.





.

(DS. x1 = −1

2
, x2 =

3

2
, x3 = −1

2
, x4 = 3)

10.

x1 − x3 + x4 = 3,

2x1 + 3x2 − x3 − x4 = 2,

5x1 − 3x4 = −6

x1 + x2 + x3 + x4 = 2.





.

(DS. x1 = 0, x2 = 1, x3 = −1, x4 = 2)
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11.

2x1 + 3x2 + 8x4 = 0,

x2 − x3 + 3x4 = 0,

x3 + 2x4 = 1,

x1 + x4 = −24





.

(DS. x1 = −19, x2 = 26, x3 = 11, x4 = −5)

12.

3x1 + x2 − x3 + x4 = 0,

2x1 + 3x2 − x4 = 0,

x1 + 5x2 − 3x3 = 7,

3x2 + 2x3 + x4 = 2,





.

(DS. x1 = −1, x2 = 1, x3 = −1, x4 = 1)

13.

x1 − 2x2 + x3 − 4x4 − x5 = 13,

x1 + 2x2 + 3x3 − 5x4 = 15,

x2 − 2x3 + x4 + 3x5 = −7,

x1 − 7x3 + 8x4 − x5 = −30,

3x1 − x2 − 5x5 = 4.





.

(DS. x1 = 1, x2 = −1, x3 = 2, x4 = −2, x5 = 0)

14.

x1 + x2 + 4x3 + x4 − x5 = 2,

x1 − 2x2 − 2x3 + 3x5 = 0,

4x2 + 3x3 − 2x4 + 2x5 = 2,

2x1 − x3 + 3x4 − 2x5 = −2,

3x1 + 2x2 − 5x4 + 3x5 = 3.





.

(DS. x1 =
2

5
, x2 = −3

5
, x3 =

4

5
, x4 = 0, x5 = 0)
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4.2 Hê. tùy ý các phu.o.ng tr̀ınh tuyến t́ınh

Ta xét hê. tùy ý các phu.o.ng tr̀ınh tuyến t́ınh gò̂m m phu.o.ng tr̀ınh vó.i

n â’n

a11x1 + a12x2 + · · · + a1nxn = b1,

a21x1 + a22x2 + · · · + a2nxn = b2,

. . . . . . . . . . . . . . .

am1x1 + am2x2 + · · · + amnxn = bm,





(4.9)

vó.i ma trâ. n co. ba’n

A =



a11 a12 . . . a1n

. . . . . . . . . . . .

am1 am2 . . . amn




và ma trâ. n mo.’ rô. ng

Ã =



a11 a12 . . . a1n

∣∣ b1

. . . . . . . . . . . .
∣∣ . . .

am1 am2 . . . amn

∣∣ bm




Hiê’n nhiên rà̆ng r(A) 6 r(Ã) v̀ı mõ̂i di.nh thú.c con cu’a A dè̂u là di.nh

thú.c con cu’a Ã nhu.ng không có diè̂u ngu.o.
.c la. i. Ta luôn luôn gia’ thiết

rà̆ng các phà̂n tu.’ cu’a ma trâ.n A không dò̂ng thò.i bà̆ng 0 tất ca’ .

Ngu.̀o.i ta quy u.́o.c go. i di.nh thú.c con khác 0 cu’a mô.t ma trâ.n mà

cấp cu’a nó bà̆ng ha.ng cu’a ma trâ.n dó là di.nh thú.c con co. so.’ cu’a nó.

Gia’ su.’ dối vó.i ma trâ.n dã cho ta dã cho.n mô.t di.nh thú.c con co. so.’ .

Khi dó các hàng và các cô.t mà giao cu’a chúng lâ.p thành di.nh thú.c

con co. so.’ dó du.o.
.c go. i là hàng, cô. t co. so.’ .

D- i.nh ngh̃ıa. 1+ Bô. có thú. tu.
.n số (α1, α2, . . . , αn) du.o.

.c go. i là nghiê.m

cu’a hê. (4.9) nếu khi thay x = α1, x = α2, . . . , x = αn vào các phu.o.ng

tr̀ınh cu’a (4.9) th̀ı hai vế cu’a mõ̂i phu.o.ng tr̀ınh cu’a (4.9) tro.’ thành

dò̂ng nhất.
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2+ Hê. (4.9) du.o.
.c go. i là tu.o.ng th́ıch nếu có ı́t nhất mô.t nghiê.m và

go. i là không tu.o.ng th́ıch nếu nó vô nghiê.m.

3+ Hê. tu.o.ng th́ıch du.o.
.c go. i là hê. xác di.nh nếu nó có nghiê.m duy

nhất và go. i là hê. vô di.nh nếu nó có nhiè̂u ho.n mô.t nghiê.m.

D- i.nh lý Kronecker-Capelli.2 Hê. phu.o.ng tr̀ınh tuyến t́ınh (4.9)

tu.o.ng th́ıch khi và chı’ khi ha. ng cu’a ma trâ. n co. ba’n bằng ha. ng cu’a

ma trâ. n mo.’ rô. ng cu’a hê. , tú.c là r(A) = r(Ã).

Dối vó.i hê. tu.o.ng th́ıch ngu.̀o.i ta go. i các â’n mà hê. số cu’a chúng lâ.p

nên di.nh thú.c con co. so.’ cu’a ma trâ.n co. ba’n là â’n co. so.’ , các â’n còn

la. i du.o.
.c go. i là â’n tu.

. do.

Phu.o.ng pháp chu’ yếu dê’ gia’ i hê. tô’ng quát là:

1. Áp du.ng quy tắc Kronecker-Capelli.

2. Phu.o.ng pháp khu.’ dà̂n các â’n (phu.o.ng pháp Gauss).

Quy tá̆c Kronecker-Capelli gò̂m các bu.́o.c sau.

1+ Kha’o sát t́ınh tu.o.ng th́ıch cu’a hê.. Tı́nh ha.ng r(Ã) và r(A)

a) Nếu r(Ã) > r(A) th̀ı hê. không tu.o.ng th́ıch.

b) Nếu r(Ã) = r(A) = r th̀ı hê. tu.o.ng th́ıch. Tı̀m di.nh thú.c con

co. so.’ cấp r nào dó (và do vâ.y r â’n co. so.’ tu.o.ng ú.ng xem nhu. du.o.
.c

cho.n) và thu du.o.
.c hê. phu.o.ng tr̀ınh tu.o.ng du.o.ng gò̂m r phu.o.ng tr̀ınh

vó.i n â’n mà (r × n)-ma trâ.n hê. số cu’a nó chú.a các phà̂n tu.’ cu’a di.nh

thú.c con co. so.’ dã cho.n. Các phu.o.ng tr̀ınh còn la. i có thê’ bo’ qua.

2+ T̀ım nghiê.m cu’a hê. tu.o.ng du.o.ng thu du.o.
.c

a) Nếu r = n, ngh̃ıa là số â’n co. so.’ bà̆ng số â’n cu’a hê. th̀ı hê. có

nghiê.m duy nhất và có thê’ t̀ım theo công thú.c Cramer.

b) Nếu r < n, ngh̃ıa là số â’n co. so.’ bé ho.n số â’n cu’a hê. th̀ı ta

chuyê’n n − r số ha.ng có chú.a â’n tu.
. do cu’a các phu.o.ng tr̀ınh sang

vế pha’ i dê’ thu du.o.
.c hê. Cramer dối vó.i các â’n co. so.’ . Gia’ i hê. này ta

thu du.o.
.c các biê’u thú.c cu’a các â’n co. so.’ biê’u diẽ̂n qua các â’n tu.

. do.

2L. Kronecker (1823-1891) là nhà toán ho.c Dú.c,
A. Capelli (1855-1910) là nhà toán ho.c Italia.
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Dó là nghiê.m tô’ng quát cu’a hê.. Cho n− r â’n tu.
. do nhũ.ng giá tri. cu.

thê’ tùy ý ta t̀ım du.o.
.c các giá tri. tu.o.ng ú.ng cu’a â’n co. so.’ . Tù. dó thu

du.o.
.c nghiê.m riêng cu’a hê..

Tiếp theo ta tr̀ınh bày nô. i dung cu’a phu.o.ng pháp Gauss.

Không gia’m tô’ng quát, có thê’ cho rà̆ng a11 6= 0. Nô. i dung cu’a

phu.o.ng pháp Gauss là nhu. sau.

1+ Thu.
.c hiê.n các phép biến dô’i so. cấp trên các phu.o.ng tr̀ınh cu’a

hê. dê’ thu du.o.
.c hê. tu.o.ng du.o.ng mà bá̆t dà̂u tù. phu.o.ng tr̀ınh thú. hai

mo.i phu.o.ng tr̀ınh dè̂u không chú.a â’n x1. Ký hiê.u hê. này là S(1).

2+ Cũng không mất tô’ng quát, có thê’ cho rà̆ng a′22 6= 0. La. i thu.
.c

hiê.n các phép biến dô’i so. cấp trên các phu.o.ng tr̀ınh cu’a hê. S
(1) (trù.

ra phu.o.ng tr̀ınh thú. nhất du.o.
.c giũ. nguyên!) nhu. dã làm trong bu.́o.c

1+ ta thu du.o.
.c hê. tu.o.ng du.o.ng mà bá̆t dà̂u tù. phu.o.ng tr̀ınh thú. ba

mo.i phu.o.ng tr̀ınh dè̂u không chú.a â’n x2,...

3+ Sau mô.t số bu.́o.c ta có thê’ gă.p mô. t trong các tru.̀o.ng ho.
.p sau

dây.

a) Thấy ngay du.o.
.c hê. không tu.o.ng th́ıch.

b) Thu du.o.
.c mô.t hê. “tam giác”. Hê. này có nghiê.m duy nhất.

c) Thu du.o.
.c mô.t “hê. h̀ınh thang” da.ng

a11x1 + a12x2 + . . . + a1nxn = h1,

b22x2 + . . . + b2nxn = h2,

. . . . . . . . . . . .

brrxr + · · · + brnxn = hr,

0 = hr+1,

. . . . . .

0 = hm.





Nếu các số hr+1, . . . , hm khác 0 th̀ı hê. vô nghiê.m. Nếu hr+1 =

· · · = hm = 0 th̀ı hê. có nghiê.m. Cho xr+1 = α, . . . , xm = β th̀ı

thu du.o.
.c hê. Cramer vó.i â’n là x1, . . . , xr. Gia’ i hê. dó ta thu du.o.

.c
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nghiê.m x1 = x1; x2 = x2, . . . , xr = xr và nghiê.m cu’a hê. dã cho là

(x1, x2, . . . , xr, α, . . . , β).

Lu.u ý rà̆ng viê.c gia’ i hê. phu.o.ng tr̀ınh tuyến t́ınh bằng phu.o.ng

pháp Gauss thu.
.c chất là thu.

.c hiê.n các phép biến dô’i so. cấp trên các

hàng cu’a ma trâ.n mo.’ rô.ng cu’a hê. du.a nó vè̂ da.ng tam giác hay da.ng

h̀ınh thang.

CÁC VÍ DU.

Vı́ du. 1. Gia’i hê. phu.o.ng tr̀ınh

3x1 − x2 + x3 = 6,

x1 − 5x2 + x3 = 12,

2x1 + 4x2 = −6,

2x1 + x2 + 3x3 = 3,

5x1 + 4x3 = 9.





Gia’i. 1. Tı̀m ha.ng cu’a các ma trâ.n

A =




3 −1 1

1 −5 1

2 4 0

2 1 3

5 0 4



, Ã =




3 −1 1
∣∣ 6

1 −5 1
∣∣ 12

2 4 0
∣∣ −6

2 1 3
∣∣ 3

5 0 4
∣∣ 9




Ta thu du.o.
.c r(Ã) = r(A) = 3. Do dó hê. tu.o.ng th́ıch.

Ta cho.n di.nh thú.c con co. so.’ là

∆ =

∣∣∣∣∣∣∣

1 −5 1

2 4 0

2 1 3

∣∣∣∣∣∣∣

v̀ı ∆ = 36 6= 0 và r(A) = 3 và các â’n co. so.’ là x1, x2, x3.
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2. Hê. phu.o.ng tr̀ınh dã cho tu.o.ng du.o.ng vó.i hê.

x1 − 5x2 + x3 = 12,

2x1 + 4x2 = −6,

2x1 + x2 + 3x3 = 3.





Số â’n co. so.’ bà̆ng số â’n cu’a hê. nên hê. có nghiê.m duy nhất là x1 = 1,

x2 = −2, x4 = 1. N

Vı́ du. 2. Gia’i hê. phu.o.ng tr̀ınh

x1 + 2x2 − 3x3 + 4x4 = 7,

2x1 + 4x2 + 5x3 − x4 = 2,

5x1 + 10x2 + 7x3 + 2x4 = 11.





Gia’i. Tı̀m ha.ng cu’a các ma trâ.n

A =




1 2 −3 4

2 4 5 −1

5 10 7 2


 , Ã =




1 2 −3 4
∣∣ 7

2 4 5 −1
∣∣ 2

5 10 7 2
∣∣ 11




Ta thu du.o.
.c r(Ã) = r(A) = 2. Do dó hê. tu.o.ng th́ıch.

Ta có thê’ lấy di.nh thú.c con co. so.’ là

∆ =

∣∣∣∣∣
2 −3

4 5

∣∣∣∣∣

v̀ı ∆ = 22 6= 0 và cấp cu’a di.nh thú.c = r(A) = 2. Khi cho.n ∆ làm

di.nh thú.c con, ta có x2 và x3 là â’n co. so.’ .

Hê. dã cho tu.o.ng du.o.ng vó.i hê.

x1 + 2x2 − 3x3 + 4x4 = 7,

2x1 + 4x2 + 5x3 − x4 = 2

hay

2x2 − 3x3 = 7 − x1 − 4x4,

4x2 + 5x3 = 2 − 2x1 + x4.
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2. Ta có thê’ gia’ i hê. theo quy tắc Cramer. Dă.t x1 = α, x4 = β ta

có

2x2 − 3x3 = 7 − α− 4β,

4x2 + 5x3 = 2 − 2α + β.

Theo công thú.c Cramer ta t̀ım du.o.
.c

x2 =

∣∣∣∣∣
7 − α − 4β −3

2 − 2α + β 5

∣∣∣∣∣
22

=
41 − 11α − 17β

22
,

x3 =

∣∣∣∣∣
2 7 − α − 4β

4 2 − 2α+ β

∣∣∣∣∣
22

=
−24 + 18β

22
·

Do dó tâ.p ho.
.p các nghiê.m cu’a hê. có da.ng

{
α;

41 − 11α − 17β

22
;
9β − 12

11
;β
∣∣∀α, β ∈ R

}
N

Vı́ du. 3. Bà̆ng phu.o.ng pháp Gauss hãy gia’ i hê. phu.o.ng tr̀ınh

4x1 + 2x2 + x3 = 7,

x1 − x2 + x3 = −2,

2x1 + 3x2 − 3x3 = 11,

4x1 + x2 − x3 = 7.





Gia’i. Trong hê. dã cho ta có a11 = 4 6= 0 nên dê’ cho tiê.n ta dô’i chõ̂

hai phu.o.ng tr̀ınh dà̂u và thu du.o.
.c hê. tu.o.ng du.o.ng

x1 − x2 + x3 = −2,

4x1 + 2x2 + x3 = 7,

2x1 + 3x2 − 3x3 = 11,

4x1 + x2 − x3 = 7.




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Tiếp theo ta biến dô’i ma trâ.n mo.’ rô.ng

Ã =




1 −1 1
∣∣ −2

4 2 1
∣∣ 7

2 3 −3
∣∣ 11

4 1 −1
∣∣ 7



h2 − 4h1 → h′2
h3 − 2h1 → h′3
h4 − 4h1 → h′4

−→




1 −1 1
∣∣ −2

0 6 −3
∣∣ 15

0 5 −5
∣∣ 15

0 5 −5
∣∣ 15



h4 − h3 → h′4

→

−→




1 −1 1
∣∣ −2

0 6 −3
∣∣ 15

0 5 −5
∣∣ 15

0 0 0
∣∣ 0



h2 × 5 → h′2
h3 × 6 → h′3

−→

−→




1 −1 1
∣∣ −2

0 30 −15
∣∣ 75

0 30 −30
∣∣ 90

0 0 0
∣∣ 0


 −→

h3 − h2 → h′3



1 −1 1
∣∣ −2

0 30 −15
∣∣ 75

0 0 −15
∣∣ 15

0 0 0
∣∣ 0


 .

Tù. dó thu du.o.
.c hê. tu.o.ng du.o.ng

x1 − x2 + x3 = −2

30x2 − 15x3 = 75

−15x3 = 15





và do dó thu du.o.
.c nghiê.m x1 = 1, x2 = 2, x3 = −1.

Vı́ du. 4. Gia’i hê. phu.o.ng tr̀ınh

x1 + x2 + x3 + x4 + x5 = −1,

2x1 + 2x2 + 3x4 + x5 = 1,

2x3 + 2x4 − x5 = 1,

−2x3 + 4x4 − 3x5 = 7,

6x3 + 3x4 − x5 = −1.




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Gia’i. 1) Bà̆ng các phép biến dô’i so. cấp (chı’ thu.
.c hiê.n trên các

hàng !) ma trâ.n mo.’ rô.ng Ã du.o.
.c du.a vè̂ ma trâ.n bâ. c thang

A −→




1 1 1 1 1
∣∣ −1

0 0 −2 1 −1
∣∣ 3

0 0 0 3 −2
∣∣ 4

0 0 0 0 0
∣∣ 0

0 0 0 0 0
∣∣ 0



.

2) Ma trâ.n này tu.o.ng ú.ng vó.i hê. phu.o.ng tr̀ınh

x1 + x2 + x3 + x4 + x5 = −1,

−2x3 + x4 − x5 = 3,

3x4 − 2x5 = 4.





hê. này tu.o.ng du.o.ng vó.i hê. dã cho và có x1, x3, x4 là â’n co. so.’ , còn

x2, x5 là â’n tu.
. do.

3) Chuyê’n các số ha.ng chú.a â’n tu.
. do sang vế pha’ i ta có

x1 + x3 + x4 = −1 − x2 − x5,

−2x3 + x4 = 3 + x5,

3x4 = 4 + 2x5.





4) Gia’ i hê. này (tù. du.́o.i lên) ta thu du.o.
.c nghiê.m tô’ng quát

x1 =
−3 − 3x2 − x5

2
,

x3 =
−5 − x5

6
, x4 =

4 + 2x5

3
· N

Vı́ du. 5. Gia’i hê. phu.o.ng tr̀ınh

x1 + 3x2 + 5x3 + 7x4 + 9x5 = 1,

x1 − 2x2 + 3x3 − 4x4 + 5x5 = 2,

2x1 + 11x2 + 12x3 + 25x4 + 22x5 = 4.




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Gia’i. Ta thu.
.c hiê.n các phép biến dô’i so. cấp trên các hàng cu’a ma

trâ.n mo.’ rô.ng:

Ã =




1 3 5 7 9
∣∣ 1

1 −2 3 −4 5
∣∣ 2

2 11 12 25 22
∣∣ 4


 h2 − h1 → h′2
h3 − 2h1 → h′3

−→

−→




1 3 5 7 9
∣∣ 1

0 −5 −2 −11 −4
∣∣ 1

0 5 2 11 4
∣∣ 2



h3 + h2 → h′3

−→

−→




1 3 5 7 9
∣∣ 1

0 −5 −2 −11 −4
∣∣ 1

0 0 0 0 0
∣∣ 3




Tù. dó suy rà̆ng r(Ã) = 3; r(A) = 2 và do vâ.y r(Ã) > r(A) và hê.
dã cho không tu.o.ng th́ıch. N.

Vı́ du. 6. Gia’i và biê.n luâ.n hê. phu.o.ng tr̀ınh theo tham số λ:

λx1 + x2 + x3 = 1,

x1 + λx2 + x3 = 1,

z1 + x2 + λx3 = 1.





Gia’i. Ta có

A =



λ 1 1

1 λ 1

1 1 λ


⇒ detA = (λ + 2)(λ − 1)2 = D,

tiếp theo dẽ̂ dàng thu du.o.
.c

Dx1 = Dx2 = Dx3 = (λ − 1)2.

1+ Nếu D 6= 0, tú.c là nếu (λ+ 2)(λ− 1)2 6= 0 ⇔ λ 6= −2 và λ 6= 1

th̀ı hê. dã cho có nghiê.m duy nhất và theo các công thú.c Cramer ta có

x1 = x2 = x3 =
1

λ+ 2
·
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2+ Nếu λ = −2 th̀ı D = 0 và ta có

A =



−2 1 1

1 −2 1

1 1 −2


⇒ r(A) = 2

( ∣∣∣∣∣
−2 1

1 −2

∣∣∣∣∣ 6= 0
)
,

Ã =



−2 1 1

∣∣ 1

1 −2 1
∣∣ 1

1 1 −2
∣∣ 1


 .

Bà̆ng cách thu.
.c hiê.n các phép biến dô’i so. cấp trên các ma trâ.n Ã ta

thu du.o.
.c r(Ã) = 3.

Do dó vó.i λ = −2 th̀ı r(Ã) > r(A) và hê. vô nghiê.m.

3+ Nếu λ = 1 th̀ı detA = 0 và dẽ̂ thấy rà̆ng r(Ã) = r(A) = 1 < 3

(số â’n cu’a hê. là 3). Tù. dó suy ra hê. có vô số nghiê.m phu. thuô.c hai

tham số: x1 + x2 + x3 = 1. N

Vı́ du. 7. Gia’i và biê.n luâ.n hê. phu.o.ng tr̀ınh theo tham số

λx1 + x2 + x3 = 1,

x1 + λx2 + x3 = λ,

x1 + x2 + λx3 = λ2.





Gia’i. Di.nh thú.c cu’a hê. bà̆ng

D =

∣∣∣∣∣∣∣

λ 1 1

1 λ 1

1 1 λ

∣∣∣∣∣∣∣
= (λ− 1)2(λ + 2).

Nếu D 6= 0 ⇔ λ1 6= 1, λ2 6= −2 th̀ı hê. có nghiê.m duy nhất. Ta t́ınh
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Dx1, Dx2 , Dx3:

Dx1 =

∣∣∣∣∣∣∣

1 1 1

λ λ 1

λ2 1 λ

∣∣∣∣∣∣∣
= −(λ− 1)2(λ+ 1),

Dx2 =

∣∣∣∣∣∣∣

λ 1 1

1 λ 1

1 λ2 λ

∣∣∣∣∣∣∣
= (λ− 1)2,

Dx3 =

∣∣∣∣∣∣∣

λ 1 1

1 λ λ

1 1 λ2

∣∣∣∣∣∣∣
= (λ− 1)2(λ+ 1)2.

Tù. dó theo công thú.c Cramer ta thu du.o.
.c

x1 = −λ+ 1

λ+ 2
, x2 =

1

λ + 2
, x3 =

(λ + 1)2

λ+ 2
·

Ta còn xét giá tri. λ = 1 và λ = −2.

Khi λ = 1 hê. dã cho tro.’ thành

x1 + x2 + x3 = 1,

x1 + x2 + x3 = 1,

x1 + x2 + x3 = 1.





Hê. này có vô số nghiê.m phu. thuô.c hai tham số. Nếu dă.t x2 = α,

x3 = β th̀ı

x1 =1 − α− β,

α, β ∈ R,

và nhu. vâ.y tâ.p ho.
.p nghiê.m có thê’ viết du.́o.i da.ng (1 − α −

β;α;β;∀α, β ∈ R).

Khi λ = −2 th̀ı hê. dã cho tro.’ thành

−2x1 + x2 + x2 = 2,

x1 − 2x2 + x3 = −2,

x1 + x2 − 2x3 = 4.




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Bà̆ng cách cô.ng ba phu.o.ng tr̀ınh la. i vó.i nhau ta thấy ngay hê. dã cho

vô nghiê.m.

Vı́ du. 8. Xét hê. phu.o.ng tr̀ınh

x1 + 2x2 + λx3 = 3,

3x1 − x2 − λx3 = 2,

2x1 + x2 + 3x3 = µ.





Vó.i giá tri. nào cu’a các tham số λ và µ th̀ı

1) hê. có nghiê.m duy nhất ?

2) hê. vô nghiê.m ?

3) hê. có vô số nghiê.m ?

Gia’i. Ta viết các ma trâ.n

A =




1 2 λ

3 −1 −λ
2 1 3


 ; Ã =




1 2 λ
∣∣ 3

3 −1 −λ
∣∣ 2

2 1 3
∣∣ µ




Ta có

D = detA =

∣∣∣∣∣∣∣

1 2 λ

3 −1 −λ
2 1 3

∣∣∣∣∣∣∣
= 2λ− 21.

Tù. dó

1+ Hê. dã cho có nghiê.m duy nhất khi và chı’ khi

detA 6= 0 ⇔ λ 6= 21

2
, µ tùy ý.

2+ Dê’ hê. vô nghiê.m dà̂u tiên nó pha’ i tho’a mãn

detA = 0 ⇔ λ =
21

2
·

Khi λ =
21

2
th̀ı detA = 0 và do vâ.y

r(A) < 3.
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Vı̀ di.nh thú.c

∣∣∣∣∣
1 2

3 −1

∣∣∣∣∣ = −7 6= 0 nên:

r(A) = 2 khi λ =
21

2
·

Theo di.nh lý Kronecker-Capelli hê. dã cho vô nghiê.m khi và chı’ khi

r(Ã) > r(A) = 2.

Ta t̀ım diè̂u kiê.n dê’ hê. thú.c này tho’a mãn. Cu. thê’ là t̀ım r(Ã) khi

λ =
21

2
. Ta có

Ã =




1 2
21

2

∣∣∣ 3

3 −1 −21

2

∣∣∣ 2

2 1 3
∣∣ µ




h1 × 2 → h′1
h2 × 2 → h′2 −→

−→




2 4 21
∣∣ 6

6 −2 −21
∣∣ 4

2 1 3
∣∣ µ


h2 − 3h1 → h′2
h3 − h1 → h′3

−→

−→




2 4 21
∣∣ 6

0 −14 −84
∣∣ −14

0 −3 −18
∣∣ µ− 6


 h2 ×

(−1

14

)
→ h′2 −→

−→




2 4 21
∣∣ 6

0 1 6
∣∣ 1

0 −3 −18
∣∣ µ− 6



h3 + 3h1 → h′3

−→




2 4 21
∣∣ 6

0 1 6
∣∣ 1

0 0 0
∣∣ µ − 3




Tù. kết qua’ biến dô’i ta thu du.o.
.c

r(Ã) =





2 nếu µ = 3,

3 nếu µ 6= 3,
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Vı̀ r(A) = 2 nên hê. dã cho vô nghiê.m nếu

λ =
21

2
và µ 6= 3.

3+ Hê. dã cho có vô số nghiê.m khi và chı’ khi

r(Ã) = r(A) = r < 3

tú.c là khi ha.ng cu’a A và Ã bà̆ng nhau nhu.ng bé ho.n số â’n cu’a hê. là

3. Tù. lâ.p luâ.n trên suy rà̆ng hê. có vô số nghiê.m nếu

r(Ã) = r(A) = 2 ⇔




λ =

21

2
,

µ = 3.

Khi dó hê. dã cho tu.o.ng du.o.ng vó.i hê.

2x1 + 4x2 = 6 − 21α,

6x1 − 2x2 = 4 + 21α.

}
α = x3,

và nghiê.m cu’a nó là
(
1 +

3

2
α, 1 − 6α,α

∣∣∀α ∈ R
)
. N

BÀI TÂ. P

Gia’i các hê. phu.o.ng tr̀ınh tuyến t́ınh

1.
6x1 + 3x2 + 4x3 = 3;

3x1 − x2 + 2x3 = 5.

}

(DS. x2 = −7

5
, x3 =

18 − 15x1

10
, x1 tùy ý)

2.
x1 − x2 + x3 = −1,

2x1 + x2 − x3 = 5.

}

(DS. x1 =
4 + 2x3

3
, x2 =

7 − x3

3
, x3 tùy ý)
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3.
x1 + x2 + 2x3 + x4 = 1,

x1 − 2x2 − x4 = −2.

}

(DS. x3 =
1

2
(−2x1 + x2 − 1), x4 = x1 − 2x2 + 2,

x1, x2 tùy ý)

4.

x1 + 5x2 + 4x3 + 3x4 = 1,

2x1 − x2 + 2x3 − x4 = 0,

5x1 + 3x2 + 8x3 + x4 = 1.





(DS. x1 = −14

11
x3 +

2

11
x4 +

1

11
, x2 = − 6

11
x3 −

7

11
x4 +

2

11
,

x3, x4 tùy ý)

5.

3x1 + 5x2 + 2x3 + 4x4 = 3,

2x1 + 3x2 + 4x3 + 5x4 = 1,

5x1 + 9x2 − 2x3 + 2x4 = 9.





(DS. Hê. vô nghiê.m)

6.

x1 + 2x2 + 3x3 = 14,

3x1 + 2x2 + x3 = 10,

x1 + x2 + x3 = 6,

2x1 + 3x2 − x3 = 5,

x1 + x2 = 3.





(DS. x1 = 1, x2 = 2, x3 = 3)

7.

x1 + 3x2 − 2x3 + x4 + x5 = 1,

x1 + 3x2 − x3 + 3x4 + 2x5 = 3,

x1 + 3x2 − 3x3 − x4 = 2.





(DS. Hê. vô nghiê.m)

8.

5x1 + x2 − 3x3 = −6,

2x1 − 5x2 + 7x3 = 9,

4x1 + 2x2 − 4x3 = −7,

5x1 − 2x2 + 2x3 = 1.





(DS. x1 = −1

3
, x2 =

1

6
, x3 =

3

2
)
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9.

x1 + x2 + x3 + x4 = 1,

x1 + x2 − 2x3 − x4 = 0,

x1 + x2 − 4x3 + 3x4 = 2,

x1 + x2 + 7x3 + 5x4 = 3.





(DS. x1 =
2 − 3x2 − 2x4

3
, x3 =

1 − 2x4

3
, x2, x4 tùy ý)

10.

x1 + 2x2 + 3x3 + 4x4 = 5,

x2 + 2x3 + 3x4 = 1,

x1 + 3x3 + 4x4 = 2,

x1 + x2 + 5x3 + 6x4 = 1.





(DS. x1 =
15

4
, x2 =

3

2
, x3 = −13

4
, x4 = 2)

11.

x1 + 2x2 + 3x3 + 4x4 = 30,

−x1 + 2x2 − 3x3 + 4x4 = 10,

x2 − x3 + x4 = 3,

x1 + x2 + x3 + x4 = 10.





(DS. x1 = 1, x2 = 2, x3 = 3, x4 = 4)

12.

5x1 + x2 − 3x3 = −6,

2x1 − 5x2 + 7x3 = 9,

4x1 + 2x2 − 4x3 = −7,

5x1 − 2x2 + 2x3 = 1.





(DS. x1 = −1

3
, x2 =

1

6
, x3 =

3

2
)

13.

x1 − x2 + x3 − x4 = 4,

x1 + x2 + 2x3 + 3x4 = 8,

2x1 + 4x2 + 5x3 + 10x4 = 20,

2x1 − 4x2 + x3 − 6x4 = 4.





(DS. x1 = 6 − 3

2
x3 − x4, x2 = 2 − 1

2
x3 − 2x4, x3 và x4 tùy ý)
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14.

x1 − 2x2 + 3x3 − 4x4 = 2,

3x1 + 3x2 − 5x3 + x4 = −3,

−2x1 + x2 + 2x3 − 3x4 = 5,

3x1 + 3x3 − 10x4 = 8.





(DS. Hê. vô nghiê.m)

15.

x1 + 2x2 + 3x3 − 2x4 = 1,

2x1 − x2 − 2x3 − 3x4 = 2,

3x1 + 2x2 − x3 + 2x4 = −5,

2x1 − 3x2 + 2x3 + x4 = 11.





(DS. x1 =
2

3
, x2 = −43

18
, x3 =

13

9
, x4 = − 7

18
)

16.

x1 + 2x2 − 3x3 + 5x4 = 1,

x1 + 3x2 − 13x3 + 22x4 = −1,

3x1 + 5x2 + x3 − 2x4 = 5,

2x1 + 3x2 + 4x3 − 7x4 = 4.





(DS. x1 = −17x3 + 29x4 + 5, x2 = 10x3 − 17x4 − 2, x3, x4 tùy ý)

17.

x1 − 5x2 − 8x3 + x4 = 3,

3x1 + x2 − 3x3 − 5x4 = 1,

x1 − 7x3 + 2x4 = −5,

11x2 + 20x3 − 9x4 = 2.





(DS. Hê. vô nghiê.m)

18.





x2 − 3x3 + 4x4 = −5,

x1 − 2x3 + 3x4 = −4,

3x1 + 2x2 − 5x4 = 12,

4x1 + 3x2 − 5x3 = 5.

(DS. x1 = 1, x2 = 2, x3 = 1, x4 = −1)

Kha’o sát t́ınh tu.o.ng th́ıch cu’a các hê. phu.o.ng tr̀ınh sau dây

19.

x1 + x2 + x3 − x4 = 0,

x1 − x2 − x3 + x4 = 1,

x1 + 3x2 + 3x3 − 3x4 = 0.




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(DS. Hê. không tu.o.ng th́ıch)

20.

x1 + x2 + x3 + x4 = 1,

x1 + x2 + 2x3 + x4 = 0,

x1 + x2 − x3 + x4 = 3.





(DS. Hê. tu.o.ng th́ıch)

21.

x1 − 2x2 + x3 + x4 = 1,

x1 − 2x2 + x3 − x4 = −1,

x1 − 2x2 + x3 + 5x4 = 5.





(DS. Hê. tu.o.ng th́ıch)

22.

x1 + x2 + x3 + x4 + x5 = 7,

3x1 + 2x2 + x3 + x4 − 3x5 = −2,

x2 + 2x3 + 2x4 + 6x5 = 23,

5x1 + 4x2 + 3x3 + 3x4 − x5 = 12.





(DS. Hê. tu.o.ng th́ıch)

23.

2x1 + x2 − x3 + x4 = 1,

3x1 − 2x2 + 2x3 − 3x4 = 2,

5x1 + x2 − x3 + 2x4 = −1,

2x1 − x2 + x3 − 3x4 = 4.





(DS. Hê. không tu.o.ng th́ıch)

24.

3x1 + x2 − 2x3 + x4 − x5 = 1,

2x1 − x2 + 7x3 − 3x4 + 5x5 = 2,

x1 + 3x2 − 2x3 + 5x4 − 7x5 = 3,

3x1 − 2x2 + 7x3 − 5x4 + 8x5 = 3.





(DS. Hê. không tu.o.ng th́ıch)

25.

5x1 + 7x2 + 4x3 + 5x4 − 8x5 + 3x6 = 1,

2x1 + 3x2 + 3x3 − 6x4 + 7x5 − 9x6 = 2,

7x1 + 9x2 + 3x3 + 7x4 − 5x5 − 8x6 = 5.





(DS. Hê. tu.o.ng th́ıch)
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Kha’o sát t́ınh tu.o.ng th́ıch và gia’ i các hê. phu.o.ng tr̀ınh (nếu hê.
tu.o.ng th́ıch)

26.

2x1 − x2 + 3x3 = 3,

3x1 + x2 − 5x3 = 0,

4x1 − x2 + x4 = 3,

x1 + 3x2 − 13x3 = −6.





(DS. x1 = 1, x2 = 2, x3 = 1)

27.

2x1 − x2 + x3 − x4 = 1,

2x1 − x2 − 3x4 = 2,

3x1 − x3 + x4 = −3,

2x1 + 2x2 − 2x3 + 5x4 = −6.





(DS. x1 = 0, x2 = 2, x3 =
5

3
, x4 = −4

3
)

28.

2x1 + x2 + x3 = 2,

x1 + 3x2 + x3 = 5,

x1 + x2 + 5x3 = −7,

2x1 + 3x2 − 5x3 = 14.





(DS. x1 = 1, x2 = 2, x3 = −2)

29.

2x1 + 3x2 + 4x3 + 3x4 = 0,

4x1 + 6x2 + 9x3 + 8x4 = −3,

6x1 + 9x2 + 9x3 + 4x4 = 8.





(DS. x1 =
7

2
− 3x2

2
, x3 = −1, x4 = −1, x2 tùy ý)

30.

3x1 + 3x2 − 6x3 − 2x4 = −1,

6x1 + x2 − 2x4 = −2,

6x1 − 7x2 + 21x3 + 4x4 = 3,

9x1 + 4x2 + 2x4 = 3,

12x1 − 6x2 + 21x3 + 2x4 = 1.





(DS. x1 =
7

5
, x2 = −4, x3 = −11

5
, x4 =

16

5
)
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31.

x1 + x2 + 2x3 + 3x4 = 1,

3x1 − x2 − x3 − 2x4 = −4,

2x1 + 3x2 − x3 − x4 = −6,

x1 + 2x2 + 3x3 − x4 = −4.





(DS. x1 = x2 = −1, x3 = 0, x4 = 1)

32.

x1 + 2x2 + 3x3 − 2x4 = 6,

2x1 − x2 − 2x3 − 3x4 = 8,

3x1 + 2x2 − x3 + 2x4 = 4,

2x1 − 3x2 + 2x3 + x4 = −8.





(DS. x1 = 1, x2 = 2, x3 = −1, x4 = −2)

33.

x2 − 3x3 + 4x4 = −5,

x1 − 2x3 + 3x4 = −4,

3x1 + 2x2 − 5x4 = 12,

4x1 + 3x2 − 5x3 = 5.





(DS. x1 = 1, x2 = 2, x3 = 1, x4 = −1)

34.

x1 + x2 − x3 + x4 = 4,

2x1 − x2 + 3x3 − 2x4 = 1,

x1 − x3 + 2x4 = 6,

3x1 − x2 + x3 − x4 = 0.





(DS. x1 = 1, x2 = 2, x3 = 3, x4 = 4)

35.

x1 + x2 + x3 + x4 = 0,

x2 + x3 + x4 + x5 = 0,

x1 + 2x2 + 3x4 = 2,

x2 + 2x3 + 3x4 = −2,

x3 + 2x4 + 3x5 = 2.





(DS. x1 = 1, x2 = −1, x3 = 1, x4 = −1, x5 = 1)
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36.

3x1 − x2 + x3 + 2x5 = 18,

2x1 − 5x2 + x4 + x5 = −7,

x1 − x4 + 2x5 = 8,

2x2 + x3 + x4 − x5 = 10,

x1 + x2 − 3x3 + x4 = 1.





(DS. x1 = 5, x2 = 4, x3 = 3, x4 = 1, x5 = 2)
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Gia’i và biê.n luâ.n hê. phu.o.ng tr̀ınh tuyến t́ınh theo tham số

37.

x1 + 2x2 + 3x3 = −1,

2x1 + 2x2 + 2x3 = 3,

5x1 + 6x2 + 7x3 = λ.





(DS. a) Nếu λ = 4 nghiê.m tô’ng quát là x1 = 5 + x3,

x2 =
−7 − 4x3

2
, x3 tùy ý;

b) Nếu λ 6= 4 hê. không tu.o.ng th́ıch)

38.

2x1 − x2 + λx3 = 0,

x1 − 2x2 − 2x3 = −3,

x1 + x2 + 3x3 = −1.





(DS. a) Nếu λ 6= 1, hê. có nghiê.m duy nhất

x1 =
−5λ− 11

3(λ − 1)
, x2 =

2λ − 22

3(λ − 1)
, x3 =

4

λ− 1
;

b) Nếu λ = 1 hê. không tu.o.ng th́ıch)

39.

λx1 + x2 + x3 = 1,

x1 + λx2 + x3 = 1,

x1 + x2 + λx3 = 1.





(DS. a) Nếu λ 6= −2, 1 hê. có nghiê.m duy nhất x1 = x2 = x3 =
1

λ + 2
b) Nếu λ = −2 hê. không tu.o.ng th́ıch;

c) Nếu λ = 1 hê. có vô số nghiê.m phu. thuô.c hai tham số và x1 +

x2 + x3 = 1)

40.

x1 + x2 + 2x3 = −3,

3x1 + 2x2 + 4x3 = a,

5x1 + 3x2 + 6x3 = a2.





(DS. a) Nếu a = −1 hoă. c a = 3 hê. tu.o.ng th́ıch và x1 = 5,

x2 = −8 − 2x3, x3 tùy ý;

b) Nếu a 6= −1, a 6= 3 th̀ı hê. không tu.o.ng th́ıch)
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41.

(1 + λ)x1 + x2 + x3 = 1,

x1 + (1 + λ)x2 + x3 = λ,

x1 + x2 + (1 + λ)x3 = λ2.





(DS. a) Nếu λ(λ + 3) 6= 0 hê. có nghiê.m duy nhất

x1 =
2 − λ2

λ(λ + 3)
, x2 =

2λ − 1

λ(λ+ 3)
, x3 =

λ3 + 2λ2 − λ − 1

λ(λ + 3)
·

b) Nếu λ = 0 hoă. c λ = −3 hê. không tu.o.ng th́ıch)

42.

x1 + x2 + x3 + λx4 = 1,

x1 + x2 + λx3 + x4 = −1,

x1 + λx2 + x3 + x4 = 0,

λx1 + x2 + x3 + x4 = 0.





(DS. a) Khi λ 6= −3 và λ 6= 1 hê. có nghiê.m duy nhất;

x1 = 0, x2 = 0, x3 = − 1

λ− 1
, x4 =

1

λ− 1
·

b) Khi λ = −3 nghiê.m tô’ng quát là

x1 =
1

4
+ x4; x2 =

1

4
+ x4, x3 =

1

2
+ x4;x3 tùy ý;

c) Khi λ = 1 hê. không tu.o.ng th́ıch)

4.3 Hê. phu.o.ng tr̀ınh tuyến t́ınh thuà̂n

nhất

Hê. phu.o.ng tr̀ınh tuyến t́ınh du.o.
.c go. i là hê. thuà̂n nhất nếu số ha.ng tu.

.

do cu’a mõ̂i phu.o.ng tr̀ınh dè̂u bà̆ng 0.

Hê. thuà̂n nhất có da.ng

a11x1 + a12x2 + · · · + a1nxn = 0,

. . . . . . . . . . . . . . .

am1x1 + am2x2 + · · · + amnxn = 0.





(4.10)
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Hê. phu.o.ng tr̀ınh thuà̂n nhất luôn luôn tu.o.ng th́ıch v̀ı nó có ı́t nhất

là nghiê.m-không. Nghiê.m này du.o.
.c go. i là nghiê.m tà̂m thu.̀o.ng.

D- i.nh lý. 1+ Hê. (4.10) có nghiê.m không tà̂m thu.̀o.ng khi và chı’ khi

ha. ng cu’a ma trâ. n cu’a hê. bé ho.n số â’n cu’a hê. dó.

2+ Hê. thuà̂n nhất n phu.o.ng tr̀ınh vó.i n â’n có nghiê.m không tà̂m

thu.̀o.ng khi và chı’ khi di.nh thú.c D cu’a hê. bà̆ng 0.

Gia’ su.’ x1 = α1, x2 = α2, . . . , xn = αn là nghiê.m không tà̂m thu.̀o.ng

nào dó cu’a hê. (4.10). Nghiê.m này có thê’ xem nhu. mô.t hàng gò̂m n

phà̂n tu.’

e1 = (α1, α2, . . . , αn).

Khi dó theo di.nh ngh̃ıa, hàng λe1 = (λα1, . . . , λαn) cũng là nghiê.m

cu’a (4.10). Gia’ su.’ hàng

e2 = (β1, β2, . . . , βn)

là mô.t nghiê.m khác cu’a (4.10). Khi dó hàng tô’ ho.
.p tuyến t́ınh

λe1 + µe2
def
=
(
λ1α1 + µβ1, λ1α2 + µβ2, . . . , λαn + µβn)

cũng là nghiê.m cu’a (4.10). Tù. dó: mo.i tô’ ho.
.p tuyến t́ınh các nghiê.m

cu’a hê. thuà̂n nhất (4.10) cũng là nghiê.m cu’a nó.

D- i.nh ngh̃ıa 1. 1+ Các hàng e1, e2, . . . , em du.o.
.c go. i là phu. thuô. c tuyến

t́ınh nếu có thê’ t̀ım du.o.
.c các số γ1, γ2, . . . , γm không dò̂ng thò.i bà̆ng 0

sao cho

γ1e1 + γ2e2 + · · · + γmem = 0. (4.11)

2+ Nếu các số γi, i = 1,m nhu. vâ.y không tò̂n ta. i (tú.c là dă’ng

thú.c (4.11) chı’ tho’a mãn khi γ1 = γ2 = · · · = γm = 0) th̀ı ngu.̀o.i ta

nói rằng e1, e2, . . . , em dô. c lâ. p tuyến t́ınh.

D- i.nh ngh̃ıa 2. Hê. dô.c lâ.p tuyến t́ınh các nghiê.m

e1, e2, . . . , em
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cu’a hê. phu.o.ng tr̀ınh (4.10) du.o.
.c go. i là hê. nghiê.m co. ba’n cu’a nó nếu

mõ̂i nghiê.m cu’a hê. (4.10) d̂èu là tô’ ho.
.p tuyến t́ınh cu’a các nghiê.m

e1, e2, . . . , em.

D- i.nh lý (vè̂ su.
. tò̂n ta. i hê. nghiê.m co. ba’n). Nếu ha. ng cu’a ma trâ. n

cu’a hê. (4.10) bé ho.n số â’n th̀ı hê. (4.10) có hê. nghiê.m co. ba’n.
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Phu.o.ng pháp t̀ım hê. nghiê.m co. ba’n

1) Dà̂u tiên cà̂n tách ra hê. â’n co. so.’ (gia’ su.’ dó là x1, . . . , xr) và thu

du.o.
.c hê.

a11x1 + · · · + a1rxr = −a1r+1xr+1 − · · · − a1nxn,

. . . . . . . . . . . . . . . . . . . . .

ar1x1 + · · · + arrxr = −arr+1xr+1 − · · · − arnxn.





(4.12)

2) Gia’ su.’ hê. (4.12) có nghiê.m là

xi =
(
α

(i)
1 , α

(i)
2 , . . . , α

(i)
r ;xr+1, . . . , xn)

)
; i = 1, r.

Cho các â’n tu.
. do các giá tri.

xr+1 = 1, xr+2 = 0, . . . , xn = 0

ta thu du.o.
.c

e1 =
(
α

(1)
1 , α

(1)
2 , . . . , α(1)

r ; 1, 0, . . . , 0
)

Tu.o.ng tu.
., vó.i xr+1 = 0, xr+2 = 1, xr+3 = 0, . . . , xn = 0 ta có

e2 =
(
α

(2)
1 , . . . , α(2)

r ; 0, 1, 0, . . . , 0
)
, . . .

và sau cùng vó.i xr+1 = 0, . . . , xn−1 = 0, xn = 1 ta thu du.o.
.c

ek = (α
(k)
1 , . . . , α(k)

r , 0, . . . , 1), k = n− r.

Hê. các nghiê.m e1, e2, . . . , ek vù.a thu du.o.
.c là hê. nghiê.m co. ba’n.

CÁC VÍ DU.

Vı́ du. 1. Tı̀m nghiê.m tô’ng quát và hê. nghiê.m co. ba’n cu’a hê. phu.o.ng

tr̀ınh

2x1 + x2 − x3 + x4 = 0,

4x1 + 2x2 + x3 − 3x4 = 0.

}
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Gia’i. 1) Vı̀ số phu.o.ng tr̀ınh bé ho.n số â’n nên tâ.p ho.
.p nghiê.m cu’a

hê. là vô ha.n.

Hiê’n nhiên ha.ng cu’a ma trâ.n cu’a hê. bà̆ng 2 v̀ı trong các di.nh thú.c

con cấp 2 có di.nh thú.c con
∣∣∣∣∣
2 −1

4 1

∣∣∣∣∣ 6= 0.

Do vâ.y hê. dã cho tu.o.ng du.o.ng vó.i hê.

2x1 − x3 = −x1 − x4,

4x1 + x3 = −2x2 + 3x4.

Tù. dó suy ra

x1 =
−3x2 + 2x4

6
, x3 =

5

3
x4. (4.13)

Do dó tâ.p ho.
.p nghiê.m cu’a hê. có da.ng

{−3α+ 2β

6
;α;

5

3
β;β

∣∣∀α, β ∈ R
}

(*)

2) Nếu trong (4.13) ta cho các â’n tu.
. do bo.’ i các giá tri. là̂n lu.o.

.t

bà̆ng các phà̂n tu.’ cu’a các cô.t di.nh thú.c
∣∣∣∣∣
1 0

0 1

∣∣∣∣∣ (6= 0)

th̀ı thu du.o.
.c các nghiê.m

e1 =
(
− 1

2
; 1; 0; 0

)
và e2 =

(1

3
; 0;

5

3
; 1
)
.

Dó là hê. nghiê.m co. ba’n cu’a hê. phu.o.ng tr̀ınh dã cho và nghiê.m tô’ng

quát cu’a hê. dã cho có thê’ biê’u diẽ̂n du.́o.i da.ng

X = λe1 + µe2 = λ
(
− 1

2
; 1; 0; 0

)
+ µ
(1

3
; 0;

5

3
; 1
)
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trong dó λ và µ là các hà̆ng số tùy ý:

X =
(−3λ+ 2µ

6
;λ;

5

3
µ;µ

∣∣ ∀λ, µ ∈ R
)
.

Khi cho λ và µ các giá tri. số khác nhau ta sẽ thu du.o.
.c các nghiê.m

riêng khác nhau. N

Vı́ du. 2. Gia’i hê.

x1 + 2x2 − x3 = 0,

−3x1 − 6x2 + 3x3 = 0,

7x1 + 14x2 − 7x3 = 0.





Gia’i. Hê. dã cho tu.o.ng du.o.ng vó.i phu.o.ng tr̀ınh

x1 + 2x2 − x3 = 0.

Tù. dó suy ra nghiê.m cu’a hê. là:

x1 = −2x2 + x3,

x2 = x2,

x3 = x3; x2 và x3 tùy ý,

hay du.́o.i da.ng khác

e = (−2x2 + x3;x2;x3).

Cho x2 = 1, x3 = 0 ta có

e1 = (−2; 1; 0),

la. i cho x2 = 0, x3 = 1 ta thu du.o.
.c

e2 = (1, 0, 1).

Hai hàng e1 và e2 là dô.c lâ.p tuyến t́ınh và mo.i nghiê.m cu’a hê. dè̂u có

da.ng

X = λe1 + µe2 = (−2λ + µ;λ;µ)
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trong dó λ và µ là các số tùy ý. N

Vı́ du. 3. Tı̀m nghiê.m tô’ng quát và hê. nghiê.m co. ba’n cu’a hê. phu.o.ng

tr̀ınh

x1 + 3x2 + 3x3 + 2x4 + 4x5 = 0,

x1 + 4x2 + 5x3 + 3x4 + 7x5 = 0,

2x1 + 5x2 + 4x3 + x4 + 5x5 = 0,

x1 + 5x2 + 7x3 + 6x4 + 10x5 = 0.





Gia’i. Bà̆ng các phép biến dô’i so. cấp, dẽ̂ dàng thấy rà̆ng hê. dã cho

có thê’ du.a vè̂ hê. bâ. c thang sau dây

x1 + 3x2 + 3x3 + 2x4 + 4x5 = 0,

x2 + 2x3 + x4 + 3x5 = 0,

x4 = 0.





Ta sẽ cho.n x1, x2 và x4 làm â’n co. so.’ ; còn x3 và x5 làm â’n tu.
. do. Ta

có hê.

x1 + 3x2 + 2x4 = −3x3 − 4x5,

x2 + x4 = −2x3 − 3x5,

x4 = 0.





Gia’i hê. này ta thu du.o.
.c nghiê.m tô’ng quát là

x1 = 3x3 + 5x5,

x2 = −2x3 − 3x5,

x4 = 0.

Cho các â’n tu.
. do là̂n lu.o.

.t các giá tri. bà̆ng x3 = 1, x5 = 0 (khi dó

x1 = 3, x2 = 2, x3 = 1, x4 = 0, x5 = 0) và cho x3 = 0, x5 = 1 (khi dó

x1 = 5, x2 = 3, x3 = 0, x4 = 0, x5 = 1) ta thu du.o.
.c hê. nghiê.m co. ba’n

e1 = (3;−2; 1; 0; 0),

e2 = (5;−3; 0; 0; 1).
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Tù. dó nghiê.m tô’ng quát có thê’ viết du.́o.i da.ng

X = λ(3;−2; 1; 0; 0) + µ(5;−3; 0; 0; 1)

= (3λ + 5µ;−2λ − 3µ;λ; 0;µ); ∀λ, µ ∈ R.

Bà̆ng cách cho λ và µ nhũ.ng giá tri. số khác nhau ta thu du.o.
.c các

nghiê.m riêng khác nhau. Dò̂ng thò.i, mo.i nghiê.m riêng có thê’ thu

du.o.
.c tù. dó bà̆ng cách cho.n các hê. số λ và µ th́ıch ho.

.p. N
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BÀI TÂ. P

Gia’i các hê. phu.o.ng tr̀ınh thuà̂n nhất

1.

x1 + 2x2 + 3x3 = 0,

2x1 + 3x2 + 4x3 = 0,

3x1 + 4x2 + 5x3 = 0.





.

(DS. x1 = α, x2 = −2α, x3 = α, ∀α ∈ R)

2.

x1 + x2 + x3 = 0,

3x1 − x2 − x3 = 0,

2x1 + 3x2 + x3 = 0.





. (DS. x1 = x2 = x3 = 0)

3.
3x1 − 4x2 + x3 − x4 = 0,

6x1 − 8x2 + 2x3 + 3x4 = 0.

}

(DS. x1 =
4α − β

3
, x2 = α, x3 = β, x4 = 0; α, β ∈ R tùy ý)

4.
3x1 + 2x2 − 8x3 + 6x4 = 0,

x1 − x2 + 4x3 − 3x4 = 0.

}

(DS. x1 = 0, x2 = α, x3 = β, x4 =
−α + 4β

3
; α, β ∈ R tùy ý)

5.

x1 − 2x2 + 3x3 − x4 = 0,

x1 + x2 − x3 + 2x4 = 0,

4x1 − 5x2 + 8x3 + x4 = 0.





(DS. x1 = −1

4
α, x2 = α, x3 =

3

4
α, x4 = 0; α ∈ R tùy ý)

6.

3x1 − x2 + 2x3 + x4 = 0,

x1 + x2 − x3 − x4 = 0,

5x1 + x2 − x3 = 0.





(DS. x1 = −α
4

, x2 =
5α

4
+ β, x3 = α, x4 = β; α, β ∈ R tùy ý)

7.

2x1 + x2 + x3 = 0,

3x1 + 2x2 − 3x3 = 0,

x1 + 3x2 − 4x3 = 0,

5x1 + x2 − 2x3 = 0.




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(DS. x1 =
α

7
, x2 =

9α

7
, x3 = α; α ∈ R tùy ý)
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Tı̀m nghiê.m tô’ng quát và hê. nghiê.m co. ba’n cu’a các hê. phu.o.ng

tr̀ınh

8.
9x1 + 21x2 − 15x3 + 5x4 = 0,

12x1 + 28x2 − 20x3 + 7x4 = 0.

}

(DS. Nghiê.m tô’ng quát: x1 = −7

3
x2 +

5

3
x3, x4 = 0.

Hê. nghiê.m co. ba’n e1 = (−7, 3, 0, 0), e2 = (5, 0, 3, 0))

9.

14x1 + 35x2 − 7x3 − 63x4 = 0,

−10x1 − 25x2 + 5x3 + 45x4 = 0,

26x1 + 65x2 − 13x3 − 117x4 = 0.





(DS. Nghiê.m tô’ng quát: x3 = 2x1 + 5x2 − 9x3.

Hê. nghiê.m co. ba’n: e1 = (1, 0, 2, 0); e2 = (0, 1, 5, 0); e3 =

(0, 0,−9, 1))

10.

x1 + 4x2 + 2x3 − 3x5 = 0,

2x1 + 9x2 + 5x3 + 2x4 + x5 = 0,

x1 + 3x2 + x3 − 2x4 − 9x5 = 0.





(DS. Nghiê.m tô’ng quát: x1 = 2x3 + 8x4, x2 = −x2 − 2x4; x5 = 0.

Hê. nghiê.m co. ba’n: e1 = (2,−1, 1, 0, 0); e2 = (8,−2, 0, 1, 0)

11.

x1 + 2x2 + 4x3 − 3x4 = 0,

3x1 + 5x2 + 6x3 − 4x4 = 0,

4x1 + 5x2 − 2x3 + 3x4 = 0,

3x1 + 8x2 + 24x3 − 19x4 = 0.





(DS. Nghiê.m tô’ng quát: x1 = 8x3 − 7x4, x2 = −6x3 + 5x4.

Hê. nghiê.m co. ba’n: e1 = (8,−6, 1, 0), e2 = (−7, 5, 0, 1))

12.

x1 + 2x2 − 2x3 + x4 = 0,

2x1 + 4x2 + 2x3 − x4 = 0,

x1 + 2x2 + 4x3 − 2x4 = 0,

4x1 + 8x2 − 2x3 + x4 = 0.





(DS. Nghiê.m tô’ng quát x1 = −2x2, x4 = 2x3.

Hê. nghiê.m co. ba’n: e1 = (−2, 1, 0, 0), e2 = (0, 0, 1, 2))
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13.

x1 + 2x2 + 3x3 + 4x4 + 5x5 = 0,

2x1 + 3x2 + 4x3 + 5x4 + x5 = 0,

3x1 + 4x2 + 5x3 + x4 + 2x5 = 0,

x1 + 3x2 + 5x3 + 12x4 + 9x5 = 0,

4x1 + 5x2 + 6x3 − 3x4 + 3x5 = 0.





(DS. Nghiê.m tô’ng quát x1 = x3 +15x5, x2 = −2x3−12x5, x4 = x5.

Hê. nghiê.m co. ba’n: e1 = (1,−2, 1, 0, 0), e2 = (15,−12, 0, 1, 1))
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5.1 D- i.nh ngh̃ıa không gian n-chiè̂u và

mô. t số khái niê.m co. ba’n vè̂ vecto.

1◦. Gia’ su.’ n ∈ N . Tâ.p ho.
.p mo.i bô. có thê’ có (x1, x2, . . . , xn) gò̂m n

số thu.
.c (phú.c) du.o.

.c go. i là không gian thu.
.c (phú.c) n-chiè̂u và du.o.

.c
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ký hiê.u là Rn (Cn). Mỗi bô. số dó du.o.
.c chı’ bo.’ i

x = (x1, x2, . . . , xn)

và du.o.
.c go. i là diê’m hay vecto. cu’a Rn (Cn). Các số x1, . . . , xn du.o.

.c

go. i là to. a dô. cu’a diê’m (cu’a vecto.) x hay các thành phà̂n cu’a vecto. x.

Hai vecto. x = (x1, . . . , xn) và y = (y1, . . . , yn) cu’a Rn du.o.
.c xem là

bà̆ng nhau nếu các to.a dô. tu.o.ng ú.ng cu’a chúng bằng nhau

xi = yi ∀ i = 1, n.

Các vecto. x = (x1, . . . , xn), y = (y1, . . . , yn) có thê’ cô.ng vó.i nhau

và có thê’ nhân vó.i các số α, β, . . . là số thu.
.c nếu không gian du.o.

.c xét

là không gian thu.
.c và là số phú.c nếu không gian du.o.

.c xét là không

gian phú.c.

Theo di.nh ngh̃ıa: 1+ tô’ng cu’a vecto. x và y là vecto.

x+ y
def
= (x1 + y1, x2 + y2, . . . , xn + yn). (5.1)

2+ t́ıch cu’a vecto. x vó.i số α hay t́ıch số α vó.i vecto. x là vecto.

αx = xα
def
= (αx1, αx2, . . . , αxn). (5.2)

Hai phép toán 1+ và 2+ tho’a mãn các t́ınh chất (tiên dè̂) sau dây

I. x+ y = y + x, ∀x, y ∈ Rn (Cn),

II. (x+ y) + z = x+ (y + z) ∀x, y, z ∈= Rn (Cn),

III. Tò̂n ta. i vecto.- không θ = (0, 0, . . . , 0︸ ︷︷ ︸
n

) ∈ Rn sao cho

x+ θ = θ + x = x,

IV. Tò̂n ta. i vecto. dối −x = (−1)x = (−x1,−x2, . . . ,−xn) sao cho

x+ (−x) = θ,

V. 1 · x = x,
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VI. α(βx) = (αβ)x, α, β ∈ R (C),

VII. (α+ β)x = αx+ βx,

VIII. α(x+ y) = αx+ αy

trong dó α và β là các số, còn x, y ∈ Rn (Cn).

D- i.nh ngh̃ıa 5.1.1. 1+ Gia’ su.’ V là tâ.p ho.
.p không rỗng tùy ý vó.i các

phà̂n tu.’ du.o.
.c ký hiê.u là x, y, z, . . . Tâ.p ho.

.p V du.o.
.c go. i là không gian

tuyến t́ınh (hay không gian vecto.) nếu ∀x, y ∈ V xác di.nh du.o.
.c phà̂n

tu.’ x+ y ∈ V (go. i là tô’ng cu’a x và y) và ∀α ∈ R (C) và ∀x ∈ V xác

di.nh du.o.
.c phà̂n tu.’ αx ∈ V (go. i là t́ıch cu’a số α vó.i phà̂n tu.’ x) sao

cho các tiên dè̂ I-VIII du.o.
.c tho’a mãn.

Không gian tuyến t́ınh vó.i phép nhân các phà̂n tu.’ cu’a nó vó.i các

số thu.
.c (phú.c) du.o.

.c go. i là không gian tuyến t́ınh thu.
.c (tu.o.ng ú.ng:

phú.c).

Không gian Rn có thê’ xem nhu. mô.t v́ı du. vè̂ không gian tuyến

t́ınh, các v́ı du. khác sẽ du.o.
.c xét vè̂ sau. Và trong giáo tr̀ınh này ta

luôn gia’ thiết rà̆ng các không gian du.o.
.c xét là nhũ.ng không gian thu.

.c.

2◦. Cho hê. gò̂m m vecto. n-chiè̂u

x1, x2, . . . , xm. (5.3)

Khi dó vecto. da.ng

y = α1x
1 + α2x

2 + · · · + αmx
m; α1, α2, . . . , αm ∈ R.

du.o.
.c go. i là tô’ ho.

.p tuyến t́ınh cu’a các vecto. dã cho hay vecto. y biê’u

diẽ̂n tuyến t́ınh du.o.
.c qua các vecto. (5.3).

D- i.nh ngh̃ıa 5.1.2. 1+ Hê. vecto. (5.3) du.o.
.c go. i là hê. dô. c lâ. p tuyến

t́ınh (dltt) nếu tù. dă’ng thú.c vecto.

λ1x
1 + λ2x

2 + · · · + λmx
m = θ (5.4)

kéo theo λ1 = λ2 = · · · = λm = 0.



180 Chu.o.ng 5. Không gian Euclide Rn

2+ Hê. (5.3) go. i là hê. phu. thuô. c tuyến t́ınh (pttt) nếu tò̂n ta. i các số

λ1, λ2, . . . , λm không dò̂ng thò.i bằng 0 sao cho dă’ng thú.c (5.4) du.o.
.c

tho’a mãn.

Số nguyên du.o.ng r du.o.
.c go. i là ha.ng cu’a hê. vecto. (5.3) nếu

a) Có mô.t tâ.p ho.
.p con gò̂m r vecto. cu’a hê. (5.3) lâ.p thành hê. dltt.

b) Mo.i tâ.p con gò̂m nhiè̂u ho.n r vecto. cu’a hê. (5.3) dè̂u phu. thuô.c

tuyến t́ınh.

Dê’ t̀ım ha.ng cu’a hê. vecto. ta lâ.p ma trâ.n các to.a dô. cu’a nó

A =




a11 a12 . . . a1n

a21 a22 . . . a2n

...
...

. . .
...

am1 am2 . . . amn




D- i.nh lý. Ha. ng cu’a hê. vecto. (5.3) bà̆ng ha. ng cu’a ma trâ. n A các to. a

dô. cu’a nó.

Tù. dó, dê’ kết luâ.n hê. vecto. (5.3) dltt hay pttt ta cà̂n lâ.p ma trâ.n

to.a dô. A cu’a chúng và t́ınh r(A):

1) Nếu r(A) = m th̀ı hê. (5.3) dô.c lâ.p tuyến t́ınh.

2) Nếu r(A) = s < m th̀ı hê. (5.3) phu. thuô.c tuyến t́ınh.

CÁC VÍ DU.

Vı́ du. 1. Chú.ng minh rà̆ng hê. vecto.a1, a2, . . . , am (m > 1) phu. thuô.c

tuyến t́ınh khi và chı’ khi ı́t nhất mô.t trong các vecto. cu’a hê. là tô’ ho.
.p

tuyến t́ınh cu’a các vecto. còn la. i.

Gia’i. 1+ Gia’ su.’ hê. a1, a2, . . . , am phu. thuô.c tuyến t́ınh. Khi dó

tò̂n ta. i các số α1, α2, . . . , αm không dò̂ng thò.i bà̆ng 0 sao cho

α1a1 + α2a2 + · · · + αmam = θ.

Gia’ su.’ αm 6= 0. Khi dó

am = β1a1 + β2a2 + · · · + βm−1am−1, βi =
αi

αm
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tú.c là am biê’u diẽ̂n tuyến t́ınh qua các vecto. còn la. i.

2+ Ngu.o.
.c la. i, chă’ng ha.n nếu vecto. am biê’u diẽ̂n tuyến t́ınh qua

a1, a2, . . . , am−1

am = β1a1 + β2a2 + · · · + βm−1am−1

th̀ı ta có

β1a1 + β2a2 + · · · + βm−1am−1 + (−1)am = θ.

Do dó hê. dã cho phu. thuô. c tuyến t́ınh v̀ı trong dă’ng thú.c trên có hê.
số cu’a am là khác 0 (cu. thê’ là = −1). N

Vı́ du. 2. Chú.ng minh rà̆ng mo.i hê. vecto. có chú.a vecto.-không là hê.
phu. thuô.c tuyến t́ınh.

Gia’i. Vecto.- không luôn luôn biê’u diẽ̂n du.o.
.c du.́o.i da.ng tô’ ho.

.p

tuyến t́ınh cu’a các vecto. a1, a2, . . . , am:

θ = 0 · a1 + 0 · a2 + · · · + 0 · am

Do dó theo di.nh ngh̃ıa hê. θ, a1, . . . , am phu. thuô.c tuyến t́ınh (xem v́ı

du. 1). N

Vı́ du. 3. Chú.ng minh rà̆ng mo.i hê. vecto. có chú.a hai vecto. bà̆ng

nhau là hê. phu. thuô.c tuyến t́ınh.

Gia’i. Gia’ su.’ trong hê. a1, a2, . . . , an có hai vecto. a1 = a2. Khi dó

ta có thê’ viết

a1 = 1 · a2 + 0 · a3 + · · · + 0 · am

tú.c là vecto. a1 cu’a hê. có thê’ biê’u diẽ̂n du.́o.i da.ng tô’ ho.
.p tuyến t́ınh

cu’a các vecto. còn la. i. Do dó hê. phu. thuô.c tuyến t́ınh (v́ı du. 1). N

Vı́ du. 4. Chú.ng minh rằng nếu hê. m vecto. a1, a2, . . . , am dô.c lâ.p

tuyến t́ınh th̀ı mo.i hê. con cu’a hê. dó cũng dô.c lâ.p tuyến t́ınh.

Gia’i. Dê’ cho xác di.nh ta xét hê. con a1, a2, . . . , ak, k < m và chú.ng

minh rà̆ng hê. con này dô.c lâ.p tuyến t́ınh.
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Gia’ su.’ ngu.o.
.c la. i: hê. con a1, a2, . . . , ak phu. thuô.c tuyến t́ınh. Khi

dó ta có các dă’ng thú.c vecto.

α1a1 + α2a2 + · · · + αkak = θ

trong dó có ı́t nhất mô.t trong các hê. số α1, α2, . . . , αk khác 0. Ta viết

dă’ng thú.c dó du.́o.i da.ng

α1a1 + α2A2 + · · · + αkak + αk+1ak+1 + · · · + αmam = θ

trong dó ta gia’ thiết αk+1 = 0, . . . , αm = 0. Dă’ng thú.c sau cùng này

chú.ng to’ hê. a1, a2, . . . , am phu. thuô.c tuyến t́ınh. Mâu thuẫn. N

Vı́ du. 5. Chú.ng minh rà̆ng hê. vecto. cu’a không gian Rn

e1 = (1, 0, . . . , 0),

e2 = (0, 1, . . . , 0),

. . . . . . . . . . . .

en = (0, . . . , 0, 1)

là dô.c lâ.p tuyến t́ınh.

Gia’i. Tù. dă’ng thú.c vecto.

α1e1 + α2e2 + · · · + αnen = θ

suy ra rà̆ng

(α1, α2, . . . , αn) = (0, 0, . . . , 0) ⇒ α1 = α2 = · · · = αn = 0.

và do dó hê. e1, e2, . . . , en dô.c lâ.p tuyến t́ınh. N

Vı́ du. 6. Chú.ng minh rà̆ng mo.i hê. gò̂m n+1 vecto. cu’a Rn là hê. phu.

thuô. c tuyến t́ınh.

Gia’i. Gia’ su.’ n+ 1 vecto. cu’a hê. là:

a1 = (a11, a21, . . . , an1)

a2 = (a12, a22, . . . , an2)

. . . . . . . . . . . .

an+1 = (a1,n+1, a2,n+1, . . . , an,n+1).
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Khi dó tù. dă’ng thú.c vecto.

x1a1 + x2a2 + · · · + xnan + xn+1an+1 = θ

suy ra

a11x1 + a12x2 + · · · + a1n+1xn+1 = 0,

. . . . . . . . . . . . . . . . . .

an1x1 + an2x2 + · · · + ann+1xn+1 = 0.





Dó là hê. thuà̂n nhất n phu.o.ng tr̀ınh vó.i (n+ 1) â’n nên hê. có nghiê.m

không tà̂m thu.̀o.ng và

(x1, x2, . . . , xn, xn+1) 6= (0, 0, . . . , 0).

Do dó theo di.nh ngh̃ıa hê. dã xét là phu. thuô.c tuyến t́ınh. N

Vı́ du. 7. Tı̀m ha.ng cu’a hê. vecto. trong R4

a1 = (1, 1, 1, 1); a2 = (1, 2, 3, 4);

a3 = (2, 3, 2, 3); a4 = (2, 4, 5, 6).

Gia’i. Ta lâ.p ma trâ.n các to.a dô. và t̀ım ha.ng cu’a nó. Ta có

A =




1 1 1 1

1 2 3 4

2 3 2 3

3 4 5 6



h2 − h1 → h′2
h3 − 2h1 → h′3
h4 − 3h1 → h′4

−→




1 1 1 1

0 1 2 3

0 1 0 1

0 1 2 3


 h3 − h2 → h′3
h4 − h2 → h′4

→

−→




1 1 1 1

0 1 2 3

0 0 −2 −3

0 0 0 0


 .

Tù. dó suy rà̆ng r(A) = 3. Theo di.nh lý dã nêu ha.ng cu’a hê. vecto.

bà̆ng 3. N
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Vı́ du. 8. Kha’o sát su.
. phu. thuô.c tuyến t́ınh giũ.a các vecto. cu’a R4:

a1 = (1, 4, 1, 1); a2 = (2, 3,−1, 1);

a3 = (1, 9, 4, 2); a4 = (1,−6,−5,−1).

Gia’i. Lâ.p ma trâ.n mà các hàng cu’a nó là các vecto. dã cho và t̀ım

ha.ng cu’a nó

S =




1 4 1 1

2 3 −1 1

1 9 4 2

1 −6 −5 −1


⇒ r(A) = 2.

Do dó ha.ng cu’a hê. vecto. bà̆ng 2. Vı̀ các phà̂n tu.’ cu’a di.nh thú.c con

∆ =

∣∣∣∣∣
1 4

2 3

∣∣∣∣∣ = −5 6= 0

nà̆m o.’ hai hàng dà̂u nên a1 và a2 dô.c lâ.p tuyến t́ınh, còn a3 và a4 biê’u

diẽ̂n tuyến t́ınh qua a1 và a2. [Lu.u ý rà̆ng mo.i că.p vecto. cu’a hê. dè̂u

dô.c lâ.p tuyến t́ınh v̀ı ta có các di.nh thú.c con cấp hai sau dây 6= 0:

∣∣∣∣∣
1 4

1 9

∣∣∣∣∣ ,
∣∣∣∣∣
1 4

1 −6

∣∣∣∣∣ ,
∣∣∣∣∣
2 3

1 9

∣∣∣∣∣ ,
∣∣∣∣∣
2 3

1 −6

∣∣∣∣∣ ,
∣∣∣∣∣
1 9

1 −6

∣∣∣∣∣ .]

Ta t̀ım các biê’u thú.c biê’u diẽ̂n a3 và a4 qua a1 và a2.

Ta viết

a3 = ξ1a1 + ξ2a2

hay là

(1, 9, 4, 2) = ξ1 · (1, 4, 1, 1) + ξ2 · (2, 3,−1, 1)

⇒ (1, 9, 4, 2) = (ξ1 + 2ξ2, 4ξ1 + 3ξ2, ξ1 − ξ2, ξ1 + ξ2)
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và thu du.o.
.c hê. phu.o.ng tr̀ınh

ξ1 + 2ξ2 = 1,

4ξ1 + 3ξ2 = 9,

ξ1 − ξ2 = 4,

ξ1 + ξ2 = 2.





Ta ha.n chế hai phu.o.ng tr̀ınh dà̂u. Di.nh thú.c cu’a các hê. số cu’a hai

phu.o.ng tr̀ınh này ch́ınh là di.nh thú.c ∆ chuyê’n vi.. Vı̀ ∆ 6= 0 nên hê.
hai phu.o.ng tr̀ınh

ξ1 + 2ξ2 = 1

4ξ1 + 3ξ2 = 9

có nghiê.m duy nhất là ξ1 = 3, ξ2 = −1. Do dó

a3 = 3a1 − a2.

Tu.o.ng tu.
. ta có

a4 = 2a2 − 3a1. N

BÀI TÂ. P

1. Chú.ng minh rằng trong không gian R3:

1) Vecto. (x, y, z) là tô’ ho.
.p tuyến t́ınh cu’a các vecto. e1 = (1, 0, 0),

e2 = (0, 1, 0), e3 = (0, 0, 1).

2) Vecto. x = (7, 2, 6) là tô’ ho.
.p tuyến t́ınh cu’a các vecto. a1 =

(−3, 1, 2), a2 = (−5, 2, 3), a3 = (1,−1, 1).

2. Hãy xác di.nh số λ dê’ vecto. x ∈ R3 là tô’ ho.
.p tuyến t́ınh cu’a các

vecto. a1, a2, a3 ∈ R3 nếu:

1) x = (1, 3, 5); a1 = (3, 2, 5); a2 = (2, 4, 7); a3 = (5, 6, λ).
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(DS. λ 6= 12)

2) x = (7,−2, λ); a1 = (2, 3, 5); a2 = (3, 7, 8); a3 = (1,−6, 1).

(DS. λ = 15)

3) x = (5, 9, λ); a1 = (4, 4, 3); a2 = (7, 2, 1); a3 = (4, 1, 6).

(DS. ∀λ ∈ R)

3. Chú.ng minh rằng trong không gian R3:

1) Hê. ba vecto. e1 = (1, 0, 0), e2 = (0, 1, 0), e3 = (0, 0, 1) là hê. dltt.

2) Nếu thêm vecto. x ∈ R3 bất kỳ vào hê. th̀ı hê.

{e1, e2, e3, x}

là phu. thuô.c tuyến t́ınh.

3) Hê. gò̂m bốn vecto. bất kỳ cu’a R3 là pttt.

4. Các hê. vecto. sau dây trong không gian R3 là dltt hay pttt:

1) a1 = (1, 2, 1); a2 = (0, 1, 2); a3 = (0, 0, 2). (DS. Dltt)

2) a1 = (1, 1, 0); a2 = (1, 0, 1); a3 = (1,−2, 0). (DS. Dltt)

3) a1 = (1, 3, 3); a2 = (1, 1, 1); a3 = (−2,−4,−4). (DS. Pttt)

4) a1 = 1,−3, 0); a2 = (3,−3, 1); a3 = (2, 0, 1). (DS. Pttt)

5) a1 = (2, 3, 1); a2 = (1, 1, 1); a3 = (1, 2, 0). (DS. Pttt)

5. Gia’ su.’ v1, v2 và v3 là hê. dô.c lâ.p tuyến t́ınh. Chú.ng minh rà̆ng hê.
sau dây cũng là dltt:

1) a1 = v1 + v2; a2 = v1 + v3; a3 = v1 − 2v2.

2) a1 = v1 + v3; a2 = v3 − v1; a3 = v1 + v2 − v3.

6. Chú.ng minh rà̆ng các hê. vecto. sau dây là phu. thuô.c tuyến t́ınh.

Dối vó.i hê. vecto. nào th̀ı vecto. b là tô’ ho.
.p tuyến t́ınh cu’a các vecto.

còn la. i ?

1) a1 = (2, 0,−1), a2 = (3, 0,−2), a3 = (−1, 0, 1), b = (1, 2, 0).

(DS. b không là tô’ ho.
.p tuyến t́ınh)

2) a1 = (−2, 0, 1), a2 = (1,−1, 0), a3 = (0, 1, 2); b = (2, 3, 6).

(DS. b là tô’ ho.
.p tuyến t́ınh)
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7. Tı̀m số cu.
.c da. i các vecto. dltt trong các hê. vecto. sau dây

1) a1 = (2, 3,−1, 4); a2 = (−1, 1, 2, 0); a3 = (0, 0, 1, 1);

a4 = (1, 4, 1, 4); a5 = (2, 3, 0, 5). (DS. = 3)

2) a1 = (1, 0, 0, 0); a2 = (0, 1, 0, 0); a3 = (0, 0, 1, 0)

a4 = (0, 0, 0, 1); a5 = (1, 2, 3, 4). (DS. = 4)

3) a1 = (1, 1, 1, 1); a2 = (1, 1, 1, 0); a3 = (1, 1, 0, 0);

a4 = (1, 0, 0, 0); a5 = (1, 2, 3, 4). (DS. = 4)

Chı’ dã̂n. Lâ.p ma trâ.n các to.a dô. mà mõ̂i cô. t cu’a nó là to.a dô. cu’a

vecto. cu’a hê. rò̂i t́ınh ha.ng cu’a ma trâ.n.

8. Các hê. vecto. sau dây trong không gian R4 là dltt hay pttt

1) a1 = (1, 2, 3, 4), a2 = (1, 2, 3, 4). (DS. Pttt)

2) a1 = (1, 2, 3, 4), a2 = (1,−2,−3,−4). (DS. Pttt)

3) a1 = (1, 2, 3, 4), a2 = (3, 6, 9, 12). (DS. Pttt)

4) a1 = (1, 2, 3, 4), (a2 = (1, 2, 3, 5). (DS. Dltt)

5) a1 = (1, 0, 0, 0), a2 = (0, 1, 0, 0), a3 = (0, 0, 1, 0), a4 = (0, 0, 0, 1)

và a là vecto. tùy ý cu’a R4. (DS. Pttt)

6) a1 = (1, 1, 1, 1), a2 = (0, 1, 1, 1), a3 = (0, 0, 1, 1), a4 = (0, 0, 0, 1).

(DS. Dltt)

7) a1 = (1, 2, 3, 4), a2 = (3, 6, 9, 12), a3 = (1, 2, 3, 6). (DS. Pttt)

9. Các hê. vecto. sau dây dltt hay pttt. Trong tru.̀o.ng ho.
.p pttt hãy chı’

ra mô.t su.
. pttt. Hãy chı’ ra mô.t hê. con cu.

.c da. i nào dó là dltt.

1) a1 = (2, 1,−2,−1), a2 = (−9, 5,−6, 21), a3 = (2,−5,−1, 3),

a4 = (−1,−1,−1, 5), a5 = (−1, 2,−3, 4).

(DS. a1 + a2 + a3 − 3a4 − 2a5 = θ; a1, a2, a3, a4)

2) a1 = (1, 1, 1, 1), a2 = (2, 0, 1,−1), a3 = (3,−4, 0,−1),

a4 = (13,−10, 3,−2). (DS. 2a1 + a2 + 3a3 − a4 = θ; a1, a2, a3)

3) a1 = (1,−1, 1,−1), a2 = (2, 0, 1,−1), a3 = (3,−1, 1,−1),

a4 = (4,−2, 1,−2). (DS. Hê. dô.c lâ.p tuyến t́ınh)

4) a1 = (1, 2,−2,−1), a2 = (−1, 0, 2, 1), a3 = (0, 1, 0, 1),

a4 = (3, 6, 0, 4). (DS. Hê. dô.c lâ.p tuyến t́ınh)
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10. Tı́nh ha.ng r cu’a hê. vecto. và chı’ rõ hê. dã cho là pttt hay dltt:

1) a1 = (1,−2, 2,−8, 2), a2 = (1,−2, 1, 5, 3), a3 = (1,−2, 4,−7, 0).

(DS. r = 3, hê. dô.c lâ.p tuyến t́ınh)

2) a1 = (2, 3, 1,−1), a2 = (3, 1, 4, 2), a3 = (1, 2, 3,−1),

a4 = (1,−4,−7, 5). (DS. r = 3, hê. pttt)

3) a1 = (2,−1,−3, 2,−6), a2 = (1, 5,−2, 3, 4), a3 = (3, 4,−1, 5, 7),

a4 = (3,−7, 4, 1,−7), a5 = (0, 11,−5, 4,−4). (DS. r = 3 hê. pttt)

4) a1 = (2, 1, 4,−4, 17), a2 = (0, 0, 5,−7, 9), a3 =

(2, 1,−6, 10,−11),

a4 = (8, 4, 1, 5, 11), a5 = (2, 2, 9,−11, 10). (DS. r = 5, hê. dltt)

5.2 Co. so.’ . D- ô’i co. so.’

D- i.nh ngh̃ıa 5.2.1. Hê. vecto. E1, E2, . . . , En gò̂m n vecto. cu’a không

gian vecto. Rn du.o.
.c go. i là mô. t co. so.’ cu’a nó nếu

1) hê. E1, E2, . . . , En là hê. dltt;

2) mo.i vecto. x ∈ Rn dè̂u biê’u diẽ̂n tuyến t́ınh du.o.
.c qua các vecto.

cu’a hê. E1, . . . , En.

Chú ý rằng co. so.’ cu’a Rn là mô.t hê. có thú. tu.
. bất kỳ gò̂m n vecto.

dô.c lâ.p tuyến t́ınh cu’a nó.

Diè̂u kiê.n 2) có ngh̃ıa rà̆ng ∀x ∈ Rn, ∃(x1, x2, . . . , xn) sao cho

x = x1E1 + x2E2 + · · · + xnEn, (5.5)

trong dó x1, x2, . . . , xn là to.a dô. cu’a vecto.x trong co. so.’ E1, E2, . . . , En

và (5.5) go. i là khai triê’n vecto. x theo co. so.’ E1, E2, . . . , En.

Ý ngh̃ıa co. ba’n cu’a khái niê.m co. so.’ là: các phép toán tuyến t́ınh

trên các vecto. trong co. so.’ cho tru.́o.c chuyê’n thành các phép toán trên

các số là to.a dô. cu’a chúng.

D- i.nh lý 5.2.1. Trong không gian Rn:

1) To. a dô. cu’a mô. t vecto. dối vó.i mô. t co. so.’ là duy nhất.



5.2. Co. so.’ . D- ô’i co. so.’ 189

2) Mo. i hê. dltt gò̂m n vecto. dè̂u lâ. p thành co. so.’ cu’a không gian

Rn.

Ta xét vấn dè̂: Khi co. so.’ thay dô’i th̀ı to.a dô. cu’a mô.t vecto. trong

không gian Rn thay dô’i thế nào ?

Gia’ su.’ trong không gian Rn có hai co. so.’

E :E1, E2, . . . , En - “co. so.’ cũ” (5.6)

E :E1, E2, . . . , En - “co. so.’ mó.i” (5.7)

Vı̀ E1, E2, . . . , En ∈ Rn nên

E1 = t11ε1 + t21ε2 + · · · + tn1εn,

E2 = t12ε1 + t22ε2 + · · · + tn2εn,

. . . . . . . . . . . . . . .

En = t1nε1 + t2nε2 + · · · + tnnεn.





(5.8)

Có thê’ nói rằng co. so.’ E1, . . . , En thu du.o.
.c tù. co. so.’ E1, E2, . . . , En

nhò. ma trâ.n

TEE =




t11 t12 . . . t1n

t21 t22 . . . t2n

...
...

. . .
...

tn1 tn2 . . . tnn




(5.9)

trong dó cô.t thú. i cu’a ma trâ.n (5.9) ch́ınh là các to.a dô. cu’a vecto. Ei

trong co. so.’ (5.6).

Ma trâ.n T = TEE trong (5.9) du.o.
.c go. i là ma trâ. n chuyê’n tù. co.

so.’ (5.6) dến co. so.’ (5.7). Di.nh thú.c cu’a ma trâ.n chuyê’n detT 6= 0

v̀ı trong tru.̀o.ng ho.
.p ngu.o.

.c la. i th̀ı các vecto. cô.t (và do dó các vecto.

E1, . . . , En) là phu. thuô.c tuyến t́ınh.

Nhu. vâ.y dê’ t̀ım ma trâ.n chuyê’n tù. co. so.’ cũ sang co. so.’ mó.i dà̂u

tiên ta cà̂n khai triê’n các vecto. cu’a co. so.’ mó.i theo co. so.’ cũ. Tiếp dó

ta lâ.p ma trâ.n mà cô.t thú. i cu’a nó là các to.a dô. cu’a vecto. thú. i cu’a

co. so.’ mó.i trong co. so.’ cũ. Dó ch́ınh là ma trâ.n chuyê’n.
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Gia’ su.’ vecto. a ∈ Rn và

a = x1ε1 + x2ε2 + · · · + xnεn,

a = y1E1 + y2E2 + · · · + ynEn.

Khi dó quan hê. giũ.a các to.a dô. cu’a cùng mô.t vecto. dối vó.i hai co. so.’

khác nhau (5.6) và (5.7) du.o.
.c mô ta’ nhu. sau

x1 = t11y1 + t12y2 + · · · + t1nyn,

x2 = t21y1 + t22y2 + · · · + t2nyn,

. . . . . . . . . . . . . . .

xn = tn1y1 + tn2y2 + · · · + tnnyn.





(5.10)

hay là

X = TEEY, (5.11)

X =




x1

x2

...

xn



, Y =




y1

y2

...

yn




Tù. dó cũng suy ra

Y = T−1
EEX. (5.11*)

CÁC VÍ DU.

Vı́ du. 1. Trong không gian R3 hê. các vecto. E1(1, 0, 0), E2(0, 2, 0),

E3(0, 0, 3) là co. so.’ cu’a nó.

Gia’i. 1) Hê. vecto. E1, E2, E3 là hê. dô.c lâ.p tuyến t́ınh. Thâ. t vâ.y,

dă’ng thú.c vecto.

α1E1 + α2E2 + α3E3 = (0, 0, 0)

⇔ α1(1, 0, 0) + α2(0, 2, 0) + α3(0, 0, 3) = (0, 0, 0)

⇔ (α1, 2α2, 3α3) = (0, 0, 0)

⇔ α1 = α2 = α3 = 0.
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2) Gia’ su.’ x ∈ R3, x = (ξ1, ξ2, ξ3). Khi dó

x = ξ1(1, 0, 0) +
ξ2
2

(0, 2, 0) +
ξ3
3

(0, 0, 3)

= ξ1E1 +
ξ2
2
E2 +

ξ3
3
E3

tú.c là x là tô’ ho.
.p tuyến t́ınh cu’a E1, E2, E3. N

Vı́ du. 2. Chú.ng minh rằng trong không gian R3 các vecto. E1 =

(2, 1, 1), E2 = (1, 3, 1), E3 = (−2, 1, 3) lâ.p thành mô.t co. so.’ . Tı̀m to.a

dô. cu’a vecto. x = (−2,−4, 2) theo co. so.’ dó.

Gia’i. 1) Hê. E1, E2, E3 là dltt. Thâ. t vâ.y gia’ su.’ α1E1 +α2E2 +α3E3 =

θ⇔

2α1 + α2 − 2α3 = 0,

α1 + 3α2 + α3 = 0,

α1 + α2 + 3α3 = 0.





Hê. này có detA 6= 0 và là hê. thuà̂n nhất nên nó chı’ có nghiê.m tà̂m

thu.̀o.ng α1 = α2 = α3 = 0 và do dó E1, E2, E3 dô.c lâ.p tuyến t́ınh. Theo

di.nh lý 1 (phà̂n 2) các vecto. này lâ.p thành co. so.’ cu’a R3.

2) Dê’ khai triê’n vecto. x = (−2,−4, 2) theo co. so.’ E1, E2, E3 ta dă.t

x = λ1E1 + λ2E2 + λ3E3

và tù. dó

2λ1 + λ2 − 2λ3 = −2,

λ1 + 3λ2 + λ3 = −4,

λ1 + λ2 + 3λ3 = 2.





Hê. này có nghiê.m là λ1 = 1, λ2 = −2, λ3 = 1. Vâ.y trong co. so.’

E1, E2, E3 vecto. x có to.a dô. là (1,−2, 1). N

Vı́ du. 3. Chú.ng minh rà̆ng ba vecto.E1 = (1, 0,−2), E2 = (−4,−1, 5),

E3 = (1, 3, 4) lâ.p thành co. so.’ cu’a R3.



192 Chu.o.ng 5. Không gian Euclide Rn

Gia’i. Ta có thê’ t̀ım ha.ng cu’a hê. ba vecto. dã cho. Ta có




1 0 −2

4 −1 5

1 3 4


 −→




1 0 −2

0 −1 13

0 3 6


 −→




1 0 −2

0 −1 13

0 0 45


 .

Tù. dó suy ra rà̆ng ha.ng cu’a hê. vecto. dã cho bà̆ng 3 và do vâ.y hê. dó

là dô.c lâ.p tuyến t́ınh. Theo di.nh lý 1 nó lâ.p thành mô.t co. so.’ . N

Vı́ du. 4. Gia’ su.’ trong co. so.’ E1, E2 vecto. x có to.a dô. là 1;−2. Tı̀m

to.a dô. cu’a vecto. dó trong co. so.’ E1 = E1, E2 = E1 + E2.

Gia’i. Dà̂u tiên ta viết ma trâ.n chuyê’n tù. co. so.’ E1, E2 dến E1, E2.

Ta có

E1 = 1 · e1 + 0 · e2,

E2 = 1 · e1 + 1 · e2.

Do dó

T =

[
1 1

0 21

]
⇒ T−1 =

[
1 −1

0 1

]
.

Áp du.ng công thú.c (11*) ta có

[
y1

y2

]
= T−1

[
x1

x2

]
=

[
1 −1

0 1

][
1

−2

]
=

[
3

−2

]
.

Do dó y1 = 3, y2 = −2. N

Vı́ du. 5 (phép quay tru.c to.a dô.). Hãy dã̂n ra công thú.c biến dô’i các

to.a dô. cu’a vecto. trong R2 trong mô.t co. so.’ thu du.o.
.c tù. co. so.’ ch́ınh

tá̆c e1 = (1, 0), e2 = (0, 1) sau phép quay tru.c to.a dô. góc ϕ.



5.2. Co. so.’ . D- ô’i co. so.’ 193

Hı̀nh 5.1

Gia’i. Tù. h̀ınh vẽ suy ra rà̆ng vecto. e∗1 lâ.p vó.i các vecto. e1 và e2

các góc tu.o.ng ú.ng bà̆ng ϕ và ϕ− π

2
. Do dó to.a dô. cu’a e∗1 trong co. so.’

e1, e2 là cosϕ và cos
(
ϕ− π

2

)
= sinϕ:

e∗1 = cosϕ · e1 + sinϕ · e2

Vecto. e∗2 lâ.p vó.i e1 và e2 các góc tu.o.ng ú.ng bà̆ng
π

2
+ ϕ và ϕ. Do dó

to.a dô. cu’a nó trong co. so.’ e1, e2 là cos
(π

2
+ ϕ

)
= − sinϕ và cosϕ:

e∗2 = − sinϕ · e1 + cosϕ · e2.

Nhu. vâ.y

e∗1 = cosϕ · e1 + sinϕ · e2,

e∗2 = − sinϕ · e1 + cosϕ · e2.

và tù. dó

Tee∗ =

[
cosϕ − sinϕ

sinϕ cosϕ

]

T−1
ee∗ =

[
cosϕ sinϕ

− sinϕ cosϕ

]
.

Do vâ.y các to.a dô. cu’a vecto. trong co. so.’ cũ và mó.i liên hê. bo.’ i các hê.
thú.c

x = x∗ cosϕ− y∗ sinϕ,

y = x∗ sinϕ+ y∗ cosϕ.

}

x∗ = x cosϕ+ y sinϕ,

y∗ = −x sinϕ+ y cosϕ.

}
N
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Vı́ du. 6. Gia’ su.’ x = (3,−1, 0) là vecto. cu’a R3 vó.i co. so.’ E1, E2, E3.

Tı̀m to.a dô. cu’a x dối vó.i co. so.’

E1 = 2E1 − E2 + 3E3,

E2 = E1 + E3,

E3 = −E2 + 2E3.

Gia’i. Tù. các khai triê’n E1, E2 và E3 theo co. so.’ E1, E2, E3 ta có ma

trâ.n chuyê’n

T =




2 1 0

−1 0 −1

3 1 2




tù. co. so.’ E1, E2, E3 sang co. so.’ E1, E2, E3.

Ta ký hiê.u x1, x2, x3 là to.a dô. cu’a x trong co. so.’ E1, E2, E3. Ta có



x1

x2

x3


 = T−1




3

−1

0




Vı̀ T−1 =




1 −2 −1

−1 4 2

−1 1 1


 nên



x1

x2

x3


 =




1 −2 −1

−1 4 2

−1 1 1







3

−1

0


 =




5

−7

−4


 .

Vâ.y trong co. so.’ mó.i E1, E2, E3 ta có

x = (5,−7,−4). N

Vı́ du. 7. Trong không gian R2 cho co. so.’ E1, E2 và các vecto. E1 =

e1 − 2e2, E2 = 2e1 + e2, x = 3e1 − 4e2.
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1+ Chú.ng minh rằng E1, E2 lâ.p thành co. so.’ cu’a R2.

2+ Tı̀m to.a dô. vecto. x trong co. so.’ E1, E2.

3+ Tı̀m to.a dô. cu’a vecto. x trong co. so.’ E2, E1.

Gia’i. 1+ Ta lâ.p ma trâ.n các to.a dô. cu’a E1 và E2:

A =

[
1 −2

2 1

]
⇒ detA = 5 6= 0.

Do dó hê. hai vecto. E1, E2 là dltt trong không gian 2-chiè̂u R2 nên nó

lâ.p thành co. so.’ .

2+ Trong co. so.’ dã cho vecto. x có to.a dô. là (3,−4). Gia’ su.’ trong

co. so.’ E1, E2 vecto. x có to.a dô. (x1, x2). Ta lâ.p ma trâ.n chuyê’n tù. co.

so.’ E1, E2 dến co. so.’ E1, E2:

T =

[
1 2

−2 1

]
⇒ T−1 =

1

5

[
1 2

−2 1

]

Khi dó

[
x1

x2

]
= T−1

[
3

−4

]
⇒

[
x1

x2

]
=

1

5

[
1 −2

2 1

][
3

−4

]
=

1

5

[
11

2

]
=




11

5
2

5


 .

Vâ.y x1 =
11

5
, x2 =

+2

5
.

3+ Vı̀ E1, E2 là co. so.’ cu’a R2 nên E2, E1 cũng là co. so.’ cu’a R2. Ma

trâ.n chuyê’n tù. co. so.’ E1, E2 dến co. so.’ E2, E1 có da.ng

A∗ =

[
2 1

1 −2

]
, A∗−1 = −1

5

[
−2 −1

−1 2

][
3

−4

]
= −1

5

[
−2

−11

]
=




2

5
11

5




Do dó x1 =
2

5
, x2 =

11

5
trong co. so.’ E2, E1.

Vı́ du. 8. Trong không gian R3 cho co. so.’ E1, E2, E3 nào dó và trong

co. so.’ dó các vecto. E1, E2, E3 và x có to.a dô. là E1 = (1, 1, 1); E2 =

(1, 2, 2), E3 = (1, 1, 3) và x = (6, 9, 14).
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1+ Chú.ng minh rằng E1, E2, E3 cũng lâ.p thành co. so.’ trong R3.

2+ Tı̀m to.a dô. cu’a x trong co. so.’ E1, E2, E3.

Gia’i. 1+ tu.o.ng tu.
. nhu. trong v́ı du. 7, ha.ng cu’a hê. ba vecto.

E1, E2, E3 bà̆ng 3 nên hê. vecto. dó dô.c lâ.p tuyến t́ınh trong không

gian 3-chiè̂u nên nó lâ.p thành co. so.’ cu’a R3.

2+ Dê’ t̀ım to.a dô. cu’a x trong co. so.’ E1, E2, E3 ta có thê’ tiến hành

theo hai phu.o.ng pháp sau.

(I) Vı̀ E1, E2, E3 lâ.p thành co. so.’ cu’a R3 nên

x = x1E1 + x2E2 + x3E3

⇒ (6, 9, 14) = x1(1, 1, 1) + x2(1, 2, 2) + x3(1, 1, 3)

và do dó x1, x2, x3 là nghiê.m cu’a hê.

x1 + x2 + x3 = 6,

x1 + 2x+ x3 = 9,

x1 + 2x2 + 3x3 = 14.





⇒ x1 =
1

2
, x2 = 3, x3 =

5

2
·

(II) Lâ.p ma trâ.n chuyê’n tù. co. so.’ E1, E2, E3 sang co. so.’ E1, E2, E3:

TEE =




1 1 1

1 2 1

1 2 3


⇒ T−1

EE =
1

2




4 −1 −1

−2 2 0

0 −1 1


 .

Do dó



x1

x2

x3


 = T−1

EE




6

9

14


 =

1

2




1

6

5


 =




1

2
3
5

2




và thu du.o.
.c kết qua’ nhu. tronng (I). N

BÀI TÂ. P
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1. Chú.ng minh rằng các hê. vecto. sau dây là nhũ.ng co. so.’ trong không

gian R4:

1) e1 = (1, 0, 0, 0); e2 = (0, 1, 0, 0); e3 = (0, 0, 1, 0); e4 = (0, 0, 0, 1).

2) E1 = (1, 1, 1, 1); E2 = (0, 1, 1, 1); E3 = (0, 0, 1, 1); E4 = (0, 0, 0, 1).

2. Chú.ng minh rằng hê. vecto. do.n vi.:

e1 = (1, 0, . . . , 0︸ ︷︷ ︸
n−1

); e2 = (0, 1, 0, . . . , 0), . . . , en = (0, 0, . . . , 0︸ ︷︷ ︸
n−1

, 1)

lâ.p thành co. so.’ trong Rn. Co. so.’ này du.o.
.c go. i là co. so.’ ch́ınh tắc.

3. Chú.ng minh rằng hê. vecto.

E1 = (1, 0, . . . , 0),

E2 = (1, 1, . . . , 0),

. . . . . . . . .

En = (1, 1, . . . , 1)

là mô.t co. so.’ trong Rn.

4. Chú.ng minh rằng hê. vecto.

E1 = (1, 2, 3, . . . , n− 1, n),

E2 = (1, 2, 3, . . . , n− 1, 0),

. . . . . . . . . . . . . . .

En = (1, 0, 0, . . . , 0, 0)

lâ.p thành co. so.’ trong không gian Rn.

5. Hãy kiê’m tra xem mỗi hê. vecto. sau dây có lâ.p thành co. so.’ trong

không gian R4 không và t̀ım các to.a dô. cu’a vecto. x = (1, 2, 3, 4) trong

mõ̂i co. so.’ dó.

1) a1 = (0, 1, 0, 1); a2 = (0, 1, 0,−1); a3 = (1, 0, 1, 0);

a4 = (1, 0,−1, 0). (DS. 3,−1, 2,−1)

2) a1 = (1, 2, 3, 0); a2 = (1, 2, 0, 3); a3 = (1, 0, 2, 3);



198 Chu.o.ng 5. Không gian Euclide Rn

a4 = (0, 1, 2, 3). (DS.
2

3
,−1

6
,
1

2
, 1)

3) a1 = (1, 1, 1, 1); a2 = (1,−1, 1,−1); a3 = (1,−1, 1, 1);

a4 = (1,−1,−1,−1). (DS.
3

2
,−1

2
, 1,−1)

4) a1 = (1,−2, 3,−4); a2 = (−4, 1,−2, 3); a3 = (3,−4, 1,−2);

a4 = (−2, 3,−4, 1). (DS. −13

10
,− 7

10
,−13

10
,−17

10
)

Nhâ. n xét. Ta nhá̆c la. i rà̆ng các ký hiê.u e1, e2, . . . , en du.o.
.c dùng dê’

chı’ các vecto. do.n vi. cu’a tru.c xi (i = 1, 2, . . . , n):

ei = (1, 0, . . . , 0︸ ︷︷ ︸
n−1

), e2 = (0, 1, 0, . . . , 0), . . . , en = (0, . . . , 0︸ ︷︷ ︸
n−1

, 1)

6. Tı̀m ma trâ.n chuyê’n tù. co. so.’ e1, e2, e3 dến co. so.’ e2, e3, e1.

(DS.




0 0 1

1 0 0

0 1 0


)

7. Tı̀m ma trâ.n chuyê’n tù. co. so.’ e1, e2, e3, e4 dến co. so.’ e3, e4, e2, e1.

(DS.




0 0 0 1

0 0 1 0

1 0 0 0

0 1 0 0


)

8. Cho ma trâ.n

[
−1 1

2 0

]
là ma trâ.n chuyê’n tù. co. so.’ e1, e2 dến co. so.’

E1, E2. Tı̀m to.a dô. cu’a vecto. E1, E2.

(DS. E1 = (−1, 2); E2 = (1, 0))

9. Gia’ su.’




1 2 −1

3 1 0

2 0 1



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là ma trâ.n chuyê’n tù. co. so.’ e1, e2, e3 dến co. so.’ E1, E2, E3. Tı̀m to.a dô.
cu’a vecto. E2 trong co. so.’ e1, e2, e3. (DS. E2 = (2, 1, 0))

10. Tı̀m ma trâ.n chuyê’n tù. co. so.’ e1, e2, e3 dến co. so.’

E1 = 2e1 − e3 + e2; E2 = 3e1 − e2 + e3; E3 = e3.

(DS.




2 3 0

1 −1 0

−1 1 1


)

11. Tı̀m ma trâ.n chuyê’n tù. co. so.’ e1, e2, e3 dến co. so.’

E1 = e2 + e3; E2 = −e1 + 2e3; E3 = e1 + e2.

(DS.




0 −1 1

1 0 1

1 2 0


)

12. Tı̀m ma trâ.n chuyê’n tù. co. so.’ e1, e2, e3, e4 dến co. so.’

E1 = 2e2 + 3e3 + e4; E2 = e1 − 2e2 + 3e3 − e4; E3 = e1 + e4;

E4 = 2e1 + e2 − e3 + e4.

(DS.




0 1 1 2

2 −2 0 1

3 3 0 −1

1 −1 1 1


)

13. Cho
[

2 1

−1 2

]

là ma trâ.n chuyê’n tù. co. so.’ e1, e2 dến co. so.’ E1, E2. Tı̀m to.a dô. cu’a các

vecto. e1, e2 trong co. so.’ E1, E2.

(DS. e1 =
(2

5
,
1

5

)
. e2 =

(
− 1

5
,
2

5

)
)

Chı’ dã̂n. Tù. ma trâ.n dã cho t̀ım khai triê’n E1, E2 theo co. so.’ e1, e2.

Tù. dó t̀ım khai triê’n e1, e2 theo co. so.’ E1, E2.



200 Chu.o.ng 5. Không gian Euclide Rn

14. Cho ma trâ.n




1 −1 3

5 1 2

1 4 −1




là ma trâ.n chuyê’n tù. co. so.’ e1, e2, e3 dến co. so.’ E1, E2, E3. Tı̀m to.a dô.
vecto. e2 trong co. so.’ E1, E2, E3.

(DS. e2 =
(11

41
,− 4

41
,− 5

41

)
)

15. Cho ma trâ.n




1 0 1

0 0 2

−1 3 1




là ma trâ.n chuyê’n tù. co. so.’ e1, e2, e3 dến co. so.’ E1, E2, E3. Tı̀m to.a dô.
các vecto. e1, e2, e3 trong co. so.’ E1, E2, E3.

(DS. e1 =
(
1,

1

3
, 0
)
, e2 =

(
− 1

2
,−1

3
,
1

2

)
, e3 =

(
0,

1

3
, 0
)
)

16. Trong co. so.’ e1, e2 vecto. x có to.a dô. là (1; 2). Tı̀m to.a dô. cu’a

vecto. dó trong co. so.’ E1 = e1 + 2e2; E2 = −e1 + e2.

(DS. x =
(
− 1

3
,−4

3

)
)

17. Trong co. so.’ e1, e2 vecto. x có to.a dô. là (−3; 1). Tı̀m to.a dô. cu’a

vecto. dó trong co. so.’ E1 = −2e1 + e2; E2 = e2.

(DS. x =
(3

2
,−1

2

)
)

18. Trong co. so.’ e1, e2, e3 vecto. x có to.a dô. là (−1; 2; 0). Tı̀m to.a dô.
cu’a vecto. dó trong co. so.’ E1 = 2e1 − e2 + 3e3, E2 = −3e1 + e2 − 2e3;

E3 = 4e2 + 5e3. (DS. (−0, 68;−0, 12; 0, 36))

19. Trong co. so.’ e1, e2, e3 vecto. x có to.a dô. là (1,−1, 0). Tı̀m to.a dô.
cu’a vecto. dó trong co. so.’ : E1 = 3e1 + e2 + 6e3, E2 = 5e1 − 3e2 + 7e3,

E3 = −2e1 + 2e2 − 3e3.
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(DS. x = (−0, 6; 1, 2; 1, 6))

20. Trong co. so.’ e1, e2, e3 vecto. x có to.a dô. là (4, 0,−12). Tı̀m to.a

dô. cu’a vecto. dó trong co. so.’ E1 = e1 + 2e2 + e3, E2 = 2e1 + 3e2 + 4e3,

E3 = 3e1 + 4e2 + 3e3.

(DS. x = (−4,−8, 8))

21. Trong không gian vó.i mô.t co. so.’ là e1, e2, e3 cho các vecto. E1 =

e1 + e2, E2 = 2e1 − e2 + e3, E3 = e2 − e3.

1) Chú.ng minh rà̆ng E1, E2, E3 lâ.p thành co. so.’ .

2) Tı̀m to.a dô. cu’a vecto. x = e1 + 8e2 − 5e3 trong co. so.’ E1, E2, E3.

(DS. x = (3,−1, 4))

22. Trong co. so.’ e1, e2, e3 cho các vecto. a = (1, 2, 3), b = (0, 3, 1),

c = (0, 0, 2), d = (4, 3, 1). Chú.ng minh rằng các vecto. a, b, c lâ.p thành

co. so.’ và t̀ım to.a dô. cu’a vecto. d trong co. so.’ dó.

(DS. d
(
4,−5

3
,−14

3

)
)

5.3 Không gian vecto. Euclid. Co. so.’ tru.
.c

chuâ’n

Không gian tuyến t́ınh thu.
.c V du.o.

.c go. i là không gian Euclid nếu trong

V du.o.
.c trang bi. mô.t t́ıch vô hu.́o.ng, tú.c là nếu vó.i mõ̂i că.p phà̂n tu.’

x, y ∈ V dè̂u tu.o.ng ú.ng vó.i mô.t số thu.
.c (ký hiê.u là 〈x, y〉) sao cho

∀x, y, z ∈ V và số α ∈ R phép tu.o.ng ú.ng dó tho’a mãn các tiên dè̂ sau

dây

(I) 〈x, y〉 = 〈y, x〉;
(II) 〈x + y, z〉 = 〈x, z〉 + 〈y, z〉;
(III) 〈αx, y〉 = α〈x, y〉;
(IV) 〈x, x〉 > 0 nếu x 6= θ.

Trong không gian vecto. Rn dối vó.i că.p vecto. a = (a1, a2, . . . , an),
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b = (b1, b2, . . . , bn) th̀ı quy tắc tu.o.ng ú.ng

〈a, b〉 =
n∑

i=1

aibi = a1b1 + a2b2 + · · · + anbn (5.12)

sẽ xác di.nh mô.t t́ıch vô hu.́o.ng cu’a hai vecto. a và b.

Nhu. vâ.y không gian Rn vó.i t́ıch vô hu.́o.ng xác di.nh theo công

thú.c (5.12) tro.’ thành không gian Euclid. Do dó khi nói vè̂ không gian

Euclid Rn ta luôn luôn hiê’u là t́ıch vô hu.́o.ng trong dó xác di.nh theo

(5.12).

Gia’ su.’ x ∈ Rn. Khi dó số
√

〈x, x〉 du.o.
.c go. i là dô. dài (hay chuâ’n)

cu’a vecto. x và du.o.
.c ký hiê.u là ‖x‖. Nhu. vâ.y

‖x‖ def
=
√

〈x, x〉 (5.13)

Vecto. x vó.i dô. dài = 1 du.o.
.c go. i là du.o.

.c chuâ’n hóa hay vecto. do.n

vi.. Dê’ chuâ’n hóa mô.t vecto. khác θ bất kỳ ta chı’ cà̂n nhân nó vó.i số

λ =
1

‖x‖ .

Dô. dài có các t́ınh chất

1+ ‖x‖ = 0 ⇔ x = θ.

2+ ‖λx‖ = |λ| ‖x‖, ∀λ ∈ R.

3+ |〈x, y〉| 6 ‖x‖ ‖y‖ (bất dă’ng thú.c Cauchy-Bunhiakovski)

4+ ‖x + y‖ 6 ‖x‖ + ‖y‖ (bất dă’ng thú.c tam giác hay bất dă’ng

thú.c Minkovski).

Tù. bất dă’ng thú.c 3+ suy rằng vó.i hai vecto.khác θ bất kỳ x, y ∈ Rn

ta dè̂u có

|〈x, y〉|
‖x‖ ‖ cos y‖ 6 1 ⇔ −1 6

〈x, y〉
‖x‖ ‖y‖ 6 1.

Số
〈x, y〉

‖x‖ ‖y‖ có thê’ xem nhu. cosin cu’a góc ϕ nào dó. Góc ϕ mà

cosϕ =
〈x, y〉

‖x‖ ‖y‖
, 0 6 ϕ 6 π (5.14)
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.c chuâ’n 203

du.o.
.c go. i là góc giũ.a hai vecto. x và y.

Hai vecto. x, y ∈ Rn du.o.
.c go. i là vuông góc hay tru.

.c giao nếu t́ıch

vô hu.́o.ng cu’a chúng bà̆ng 0: 〈x, y〉 = 0.

Hê. vecto. a1, a2, . . . , am ∈ Rn du.o.
.c go. i là hê. tru.

.c giao nếu chúng

tru.
.c giao tù.ng dôi mô.t, tú.c là nếu 〈ai, aj〉 = 0 ∀i 6= j.

Hê. vecto. a1, a2, . . . , am ∈ Rn du.o.
.c go. i là hê. tru.

.c giao và chuâ’n

hóa (hay hê. tru.
.c chuâ’n) nếu

〈ai, ai〉 = δij =





0 nếu i 6= j

1 nếu i = j

D- i.nh lý 5.3.1. Mo. i hê. tru.
.c giao các vecto. khác không dè̂u là hê. dô. c

lâ. p tuyến t́ınh.

Hê. gò̂m n vecto. E1, E2, . . . , En ∈ Rn du.o.
.c go. i là co. so.’ tru.

.c giao

nếu nó là mô.t co. so.’ gò̂m các vecto. tru.
.c giao tù.ng dôi mô.t.

Trong không gian Rn tò̂n ta. i nhũ.ng co. so.’ dă.c biê.t tiê.n lo.
.i du.o.

.c

go. i là nhũ.ng co. so.’ tru.
.c chuâ’n (vai trò nhu. co. so.’ Dêcác vuông góc

trong h̀ınh ho.c gia’ i t́ıch).

Hê. gò̂m n vecto. E1, E2, . . . , En ∈ Rn du.o.
.c go. i là mô.t co. so.’ tru.

.c

chuâ’n cu’a Rn nếu các vecto. này tù.ng dôi mô.t tru.
.c giao và dô. dài cu’a

mõ̂i vecto. cu’a hê. dè̂u bà̆ng 1, tú.c là

(Ei, Ek) =





0 nếu i 6= k,

1 nếu i = k.

D- i.nh lý 5.3.2. Trong mo. i không gian Euclid n-chiè̂u dè̂u tò̂n ta. i co.

so.’ tru.
.c chuâ’n.

Dê’ có diè̂u dó ta có thê’ su.’ du.ng phép tru.
.c giao hóa Gram-Smidth

du.a mô.t co. so.’ vè̂ co. so.’ tru.
.c chuâ’n. Nô. i dung cu’a thuâ.t toán dó nhu.

sau

Gia’ su.’ E1 = a1. Tiếp dó phép du.
.ng du.o.

.c tiến hành theo quy na.p.
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Nếu E1, E2, . . . , Ei dã du.o.
.c du.

.ng th̀ı Ei+1 có thê’ lấy

Ei+1 = ai+1 +

i∑

j=1

αjaj,

trong dó

αj = −〈ai+1, Ej〉
〈Ej , Ej〉

, j = 1, i

du.o.
.c t̀ım tù. diè̂u kiê.n Ei+1 tru.

.c giao vó.i mo.i vecto. E1, E2, . . . , Ei.

CÁC VÍ DU.

1. Trong các phép toán du.́o.i dây phép toán nào là t́ıch vô hu.́o.ng cu’a

hai vecto. x = (x1, x2, x3), y = (y1, y2, y3) ∈ R3:

1) 〈x, y〉 = x2
1y

2
1 + x2

2y
2
2 + x2

3y
2
3;

2) 〈x, y〉 = x1y1 + 2x2y2 + 3x3y3;

3) 〈x, y〉 = x1y1 + x2y2 − x3y3.

Gia’i. 1) Phép toán này không là t́ıch vô hu.́o.ng v̀ı nó không tho’a

mãn tiên dè̂ III cu’a t́ıch vô hu.́o.ng:

〈αx, y〉 = α2x2
1y

2
1 + α2x2

2y
2
2 + α2x2

3y
2
3 6= α(x2

1y
2
1 + x2

2y
2
2 + x2

3y
2
3)

2) Phép toán này là t́ıch vô hu.́o.ng. Thâ.t vâ.y, hiê’n nhiên các tiên

dè̂ I và II tho’a mãn. Ta kiê’m tra các tiên dè̂ III và IV.

Gia’ su.’ x′ = (x′1, x
′
2, x

′
3), x

′′ = (x′′1, x
′′
2, x

′′
3) ∈ R3. Khi dó

〈x′ + x′′, y〉 = (x′1 + x′′1)y1 + 2(x′2 + x′′2)y2 + 3(x′3 + x′′3)y3

= (x′1y1 + 2x′2y2 + 3x′3y3) + (x′′1y1 + 2x′′2y2 + 3x′′3y3)

= 〈x′, y〉 + 〈x′′, y〉.

Tiếp theo ta xét

〈x, x〉 = x2
1 + 2x2

2 + 3x2
3 > 0 và

〈x, x〉 = 0 ⇔ x2
1 + 2x2

2 + 3x2
3 = 0 ⇔ x1 = x2 = x3 = 0 ⇔ x = θ.N
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Vı́ du. 2. Tı̀m dô. dài các ca.nh và góc trong ta. i A cu’a tam giác vó.i

dı’nh A(2, 1,−2,−3), B(2,−1, 2, 1) và C(6, 5,−2,−1).

Gia’i. Ta t̀ım to.a dô. cu’a các vecto.
−→
AB,

−→
AC và

−→
BC. Ta có

−→
AB(0,−2, 4, 4),

−→
AC(4, 4, 0, 2),

−→
BC(4, 6,−4,−2).

Áp du.ng di.nh ngh̃ıa dô. dài vecto. trong co. so.’ tru.
.c chuâ’n ta có

‖
−→
AB‖ =

√
02 + (−2)2 + 42 + 42 =

√
36 = 6

và tu.o.ng tu.
. ‖

−→
AC‖ = 6, ‖

−→
BC‖ = 6

√
2. Theo công thú.c (5.14) ta có

cosA =
〈
−→
AB,

−→
AC〉

‖AB‖ · ‖AC‖ =
0 · 4 + (−2) · 4 + 4 · 0 + 4 · 2

6 · 6 = 0.

Do dó Â =
π

2
. N

Vı́ du. 3. Chú.ng minh rà̆ng trong bất dă’ng thú.c Cauchy-Bunhiakovski

|〈a, b〉| 6 ‖a‖ · ‖b‖ dấu bà̆ng “=” da.t du.o.
.c khi và chı’ khi a và b phu.

thuô.c tuyến t́ınh.

Gia’i. 1) Nếu a = λb th̀ı

|〈a, b〉| = |〈λb, b〉 = |λ| ‖b‖2 = ‖λb‖ · ‖b‖ = ‖a‖ ‖b‖.

Ngu.o.
.c la. i, nếu |〈a, b〉| = ‖a‖ ‖b‖ th̀ı

〈
a− 〈a, b〉

‖b‖2
b, a− 〈a, b〉

‖b‖2
b
〉

= ‖a‖2 − 2
〈a, b〉
‖b‖2

〈a, b〉 +
〈a, b〉2

‖b‖4
‖b‖2 =

= ‖a‖2 − 2
‖a‖2‖b‖2

‖b‖2
+

‖a‖2‖b‖2‖b‖2

‖b‖4
= 0.

Nhu.ng t́ıch vô hu.́o.ng 〈x, x〉 = 0 ⇔ x = θ. Tù. dó suy ra rà̆ng a =
〈a, b〉
‖b‖2

b, tú.c là a, b phu. thuô.c tuyến t́ınh. N

Vı́ du. 4. Hê. các vecto. do.n vi. trong Rn vó.i t́ıch vô hu.́o.ng (5.12)

e1 = (1, 0, 0, . . . , 0)

e2 = (0, 1, 0, . . . , 0)

. . . . . . . . . . . .

en = (0, 0, 0, . . . , 1)



206 Chu.o.ng 5. Không gian Euclide Rn

là mô.t v́ı du. vè̂ co. so.’ tru.
.c chuâ’n trong Rn. Co. so.’ này go. i là co. so.’

ch́ınh tá̆c trong Rn.

Gia’i. Hiê’n nhiên 〈ei, ej〉 = 0 ∀ i 6= j, ‖ej‖ = 1 ∀ j = 1, n. Tù. dó

thu du.o.
.c diè̂u cà̂n chú.ng minh. N

Vı́ du. 5. To.a dô. cu’a vecto. a ∈ Rn bất kỳ dối vó.i co. so.’ tru.
.c chuâ’n

bà̆ng t́ıch vô hu.́o.ng cu’a vecto. dó vó.i vecto. co. so.’ tu.o.ng ú.ng.

Gia’i. Gia’ su.’ a ∈ Rn và E1, E2, . . . , En là mô.t co. so.’ tru.
.c chuâ’n cu’a

Rn. Khi dó

a =

n∑

i=1

λiEi.

Nhân vô hu.́o.ng dă’ng thú.c này vó.i Ek, k = 1, 2, . . . , n ta thu du.o.
.c

〈a, Ek〉 = λk, k = 1, 2, . . . , n.

Do dó

a =

n∑

i=1

〈a, Ei〉Ei ∀ a ∈ Rn.

Số λk = 〈a, Ek〉 k = 1, 2, . . . , n ch́ınh là to.a dô. cu’a vecto. a ∈ Rn theo

co. so.’ tru.
.c chuâ’n dã cho. N

Vı́ du. 6. 1) Trong không gian R3 vó.i t́ıch vô hu.́o.ng (5.12) cho co.

so.’ E1 = (1, 2, 1); E2 = (1, 1, 0); E3 = (2, 0, 0). Hãy dùng phu.o.ng pháp

tru.
.c giao hóa dê’ t̀ım co. so.’ tru.

.c giao trong R3 tù. co. so.’ dã cho.

2) Trong không gian R3 vó.i t́ıch vô hu.́o.ng (5.12) cho co. so.’ E1 =

(1,−1, 1), E2 = (2,−3, 4), E3 = (2, 2, 6). Hãy du.
.ng co. so.’ tru.

.c chuâ’n

trong R3 theo co. so.’ dã cho.

Gia’i. 1) Tru.́o.c hết ta cho.n E1 = E1 = (1, 2, 1). Tiếp theo dă.t

E2 = E2 + λE1 sao cho 〈E2, E1〉 = 0, tú.c là

〈E2, E1〉 = 〈E1, E2〉 + λ〈E1, E1〉 = 0.
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Nhu.ng 〈E1, E1〉 6= 0 (cu. thê’ là > 0) v̀ı E1 = E1 6= θ. Do dó

λ = − 〈E1, E2〉
〈E1, E1〉

= −〈(1, 2, 1), (1, 1, 0)〉
12 + 22 + 12

= −1

2
·

Do dó

E2 = (1, 1, 0) − 1

2
(1, 2, 1) =

(1

2
, 0,−1

2

)
.

Tiếp theo dă.t

E3 = E3 + αE1 + βE2

sao cho 〈E3, E1〉 = 〈E3, E2〉 = 0. Tu.o.ng tu.
. nhu. trên, tù. diè̂u kiê.n

〈E3, E1〉 = 0 ta có α = −1

3
và tù. diè̂u kiê.n 〈E3, E2〉 = 0 ta có β = −2.

Do dó

E3 = E3 −
1

3
E1 − 2E2 =

(2

3
,−2

3
,
2

3

)

và thu du.o.
.c co. so.’ tru.

.c giao

E1 = (1, 2, 1), E2 =
(1

2
, 0,−1

2

)
, E3 =

(2

3
,−2

3
,
2

3

)
.

2) Tu.o.ng tu.
. nhu. phà̂n 1), dà̂u tiên ta dă.t

E1 = E1 = (1,−1, 1)

E2 = E2 + λE1

sao cho 〈E2, E1〉 = 0. Tù. dó thu du.o.
.c

λ = − 〈E1, E2〉
〈E1, E1〉

= −2 + 3 + 4

3
= −3,

và do dó

E2 = (−1, 0, 1).
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Tiếp theo ta t̀ım

E3 = E3 + αE1 + βE2

sao cho 〈E3, E1〉 = 0, 〈E3, E2〉 = 0 và tù. dó thu du.o.
.c

α = − 〈E1, E3〉
〈E1, E1〉

= −2; β = − 〈E2, E3〉
〈E2, E2〉

= −2.

Nhu. vâ.y

E3 = (2, 4, 2).

Sau cùng ta chuâ’n hóa các vecto.E1, E2, E3 và thu du.o.
.c co. so.’ tru.

.c

chuâ’n

e1 =
( 1√

3
,− 1√

3
,

1√
3

)
, e2 =

(
− 1√

2
, 0,

1√
2

)
,

e3 =
( 1√

6
,

2√
6
,

1√
6

)
. N

Vı́ du. 7. Hãy bô’ sung cho hê. tru.
.c giao gò̂m ba vecto. trong R4:

b1 = (1, 1, 1, 1), b2 = (2, 2,−2,−2), b3 =
(
− 1

2
,
1

2
,−7

2
,
7

2

)

dê’ thu du.o.
.c co. so.’ tru.

.c giao trong không gian dó.

Gia’i. Ta có thê’ bô’ sung bà̆ng hai cách

1+ Vı̀ số vecto. cu’a hê. dã cho nho’ ho.n 4 (là số chiè̂u cu’a không

gian R4) nên trong không gian R4 ta có thê’ cho.n vecto. a4 sao cho hê.
vecto. b1, b2, b3, a4 dô.c lâ.p tuyến t́ınh và sau dó áp du.ng phép tru.

.c giao

hóa Gram-Smidth.

2+ Ta có thê’ cho.n vecto.x = (x1, x2, x3, x4) dò̂ng thò.i tru.
.c giao vó.i

các vecto. b1, b2, b3, tú.c là thu du.o.
.c hê. phu.o.ng tr̀ınh

x1 + x2 + x3 + x4 = 0,

2x1 + 2x2 − 2x3 − 2x4 = 0,

−1

2
x1 +

1

2
x2 −

7

2
x3 +

7

2
x4 = 0.
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Chă’ng ha.n, tù. hê. dó ta có x = (7,−7,−1, 1). N

Vı́ du. 8. 1+ Chú.ng to’ rà̆ng các vecto. x1 = (1, 1, 1, 2) và x2 =

(1, 2, 3,−3) là tru.
.c giao vó.i nhau.

2+ Hãy bô’ sung cho hê. hai vecto. dó dê’ thu du.o.
.c co. so.’ tru.

.c giao

cu’a R4.

Gia’i. 1+ Ta có

〈x1, x2〉 = 1 · 1 + 1 · 2 + 1 · 3 − 2 · 3 = 0.

Do dó chúng tru.
.c giao.

2+ Gia’ su.’ x3 = (α, β, γ, 0), trong dó α, β, γ du.o.
.c xác di.nh tù. các

diè̂u kiê.n 〈x3, x1〉 = 0, 〈x3, x2〉 = 0 tú.c là

α + β + γ = 0

α+ 2β + 3γ = 0.

Tù. dó x3 = (1,−2, 1, 0).

Bây giò. ta sẽ bô’ sung thêm cho hê. vecto. x1, x2, x3 mô.t vecto. nũ.a.

Gia’ su.’ x4 = (α, β, γ, δ), trong dó các to.a dô. α, β, γ, δ du.o.
.c xác di.nh

tù. các dă’ng thú.c:

〈x4, x1〉 = 0, 〈x4, x2〉 = 0, 〈x4, x2〉 = 0.

Tù. dó

α+ β + γ + 2δ = 0,

α+ β + 3γ − 3δ = 0,

α− 2β + γ = 0.

Tù. dó thu du.o.
.c x4 = (−25,−4, 17, 6). Nhu. vâ.y ta dã bô’ sung thêm

hai vecto. x3, x4 và thu du.o.
.c hê. vecto. tru.

.c giao x1, x2, x3, x4 trong

không gian 4-chiè̂u. Dó là co. so.’ tru.
.c giao. N

BÀI TÂ. P
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1. Gia’ su.’ a = (a1, a2), b = (b1, b2) là nhũ.ng vecto. tùy ý cu’a R2. Trong

các quy tá̆c sau dây, quy tá̆c nào xác di.nh t́ıch vô hu.́o.ng trên R2:

1) 〈a, b〉 = a1b1 + a2b2.

2) 〈a, b〉 = ka1b1 + `a2b2, k, ` 6= 0.

3) 〈a, b〉 = a1b1 + a1b2 + a2b1.

4) 〈a, b〉 = 2a1b1 + a1b2 + a2b1 + a2b2.

5) 〈a, b〉 = 3a1b1 + a1b2 + a2b1 − a2b2.

(DS. 1), 2) và 4) xác di.nh t́ıch vô hu.́o.ng

3) và 5) không xác di.nh t́ıch vô hu.́o.ng).

2. Trong không gian Euclide R4, xác di.nh góc giũ.a các vecto.:

1) a = (1, 1, 1, 1), b = (3, 5, 1, 1). (DS. arccos
5

6
)

2) a = (1, 1, 1, 1), b = (3,−5, 1, 1). (DS.
π

2
)

3) a = (1, 1, 1, 1), b = (−3,−3,−3,−3). (DS. π)

3. Trong không gian Euclid R4, t̀ım dô. dài cu’a các ca.nh và các góc

cu’a tam giác lâ.p bo.’ i các vecto. a, b, a+ b nếu

1) a và b nhu. trong 2.1)

2) a và b nhu. trong 2.2)

3) a = (2,−1, 2, 4), b = (2,−1, 2,−4).

(DS. 1) ‖a‖ = 2, ‖b‖ = 6, ‖a + b‖ = 2
√

15, cos(â, b) =
5

6
,

cos(â, a+ b) =
7

2
√

15
; cos(b̂, a+ b) =

13

6
√

15
; 2) ‖a‖ = 2, ‖b‖ = 6,

‖a + b‖ = 2
√

10, cos(â, b) = 0, cos(â, a+ b) =
1√
10

, cos(b̂, a+ b) =

3√
10

; 3) ‖a‖ = 5, ‖b‖ = 5, ‖a + b‖ = 6, cos(â, b) = − 7

25
,

cos(â, a+ b) =
4

5
, cos(b̂, a+ b) =

4

15
)

4. Chú.ng minh rằng trong không gian Euclide

1) a ⊥ a⇔ a = θ.

2) Nếu vecto. a ⊥ bi ∀ i = 1, s th̀ı a tru.
.c giao vó.i mo.i tô’ ho.

.p tuyến

t́ınh cu’a b1, . . . , bs.
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3) Hê. các vecto. khác không và tru.
.c giao vó.i nhau tù.ng dôi mô.t là

hê. dô.c lâ.p tuyến t́ınh.

5. Gia’ su.’ mô.t tam giác trong không gian Euclide du.o.
.c lâ.p nên bo.’ i

các vecto. a, b, a+ b. Chú.ng minh:

1) di.nh lý Pithago: Nếu a ⊥ b⇒ ‖a+ b‖2 = ‖a‖2 + ‖b‖2.

2) di.nh lý da’o cu’a di.nh lý Pithago: Nếu ‖a+ b‖2 = ‖a‖2 + ‖b‖2 ⇒
a ⊥ b.

3) di.nh lý hàm cosin:

‖a+ b‖2 = ‖a‖2 + ‖b‖2 + 2‖a‖ ‖b‖ cos(â, b).

4) bất dă’ng thú.c tam giác

‖a‖ − ‖b‖ 6 ‖a+ b‖ ≤ ‖a‖+ ‖b‖.

Chı’ dã̂n. Su.’ du.ng bất dă’ng thú.c Cauchy-Bunhiakovski.

6. Chú.ng minh rằng trong h̀ınh b̀ınh hành du.
.ng trên hai vecto. a và b

tô’ng các b̀ınh phu.o.ng dô. dài cu’a các du.̀o.ng chéo bà̆ng tô’ng các b̀ınh

phu.o.ng dô. dài các ca.nh

‖a+ b‖2 + ‖a− b‖2 = 2‖a‖2 + 2‖b‖2.

7. Chú.ng minh rằng nếu các vecto. a1, a2, . . . , am cu’a không gian

Euclide là tù.ng dôi mô.t tru.
.c giao th̀ı

‖a1 + a2 + · · · + am‖2 = ‖a1‖2 + ‖a2‖2 + · · · + ‖am‖2.

Chı’ dã̂n. Xét t́ıch vô hu.́o.ng

〈a1 + a2 + · · · + am, a1 + a2 + · · · + am〉

8. Áp du.ng quá tr̀ınh tru.
.c giao hóa dối vó.i các hê. vecto. sau dây cu’a

Rn:

1) a1 = (1,−2, 2), a2 = (−1, 0,−1), a3 = (5,−3,−7).
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(DS. E1 = a1 = (1,−2, 2); E2 =
(
− 2

3
,−2

3
,−1

3

)
; E3 = (6,−3,−6))

2) a1 = (1, 1, 1, 1), a2 = (3, 3,−1,−1), a3 = (−2, 0, 6, 8).

(DS. E1 = a1 = (1, 1, 1, 1); E2 = (2, 2,−2,−2), E3 = (−1, 1,−1, 1))

3) a1 = (1, 1, 1, 1); a2 = (3, 3,−1,−1); a3 = (−1, 0, 3, 4).

(DS. E1 = a1 = (1, 1, 1, 1), E2 = (2, 2,−2,−2), E3 =
(

−
1

2
,
1

2
,−7

2
,
7

2

)
)

9. Tru.
.c chuâ’n hóa các hê. vecto. sau dây cu’a không gian R4:

1) a1 = (1, 1, 1, 1), a2 = (1, 1,−3,−3), a3 = (4, 3, 0,−1).

(DS. E1 =
(1

2
,
1

2
,
1

2
,
1

2

)
, E2 =

(1

2
,
1

2
,−1

2
,−1

2

)
, E3 =

(1

2
,−1

2
,
1

2
,−1

2

)
)

2) a1 = (1, 2, 2, 0), a2 = (1, 1, 3, 5), a3 = (1, 0, 1, 0).

(DS. E1 =
(1

3
,
2

3
,
2

3
, 0
)
, E2 =

(
0,− 1

3
√

3
,

1

3
√

3
,

5

3
√

3

)
,

E3 =
( 6√

78
,− 17

3
√

78
,

8

3
√

78
,− 5

3
√

78

)
)

10. Chú.ng to’ rà̆ng các hê. vecto. sau dây trong R4 là tru.
.c giao và bô’

sung cho các hê. dó dê’ tro.’ thành co. so.’ tru.
.c giao:

1) a1 = (1,−2, 1, 3), a2 = (2, 1,−3, 1)

(DS. Chă’ng ha.n, các vecto. a3 = (1, 1, 1, 0), a4 = (−1, 1, 0, 1))

2) a1 = (1,−1, 1,−3), a2 = (−4, 1, 5, 0).

(DS. Chă’ng ha.n, các vecto. a3 = (2, 3, 1, 0) và a4 = (1,−1, 1, 1))

11. Chú.ng to’ rà̆ng các vecto. sau dây trong R4 là tru.
.c giao và bô’ sung

cho các hê. dó dê’ tro.’ thành co. so.’ tru.
.c giao và chuâ’n hóa các co. so.’ dó

1) a1 = (1,−1, 1,−1), a2 = (1, 1, 1, 1).

(DS. E1 =
(1

2
,−1

2
,
1

2
,−1

2

)
, E2 =

(1

2
,
1

2
,
1

2
,
1

2

)
, E3 =

(
−

1√
2
, 0,

1√
2
, 0
)
,
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E4 =
(
0,− 1√

2
, 0,

1√
2

)
)

2) a1 = (1,−1,−1, 3), a2 = (1, 1,−3,−1)

(DS. E1 =
( 1

2
√

3
,− 1

2
√

3
,− 1

2
√

3
,

√
3

2

)
, E2 =

( 1

2
√

3
,

1

2
√

3
,−

√
3

2
,− 1

2
√

3

)
,

E3 =
( 2√

6
,

1√
6
,

1√
6
, 0
)
, E4 =

(
− 1√

6
,

2√
6
, 0,

1√
6

)
)

5.4 Phép biến dô’i tuyến t́ınh

5.4.1 D- i.nh ngh̃ıa

Ánh xa. L : Rn → Rn biến không gian Rn thành ch́ınh nó du.o.
.c go. i là

mô.t phép biến dô’i tuyến t́ınh (bdtt) cu’a không gian Rn nếu nó tho’a

mãn hai diè̂u kiê.n sau dây

(i) Vó.i hai vecto. a và b ∈ Rn bất kỳ

L(a+ b) = L(a) + L(b). (5.15)

(ii) Vó.i vecto. a ∈ Rn bất kỳ và ∀λ ∈ R ta có

L(λa) = λL(a). (5.16)

Hai diè̂u kiê.n (5.15) và (5.16) tu.o.ng du.o.ng vó.i diè̂u kiê.n:

L(λ1a+ λ2b) = λ1L(a) + λ2L(b).

Tù. di.nh ngh̃ıa suy ra: nếu hê. vecto. a1, a2, . . . , am ∈ Rn là pttt th̀ı

hê. các vecto. a’nh f(a1), . . . , f(am) cũng là pttt.

5.4.2 Ma trâ.n cu’a phép bdtt

Gia’ su.’ trong không gian Rn ta cố di.nh mô.t co. so.’ (E) nào dó:

E = {E1, E2, . . . , En}. (5.17)
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Khi dó ∀x ∈ Rn ta có khai triê’n

x = x1E1 + x2e2 + · · · + xnEn.

Mo.i ma trâ.n vuông A =
∥∥aij

∥∥
n×n

dè̂u xác di.nh phép bdtt L theo

công thú.c




y1

y2

· · ·
yn


 =




a11 a12 . . . a1n

a21 a22 . . . a2n

...
...

. . .
...

an1 an2 . . . ann







x1

x2

...

xn




(5.18)

Nói cách khác: dê’ thu du.o.
.c to.a dô. a’nh y = L(x) ta cà̂n nhân ma trâ.n

A vó.i cô.t to.a dô. cu’a x. Viết ra chi tiết ta có

y1 = a11x1 + a12x2 + · · · + a1nxn,

. . . . . . . . . . . . . . . . . . (5.19)

yn = an1x1 + an2x2 + · · · + annxn.

Ngu.o.
.c la. i, trong co. so.’ dã cho.n (5.17) mõ̂i phép bdtt L dè̂u tu.o.ng

ú.ng vó.i mô.t ma trâ.n A = ‖aij‖ cấp n và su.
. tác dô.ng cu’a phép bdtt

du.o.
.c thu.

.c hiê.n theo công thú.c (5.18) hay (5.19).

Viê.c t̀ım ma trâ.n cu’a phép bdtt du.o.
.c tiến hành nhu. sau

1+ Tác dô.ng L lên các vecto. co. so.’ cu’a (5.17) và thu du.o.
.c a’nh

L(Ei), i = 1, n.

2+ Khai triê’n các a’nh L(Ei) theo co. so.’ (5.17):

L(E1) = a11E1 + a21E2 + · · · + an1En,

L(E2) = a12E1 + a22E2 + · · · + an2En,

. . . . . . . . . . . . . . .

L(E\) = a1nE1 + a2nE2 + · · · + annEn.





(5.20)

Tù. các to.a dô. trong (5.20) ta lâ.p ma trâ.n A sao cho to.a dô. cu’a vecto.
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L(Ei), i = 1, n là cô.t thú. i cu’a A, tú.c là

A =




a11 a12 . . . a1n

a21 a22 . . . a2n

...
...

. . .
...

an1 an2 . . . ann




Dó là ma trâ.n cu’a phép bdtt.

Ta lu.u ý rằng khi thay dô’i co. so.’ th̀ı ma trâ.n cu’a phép biến dô’i

tuyến t́ınh sẽ thay dô’i. Gia’ su.’ ma trâ.n chuyê’n tù. co. so.’ (E) dến co. so.’

(E ′) du.o.
.c ký hiê.u là TEE ′, trong dó

E ′ = {E ′
1, E ′

2, . . . , E ′
n}

và A là ma trâ.n phép biến dô’i tuyến t́ınh L theo co. so.’ (5.17). Khi dó,

ma trâ.n B cu’a L theo co. so.’ (E ′) liên hê. vó.i ma trâ.n A cu’a nó theo

co. so.’ (5.17) bo.’ i công thú.c

B = T−1
EE ′ATEE ′ (5.21)

hay là

A = TEE ′BT−1
EE ′ (5.22)

5.4.3 Các phép toán

Gia’ su.’ A và B là hai phép bdtt cu’a không gian Rn vó.i ma trâ.n tu.o.ng

ú.ng là A = ‖aij‖ và B = ‖bij‖ tùy ý.

1+ Tô’ng A + B là phép biến dô’i C sao cho

C(x) = A(x) + B(x) ∀x ∈ Rn

vó.i ma trâ.n tu.o.ng ú.ng là C = A+B = ‖aij‖ + ‖bij‖.
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2+ Tı́ch các phép biến dô’i tuyến t́ınh A vó.i số thu.
.c α ∈ R là phép

biến dô’i αA sao cho

(αA)(x) = αA(x)

vó.i ma trâ.n là α‖aij‖.
3+ Tı́ch AB là phép biến dô’i

C(x) = A(B(x))

vó.i ma trâ.n là C = A ·B.

5.4.4 Vecto. riêng và giá tri. riêng

Vecto. khác không x ∈ Rn du.o.
.c go. i là vecto. riêng cu’a phép biến dô’i

tuyến t́ınh L nếu t̀ım du.o.
.c số λ sao cho dă’ng thú.c sau tho’a mãn

L(x) = λx. (5.23)

Số λ du.o.
.c go. i là giá tri. riêng cu’a phép bdtt L tu.o.ng ú.ng vó.i vecto.

riêng x.

Các t́ınh chất cu’a vecto. riêng

1+ Mõ̂i vecto. riêng chı’ có mô.t giá tri. riêng.

2+ Nếu x1 và x2 là các vecto. riêng cu’a phép bdtt L vó.i cùng mô.t

giá tri. riêng λ th̀ı tô’ng x1 + x2 cũng là vecto. riêng cu’a L vó.i giá tri.
riêng λ.

3+ Nếu x là vecto. riêng cu’a L vó.i giá tri. riêng λ th̀ı mo.i vecto. αx

(α 6= 0) cũng là vecto. riêng cu’a L vó.i giá tri. riêng λ.

Nếu trong không gian Rn dã cho.n mô.t co. so.’ xác di.nh th̀ı (5.23) có

thê’ viết du.́o.i da.ng ma trâ.n

AX = λX (5.24)

và khi dó: mo.i cô.t khác không tho’a mãn (5.24) du.o.
.c go. i là vecto. riêng

cu’a ma trâ.n A tu.o.ng ú.ng vó.i giá tri. riêng λ.
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Vı̀ λX = λEX, trong dó E là ma trâ.n do.n vi. nên (5.24) có thê’

viết du.́o.i da.ng

(A− λE)X = 0

và du.́o.i da.ng to.a dô. ta thu du.o.
.c

(a11 − λ)x1 + a12x2 + · · · + a1nxn = 0,

a21x1 + (a22 − λ)x2 + · · · + a2nxn = 0,

. . . . . . . . . . . . . . .

an1x1 + an2x2 + · · · + (ann − λ)xn = 0.





(5.25)

Dê’ t̀ım các vecto. riêng, tru.́o.c hết cà̂n t̀ım nghiê.m khác 0 cu’a hê.
(5.25). Nghiê.m khác 0 cu’a hê. (5.25) tò̂n ta. i khi và chı’ khi di.nh thú.c

cu’a nó bà̆ng 0, tú.c là

|A− λE| =

∣∣∣∣∣∣∣∣∣∣

a11 − λ a12 . . . a1n

a21 a22 − λ . . . a2n

...
...

. . .
...

an1 an2 . . . ann − λ

∣∣∣∣∣∣∣∣∣∣

= 0. (5.26)

Phu.o.ng tr̀ınh (5.26) du.o.
.c go. i là phu.o.ng tr̀ınh dă. c tru.ng cu’a ma

trâ.n A, còn các nghiê.m cu’a nó go. i là các số dă. c tru.ng hay giá tri. riêng

cu’a ma trâ.n A. Sau khi t̀ım du.o.
.c các số dă.c tru.ng λ1, λ2, . . . , λn ta

cà̂n thay giá tri. λi vào (5.25) dê’ t̀ım các to.a dô. x1, . . . , xn cu’a vecto.

riêng tu.o.ng ú.ng.

CÁC VÍ DU.

Vı́ du. 1. Cho L : R2 → R2

(a1, a2) 7−→ L(a1, a2) = (a1 + a2, 2a1).

1+ Chú.ng minh rằng L là phép biến dô’i tuyến t́ınh.

2+ Tı̀m ma trâ.n cu’a L theo co. so.’ ch́ınh tắc e = {e1, e2}.
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Gia’i. 1+ Gia’ su.’ x = (x1, x2), y = (y1, y2). Khi dó

αx+ βy = α(x1, x2) + β(y1, y2) = (αx1 + βy1, αx2 + βy2)

và do dó

L(αx + βy) = L(αx1 + βy1, αx2 + βy2)

=
[
αx1 + βy1 + αx2 + βy2, 2(αx1 + βy1)

]

=
[
α(x1 + x2) + β(y1 + y2), α2x1 + β2y1

]

=
(
α(x1 + x2), α2x1

)
+
(
β(y1 + y2), β2y1

)

= α(x1 + x2, 2x1) + β(y1 + y2, 2y1)

= αL(x1, x2) + βL(y1, y2)

= αL(x) + βL(y).

Nhu. vâ.y L là phép bdtt.

2+ Dê’ t̀ım ma trâ.n cu’a phép biến dô’i tuyến t́ınh L ta khai triê’n

a’nh L(e1) và L(e2) theo co. so.’ ch́ınh tắc. Ta có

L(e1) = L(1, 0) = (1, 2 · 1) = L(1, 2) = 1 · e1 + 2 · e2,

L(e2) = L(0, 1) = (1, 2 · 0) = L(1, 0) = 1 · e1 + 0 · e2.

Tù. dó thu du.o.
.c

A =

[
1 1

2 0

]
. N

Vı́ du. 2. Xét không gian R3 vó.i co. so.’ E: E1 = (1, 1, 1), E2 = (0, 1, 1),

E3 = (0, 0, 1) và phép biến dô’i L : R3 → R3 xác di.nh bo.’ i dă’ng thú.c

L[(u1, u2, u3)] = (u1, u2 − u1, u3 − u1) ∀u = (u1, u2, u3) ∈ R3.

1+ Chú.ng minh rằng L là phép bdtt.

2+ Tı̀m ma trâ.n cu’a L trong co. so.’ dã cho.n.
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Gia’i. 1+ Gia’ su.’ x = (x1, x2, x3), y = (y1, y2, y3) ∈ R3 và α, β ∈ R.

Ta có

L(αx+ βy) = L
[
α(x1, x2, x3) + β(y1, y2, y3)

]

= L
[
(αx1 + βy1, αx2 + βy2, αx3 + βy3)

]

=
(
αx1 + βy1, αx2 + βy2 − αx1 − βy1, αx3 + βy3 − αx1 − βy1

)

=
(
αx1, α(x2 − x1), α(x3 − x1)

)
+
(
βy1, β(y2 − y1), β(y3 − y2)

)

= α(x1, x2 − x1, x3 − x1) + β(y1, y2 − y1, y3 − y1)

= αL(x) + βL(y).

Vâ.y L là phép biến dô’i phân tuyến t́ınh.

2+ Dê’ t̀ım ma trâ.n cu’a L dối vó.i co. so.’ E1, E2, E3 ta có

L(E1) = L(1, 1, 1) = (1, 1 − 1, 1 − 1) = (1, 0, 0) = E1 + 0 · E2 + 0 · E3,

L(E2) = L(0, 1, 1) = (0, 1, 1) = 0 · E1 + 1 · E2 + 1 · E3,

L(E3) = L(0, 0, 1) = (0, 0, 1) = 0 · E1 + 0 · E2 + 1 · E3.

Tù. dó suy rà̆ng ma trâ.n cu’a L dối vó.i co. so.’ dã cho là

A =




1 0 0

0 1 0

0 1 1


 . N

Vı́ du. 3. Trong không gian R3 cho co. so.’ ch́ınh tắc e = {e1, e2, e3} và

E = {E1, E2, E3}, E1 = 2e1 − e2 + 3e3, E2 = e1 + e3, E3 = −e2 + 2e3 là

mô.t co. so.’ khác và gia’ su.’ L : R3 → R3 là ánh xa. du.o.
.c xác di.nh theo

co. so.’ {e1, e2, e3} nhu. sau

x = (x1, x2, x3) 7−→ f(x) = (x, x1 + x2, x1 + x2 + x3)

1+ Tı̀m to.a dô. cu’a vecto. x = 3e1 − e2 = (3,−1, 0) dối vó.i co. so.’

(E1, E2, E3).

2+ Chú.ng minh rằng L là phép bdtt.
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3+ Tı̀m ma trâ.n cu’a L theo co. so.’ {e1, e2, e3} và {E1, E2, E3}.
Gia’i. 1+ Ma trâ.n chuyê’n tù. co. so.’ {e1, e2, e3} dến co. so.’ (E1, E2, E3}

là:

TeE =




2 1 0

−1 0 −1

3 1 2


⇒ T−1

eE




1 −2 −1

−1 4 2

−1 1 1


 .

Gia’ su.’ (x∗1, x
∗
2, x

∗
3) là to.a dô. cu’a x dối vó.i co. so.’ {E1, E2, E3}. Khi

dó



x∗1
x∗2
x∗3


 = T−1

eE



x1

x2

x3


 =




1 −2 −1

−1 4 2

−1 1 1







3

−1

0


 =




5

−7

−4


 .

Vâ.y to.a dô. cu’a x dối vó.i co. so.’ E1, E2, E3 là (5,−7,−4) và do dó x =

5E1 − 7E2 − 4E3.

2+ Viê.c chú.ng minh L là phép bdtt du.o.
.c tiến hành tu.o.ng tu.

. nhu.

v́ı du. 2.

3+ Gia’ su.’ f(x) = (y1, y2, y3). Khi dó áp du.ng (5.18) ta có

f(x1, x2, x2) = (x1, x1 + x2, x1 + x2 + x3) = (y1, y2, y3).

Do vâ.y trong co. so.’ ch́ınh tắc ta có



y1

y2

y3


 =




x1

x1 + x2

x1 + x2 + x3


 =




1 0 0

1 1 0

1 1 1






x1

x2

x3




và do dó

A =




1 0 0

1 1 0

1 1 1


 .
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Gia’ su.’ B là ma trâ.n cu’a L theo co. so.’ E1, E2, E3. Khi dó

B = T−1
eE ATeE =




1 −2 −1

−1 4 2

−1 1 1







1 0 0

1 1 0

1 1 1







2 1 0

−1 0 1

3 1 2




=



−4 −3 1

10 7 −2

3 2 0


 . N

Vı́ du. 4. Gia’ su.’ L : R3 → R3 và L∗ : R3 → R3 là hai phép biến dô’i

tuyến t́ınh cu’a R3, trong dó

L(x1, x2, x3) = (x2 + x3,−2x1, x1 + x2),

L∗(x1, x2, x3) = (c1 − x2, 2x3, 2x2 + x3).

Tı̀m L + L∗, L ◦ L∗, L∗ ◦ L và ma trâ.n cu’a chúng.

Gia’i. Ta có:

1) (L + L∗)(x1, x2, x2) = L(x1, x2, x3) + L∗(x1, x2, x3)

= (x2 + x3,−2x1, x1 + x3) + (x1 − x2, 2x3, 2x2 + x3)

= (x1 + x3,−2(x1 − x3), x1 + 3x2 + x3).

Tù. dó phép biến dô’i L + L∗ có thê’ du.o.
.c cho bo.’ i công thú.c

y1 = x1 + x3,

y2 = −2x1 + 2x3,

y3 = x1 + 3x2 + x3

và ma trâ.n AL+L∗ cu’a L + L∗ có da.ng

AL+L∗ =




1 0 1

−2 0 2

1 3 1


 .
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Ta lu.u ý rằng tù. các công thú.c cho L và L∗ ta có

AL =




0 1 1

−2 0 0

1 1 0


 , AL∗ =




1 −1 0

0 0 2

0 2 1




và thu du.o.
.c AL+L∗ bà̆ng phép cô.ng AL vó.i AL∗.

2) Ta có

(L ◦ L∗)(x) = L[L∗(x)] = L
(
x1 − x2, 2x3, 2x2 + x3)

=
(

2x3︸︷︷︸+2x2 + x3︸ ︷︷ ︸,−2(x1 − x2), x1 − x2︸ ︷︷ ︸+ 2x3︸︷︷︸
)

= (2x2 + 3x3,−2x1 + 2x2, x1 − x2 + 2x3)

và tu.o.ng tu.
. nhu. trên ta có

AL◦L∗ =




0 2 3

−2 2 0

1 −1 2




(Lu.u ý rằng AL◦L∗ = AL ×AL∗).

3) Tru.̀o.ng ho.
.p L∗ ◦ L du.o.

.c gia’ i tu.o.ng tu.
. 2). N

Vı́ du. 5. 1) Chú.ng minh rà̆ng trong co. so.’ e = {e1, e2} cu’a không

gian R2 vecto. x = e1 − 3e2 là vecto. riêng cu’a phép bdtt L có ma trâ.n

trong co. so.’ e là

A =

[
2 1

3 0

]

và vó.i giá tri. riêng λ = −1.

2) Tı̀m giá tri. riêng và vecto. riêng cu’a phép bdtt xác di.nh bo.’ i các

phu.o.ng tr̀ınh y1 = 5x1 + 4x2, y2 = 8x1 + 9x2.

Gia’i. 1) Tru.́o.c hết ta lu.u ý rà̆ng vecto. x 6= θ.

Ta cà̂n chú.ng to’ L(x) = −x. Thâ. t vâ.y, ta có

L(x) =

[
2 1

3 0

][
1

−3

]
=

[
−1

3

]
= −

[
1

−3

]
= −x.
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Nhu. vâ.y L(x) = −x và do dó x là vecto. riêng ú.ng vó.i giá tri. riêng

λ = −1.

2) 1+ Ta có ma trâ.n cu’a phép biến dô’i là

[
5 4

8 9

]
.

Phu.o.ng tr̀ınh dă.c tru.ng có da.ng
∣∣∣∣∣
5 − λ 4

8 9 − λ

∣∣∣∣∣ = 0 ⇔ λ2 − 14λ + 13 = 0

⇔

[
λ1 = 1,

λ2 = 13.

2+ Ca’ hai giá tri. λ = 1 và λ = 13 dè̂u là các giá tri. riêng.

3+ Dê’ t̀ım to.a dô. cu’a các vecto. riêng ta có hai hê. phu.o.ng tr̀ınh

tuyến t́ınh

(I)

{
(5 − λ1)ξ1 + 4ξ2 = 0,

8ξ1 + (9 − λ1)ξ2 = 0.
(II)

{
(5 − λ2)ξ1 + 4ξ2 = 0,

8ξ1 + (9 − λ2)ξ2 = 0.

i) Vı̀ λ1 = 1 nên hê. (I) có da.ng

4ξ1 + 4ξ2 = 0,

8ξ1 + 8ξ2 = 0.

Tù. dó suy ra ξ2 = −ξ1, do dó nghiê.m cu’a hê. này có da.ng ξ1 = α1,

ξ2 = −α1, trong dó α1 là da. i lu.o.
.ng tùy ý. Vı̀ vecto. riêng khác không

nên các vecto. ú.ng vó.i giá tri. riêng λ1 = 1 là các vecto. u(α1,−α1),

trong dó α1 6= 0 là tùy ý.

ii) Tu.o.ng tu.
. khi λ2 = 13 hê. (II) tro.’ thành

−8ξ1 + 4ξ2 = 0,

8ξ1 − 4ξ2 = 0,
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tú.c là ξ2 = 2ξ1. Dă. t ξ1 = β ⇒ ξ2 = 2β. Vâ.y hê. (II) có nghiê.m là

ξ1 = β, ξ2 = 2β. Vı̀ vecto. riêng khác không nên các vecto. riêng ú.ng

vó.i giá tri. λ2 = 13 là các vecto. v(β, 2β). N

Vı́ du. 6. Tı̀m giá tri. riêng và vecto. riêng cu’a phép biến dô’i tuyến

t́ınh L vó.i ma trâ.n

A =

[
1 2

5 4

]
.

Gia’i. Da thú.c dă.c tru.ng cu’a phép biến dô’i L

P (λ) =

∣∣∣∣∣
1 − λ 2

5 4 − λ

∣∣∣∣∣ = λ2 − 5λ − 6.

Nó có hai nghiê.m thu.
.c λ1 = 6, λ2 = −1. Các vecto. dă.c tru.ng du.o.

.c

t̀ım tù. hai hê. phu.o.ng tr̀ınh

{
(1 − λi)ξ1 + 2ξ2 = 0,

5ξ1 + (4 − λi)ξ2 = 0,
i = 1, 2.

Vı̀ di.nh thú.c cu’a hê. = 0 nên mõ̂i hê. chı’ thu vè̂ mô.t phu.o.ng tr̀ınh.

1+ Vó.i λ1 = 6 ta có 5ξ1 − 2ξ2 = 0 ⇒ ξ1
ξ2

=
2

5
và do dó ta có thê’

lấy vecto. riêng tu.o.ng ú.ng là u = (2, 5) (hoă. c mo.i vecto. αu, α ∈ R,

α 6= 0)

2+ Vó.i λ2 = −1 ta có ξ1 +ξ2 = 0 ⇒ ξ1
ξ2

= −1 và vecto. riêng tu.o.ng

ú.ng là v = (1,−1) (hay mo.i vecto. da.ng βv, β 6= 0). N

Vı́ du. 7. Tı̀m các giá tri. riêng và vecto. riêng cu’a phép biến dô’i tuyến

t́ınh L trên R3 vó.i ma trâ.n theo co. so.’ ch́ınh tắc là

A =




1 1 4

2 0 −4

−1 1 5



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Gia’i. Ta có da thú.c dă.c tru.ng cu’a ma trâ.n A là

det(A− λE) =

∣∣∣∣∣∣∣

1 − λ 1 4

2 −λ −4

−1 1 5 − λ

∣∣∣∣∣∣∣
= −λ3 + 6λ2 − 11λ + 6

và

det(A− λE) = 0 ⇐⇒



λ1 = 1,

λ2 = 2,

λ3 = 3.

Gia’ su.’ x = (ξ1, ξ2, ξ3) 6= 0 là vecto. riêng ú.ng vó.i giá tri. riêng λ.

Khi dó x là nghiê.m cu’a hê. thuà̂n nhất

(1 − λ)ξ1 + ξ2 + 4ξ3 = 0,

2ξ1 − λξ2 − 4ξ3 = 0,

−ξ1 + ξ2 + (5 − λ)ξ3 = 0.





(*)

1+ Khi λ = 1 ta có

(∗) ⇒
ξ2 + 4ξ3 = 0,

2ξ1 − ξ2 − 4ξ3 = 0,

−ξ1 + ξ2 + 4ξ3 = 0.





⇒ nghiê.m tô’ng quát là (0,−4α,α), α 6= 0 tùy ý.

Vâ.y vó.i giá tri. riêng λ1 = 1 ta có các vecto. riêng ú.ng vó.i nó là

(0,−4α,α), α ∈ R, α 6= 0.

2+ Khi λ = 2 ta có

(∗) ⇒
−ξ1 + ξ2 + 4ξ3 = 0,

2ξ1 − 2ξ2 − 4ξ3 = 0,

−ξ1 + ξ2 + 3ξ3 = 0





⇒ hê. có nghiê.m tô’ng quát là (β, β, 0), β 6= 0 và do dó vecto. riêng ú.ng

vó.i λ = 2 là (β, β, 0), β 6= 0.
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3+ Khi λ = 3, thu.
.c hiê.n tu.o.ng tu.

. nhu. o.’ 1+ và 2+ ta thu du.o.
.c

vecto. riêng tu.o.ng ú.ng (2γ, 0, γ), γ 6= 0 tùy ý. N

Vı́ du. 8. Tı̀m giá tri. riêng và vecto. riêng cu’a phép bdtt vó.i ma trâ.n

A =




7 −12 6

10 −19 10

12 −24 13


 .

Gia’i. Phu.o.ng tr̀ınh dă.c tru.ng

P (λ) =

∣∣∣∣∣∣∣

7 − λ −12 6

10 −19 − λ 10

12 −24 13 − λ

∣∣∣∣∣∣∣
= 0

có nghiê.m λ1 = λ2 = 1, λ1 = −1. Các vecto. dă.c tru.ng du.o.
.c xác di.nh

tù. hai hê. phu.o.ng tr̀ınh

(7 − λi)ξ − 12η + 6ζ = 0,

10ξ − (19 + λi)η + 10ζ = 0,

12ξ − 24η + (13 − λi)ζ = 0; i = 1, 2.

1+ Khi λ = 1 ta có

6ξ − 12η + 6ζ = 0,

10ξ − 20η + 10ζ = 0,

12ξ − 24η + 12ζ = 0.

Ha.ng cu’a ma trâ.n (go. i là ma trâ.n dă.c tru.ng) (A − λ1E) cu’a hê. này

là bà̆ng r = 1. Do dó hê. tu.o.ng du.o.ng vó.i mô.t phu.o.ng tr̀ınh

ξ − 2η + ζ = 0.

Tù. dó suy rà̆ng hê. có hai nghiê.m dô.c lâ.p tuyến t́ınh, chă’ng ha.n

u = (4, 5, 6),

v = (3, 5, 7).
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2+ Khi λ2 = −1 ta có

8ξ − 12η + 6ζ = 0,

10ξ − 18η + 10ζ = 0,

12ξ − 24η + 14ζ = 0.

Ha.ng cu’a ma trâ.n (A−λ3E) cu’a hê. bà̆ng r = 2. Do dó hê. tu.o.ng du.o.ng

vó.i hê. hai phu.o.ng tr̀ınh. Nghiê.m riêng cu’a nó có da.ng w = (3, 5, 6).

Nhu. vâ.y u, v,w là các vecto. riêng cu’a phép bdtt dã cho.

Vı́ du. 9. Cho ma trâ.n

A =

[
0 1

1 0

]
.

Tı̀m phép biến dô’i tuyến t́ınh L tu.o.ng ú.ng vó.i ma trâ.n dó.

Gia’i. Gia’ su.’ x = ae1 + be2 là vecto. tùy ý cu’a mă.t phă’ng. Dê’ t̀ım

phép biến dô’i tuyến t́ınh ta cà̂n chı’ rõ a’nh y = Ax. Ta có

y =

[
0 1

1 0

][
a

b

]
=

[
b

a

]
= be1 + ae2.

Nhu. vâ.y phép biến dô’i L có t́ınh chất là: thay dô’i vai trò cu’a các to.a

dô. cu’a mõ̂i vecto. x ∈ R2. Tù. dó suy rằng L là phép pha’n xa. gu.o.ng

dối vó.i du.̀o.ng phân giác thú. nhất. N

BÀI TÂ. P

Trong các bài toán (1 - 11) hãy chú.ng to’ phép biến dô’i dã cho là

phép bdtt và t̀ım ma trâ.n cu’a chúng theo co. so.’ ch́ınh tắc.

1. Phép biến dô’i L là phép quay mo.i vecto. cu’a mă.t phă’ng xOy xung

quanh gốc to.a dô. mô.t góc ϕ ngu.o.
.c chiè̂u kim dò̂ng hò̂.

(DS. AL =

[
cosϕ − sinϕ

sinϕ cosϕ

]
)
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2. Phép biến dô’i L là phép quay không gian thu.
.c ba chiè̂u mô.t góc ϕ

xung quanh tru.c Oz.

(DS.




cosϕ − sinϕ 0

sinϕ cosϕ 0

0 0 1


)

3. Phép biến dô’i L là phép chiếu vuông góc vecto. a ∈ R3 lên mă.t

phă’ng xOy.

(DS.




1 0 0

0 1 0

0 0 0


)

4. Phép biến dô’i L là t́ıch vecto. y = [a, x], trong dó a = a1x1 +a2x2 +

a3x3 là vecto. cố di.nh cu’a R3.

(DS.




0 −a3 a2

a3 0 −a1

−a2 a1 0


)

Chı’ dã̂n. Su.’ du.ng phép biê’u diẽ̂n t́ıch vecto. du.́o.i da.ng di.nh thú.c.

5. Phép biến dô’i L là phép biến dô’i dò̂ng nhất trong không gian

n-chiè̂u Rn trong mo.i co. so.’ .

(DS. E =




1 0 . . . 0

0 1 . . . 0
...

...
. . .

...

0 0 . . . 1




)

6. L là phép biến dô’i dò̂ng da.ng L(x) = αx trong không gian n-chiè̂u.

(DS.




α 0 . . . 0

0 α . . . 0
...

...
. . .

...

0 0 . . . α




)
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7. Phép biến dô’i L có da.ng L(x) = x2e1 +x3e2 +x4e3 +x1e4 trong dó

x = x1e1 + x2e2 + x3e3 + x4e4.

(DS.




0 1 0 0

0 0 1 0

0 0 0 1

1 0 0 0


)

8. Phép biến dô’i L là phép chiếu vuông góc không gian 3-chiè̂u lên

tru.c ∆ lâ.p vó.i các tru.c to.a dô. nhũ.ng góc bà̆ng nhau, tú.c là (Ôx,∆) =

(Ôy,∆) = (Ôz,∆) = α.

(DS.




1

3

1

3

1

3
1

3

1

3

1

3
1

3

1

3

1

3




)

Chı’ dã̂n. Su.’ du.ng t́ınh chất cu’a cosin chı’ phu.o.ng cu’a góc bất kỳ

cos2 α+ cos2 α+ cos2 α = 1.

9. Phép biến dô’i L là phép chiếu R3 theo phu.o.ng song song vó.i mă.t

phă’ng vecto. e2, e3 lên tru.c to.a dô. cu’a vecto. e1

(DS.




1 0 0

0 0 0

0 0 0


)

10. Phép biến dô’i L là phép quay R3 mô.t góc ϕ =
2π

3
xung quanh

du.̀o.ng thă’ng cho trong R3 bo.’ i phu.o.ng tr̀ınh x1 = x2 = x3.

(DS. a)




0 0 1

1 0 0

0 1 0


 nếu quay tù. e1 dến e2,

b)




0 1 0

0 0 1

1 0 0


 nếu quay tù. e2 dến e1)
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Trong các bài toán (12-22) cho hai co. so.’ (e) : e1, e2, . . . , en và

(E) : E1, E2, . . . , En cu’a không gian Rn và ma trâ.n AL cu’a phép biến

dô’i tuyến t́ınh L trong co. so.’ (e). Tı̀m ma trâ.n cu’a L trong co. so.’ (E).

Phu.o.ng pháp chung là: (i) t̀ım ma trâ.n chuyê’n T tù. co. so.’ (e) dến co.

so.’ (E); (ii) Tı̀m ma trâ.n T
−1; (iii) Tı̀m BL = T−1AT .

11. AL =

[
17 6

6 8

]
, E1 = e1 − 2e2, E2 = 2e1 + e2). (DS.

[
5 0

0 20

]
)

12. AL =

[
−3 1

2 −1

]
, E1 = e2, E2 = e1 + e2. (DS.

[
−2 3

1 −2

]
)

13. AL =

[
2 4

−3 3

]
, E1 = e2 − 2e1, E2 = 2e1 − 4e2. (DS.

[
−3 14

−3 8

]
)

14. AL =

[
1 0

2 −4

]
, E1 = 3e1 + 2e2, E2 = 2e1 + 2e2. (DS.

[
5 6

−6 −8

]
)

15. AL =




0 −2 1

3 1 0

2 −1 1


, E1 = 3e1 + e2 + 2e3, E2 = 2e1 + e2 + 2e3,

E3 = −e1 + 2e2 + 5e3. (DS.



−85 −59 18

121 84 −25

−13 −9 3


)

16. AL =




15 −11 5

20 −15 8

8 −7 6


, E1 = 2e1 + 3e2 + e3, E2 = 3e1 + 4e2 + e3,

E3 = e1 + 2e2 + 2e3. (DS.




1 0 0

0 2 0

0 0 3


)

17. AL =




2 −1 0

0 1 −1

0 0 1


. E1 = 2e1 + e2 − e3, E2 = 2e1 − e2 + 2e3,
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E3 = 3e1 + e3. (DS.



−2 11 7

−4 14 8

5 −15 −8


)

18. AL =

[
2 1

0 3

]
, e1 = 3E1 − E2, e2 = E1 + E2. (DS.

[
3 3

0 2

]
)

19. AL =

[
−1 4

5 0

]
, e1 = E1 + E2, e2 = 2E1. (DS.

[
2 7

2 −3

]
)

20. AL =




1 2 −3

0 3 1

−1 2 5


, e1 = E1, e2 = 3E1 + E2, e3 = 2E1 + E2 + 2E3.

(DS.



−1 18 −3

−1 8 0

−2 10 2


)

21. AL =




2 −1 0

0 1 −1

0 0 1


, e1 = 2E1 + E2 − E3, e2 = 2E1 − E2 + 2E3,

e3 = 3E1 + E2. (DS.




3 −10 −8

−1 8 5

2 −13 −7


)

22. Trong các phép biến dô’i sau dây tù. R3 → R3 phép biến dô’i nào

là tuyến t́ınh (gia’ thiết x = (x1, x2, x3) ∈ R3)

1) L(x1, x2, x3) = (x1 +2x2 +3x3, 4x1 +5x2 +6x3, 7x1 +8x2 +9x3);

2) L(x1, x2, x3) = (x1+3x2+4, 5x3; 6x1+7x2+9x3; 10, 5x1+12x2+

13x3)

3) L(x1, x2, x3) = (x2 + x3, x1 + x3, x1 + x2).

4) L(x1, x2, x3) = (x1, x2 + 1, x3 + 2).

5) L(x1, x2, x3) = (x2 + x3, 2x1 + x3, 3x1 − x2 + x3).

6) L(x1, x2, x3) = (2x1 + x2, x1 + x3, x
2
3).

7) L(x1, x2, x3) = (x1 − x2 − x3, x3, x2).
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(DS. 1), 2), 3), 5), 7) là phép bdtt; 4), 6) - không)

23. Tı̀m phu.o.ng tr̀ınh dă. c tru.ng và số dă. c tru.ng cu’a phép bdtt L
nếu

1) L(e1) = 2e1; L(e2) = 5e1 + 3e2; L(e3) = 3e1 + 4e2 − 6e3, trong

dó e1, e2, e3 là co. so.’ cu’a không gian. (DS. (λ+ 6)(λ− 2)(λ− 3) = 0)

2) L(e1) = −e1, L(e2) = 2e1 + 5e2, L(e3) = 2e1 − e2 + 3e3 + 5e4,

L(e4) = e1 + 7e2 + 4e3 + 6e4, trong dó e1, e2, e3, e4 là co. so.’ cu’a không

gian.

(DS. (λ+ 1)(λ − 5)(λ2 − 9λ − 2) = 0)

3) L(e1) = 2e1 + 2e3, L(e2) = 2e1 + 2e2, L(e3) = −2e2 + 2e3;

e1, e2, e3 là co. so.’ cu’a không gian. (DS. λ3 − 6λ2 + 12λ = 0)

24. Gia’ su.’ trong co. so.’ e = {e1, e2} phép bdtt L có ma trâ.n là

AL =

[
3 5

−1 4

]

còn trong co. so.’ E = {E1, E2}, E1 = e1 − e2, E2 = e1 + 2e2 phép bdtt

L∗ có ma trâ.n

AL∗ =

[
0 −2

1 1

]
.

Tı̀m ma trâ.n cu’a các phép biến dô’i:

1) L + L∗ trong co. so.’ e1, e2;

2) L + L∗ trong co. so.’ E1, E2.

(DS. 1)
1

3

[
10 13

5 14

]
; 2)

1

3

[
1 13

−3 23

]
)

25. Gia’ su.’ trong co. so.’ e = {e1, e2, e3} phép bdtt L có ma trâ.n

AL =




2 0 −2

1 1 0

3 0 −1



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còn trong co. so.’ E = {E1, E2, E3}, E1 = e1+2e2, E2 = e1−e3, E3 = e2+e3

phép bdtt L∗ có ma trâ.n

AL∗ =




0 3 0

0 1 −2

1 2 0


 .

Tı̀m ma trâ.n cu’a phép biến dô’i:

1) L + L∗ trong co. so.’ e. (DS.




6 −2 −2

16 −6 7

8 −2 3


)

2) L + L∗ trong co. so.’ E. (DS.



−2 −4 4

4 12 −8

8 17 −7


)

26. Gia’ su.’ trong co. so.’ e = {e1, e2} phép bdtt L có ma trâ.n

AL =

[
−1 2

0 1

]

còn trong co. so.’ E = {E1, E2}, E1 = 2e1 + e2, E2 = e1 − e2 phép bdtt

L∗ có ma trâ.n

AL∗ =

[
3 −2

1 0

]
.

Tı̀m ma trâ.n cu’a các phép biến dô’i

1) L ◦ L∗ trong co. so.’ e. (DS.

[
−1 −1

0 2

]
)

2) L∗ ◦ L trong co. so.’ e. (DS.

[
−1 7

0 2

]
)

3) L ◦ L∗ trong co. so.’ E. (DS.
1

3

[
−1 −2

−7 4

]
)
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4) L∗ ◦ L trong co. so.’ E. (DS.
1

3

[
7 −10

1 −4

]
)

27. Gia’ su.’ phép bdtt L có ma trâ.n

[
2 −1

5 −3

]
trong co. so.’ E =

{E1, E2}, E1 = (−3, 7), E2 = (1,−2) và trong co. so.’ E∗ = {E∗
1 , E∗

2},

E∗
1 = (−6,−7), E∗

2 = (−5, 6) phép bdtt L∗ có ma trâ.n là

[
1 3

2 7

]
. Tı̀m

ma trâ.n cu’a L ◦ L∗ trong co. so.’ mà các vecto. trên du.o.
.c cho.

(DS.

[
109 93

34 29

]
)

Chı’ dã̂n. Tı̀m các ma trâ.n chuyê’n co. so.’ Tea, Teb và áp du.ng

công thú.c (5.22) dê’ t̀ım ma trâ.n AL và AL∗ trong co. so.’ e. Tù. dó

AL◦L∗ = AL ·AL∗.

Trong các bài toán (28-31) hãy xác di.nh trong các vecto. dã cho

vecto. nào là vecto. riêng cu’a phép bdtt vó.i ma trâ.n dã cho (trong co.

so.’ nào dó).

28. A =

[
1 0

−2 1

]
; x1 =

[
1

2

]
, x2 =

[
0

3

]
, x3 =

[
0

−1

]
. (DS. x2 và x3)

29. A =

[
1 −1

−6 2

]
; x1 =

[
−1

3

]
, x2 =

[
2

−4

]
, x3 =

[
1

2

]
.

(DS. x1 và x3)

30. A =




0 0 2

2 0 0

0 2 0


; x1 =




1

1

3


, x2 =




1

0

5


, x3 =




2

2

2


. (DS. x3)

31. A =




0 1 0

6 3 2

3 0 1


; x1 =



−1

2

0


, x2 =




1

0

−3


, x3 =



−4

0

1


. (DS. x2)

Trong các bài toán (32-35) hãy t̀ım các vecto. riêng cu’a phép biến

dô’i tuyến t́ınh du.o.
.c cho trong mô.t co. so.’ nào dó bo.’ i ma trâ.n A.
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32. A =

[
2 4

−1 −3

]
. (DS.

[
4

−1

]
α,

[
1

−1

]
β vó.i α 6= 0, β 6= 0 bất kỳ)

33. A =

[
3 −4

−2 1

]
. (DS.

[
−2

1

]
α,

[
1

1

]
β vó.i α 6= 0, β 6= 0 bất kỳ)

34. A =




1 2 −2

1 0 3

1 3 0


. (DS.



−2

1

1


α,




0

1

1


 β,




6

−7

5


 γ,

α 6= 0, β 6= 0, γ 6= 0 bất kỳ)

35. A =




1 0 2

0 3 0

0 0 0


. (DS.



−2

0

1


α,




0

1

0


β; α 6= 0, β 6= 0 bất kỳ)

36. Cho phép biến dô’i tuyến t́ınh L : R2 → R2 nhu. sau

L : (x1, x2) −→ (5x1 + 4x2, 8x1 + 9x2).

Tı̀m giá tri. riêng và vecto. riêng cu’a L.

(DS. λ1 = 1, u = (α,−α), α 6= 0; λ2 = 13, v = (β, 2β), β 6= 0)

37. Tı̀m giá tri. riêng và vecto. riêng cu’a ma trâ.n

A =




2 −1 1

−1 2 −1

0 0 1




(DS. λ1 = λ2 = 1, u = (α,α), α 6= 0; λ3 = 3, v = (β,−β), β 6= 0) .



Chu.o.ng 6

Da.ng toàn phu.o.ng và ú.ng

du.ng dê’ nhâ.n da.ng du.̀o.ng và

mă. t bâ.c hai

6.1 Da.ng toàn phu.o.ng

Da thú.c dă’ng cấp bâ.c hai cu’a các biến x1, x2, . . . , xn du.o.
.c go. i là da.ng

toàn phu.o.ng cu’a n biến dó:

ϕ(x1, . . . , xn) =

n∑

i=1

n∑

j=1

aijxixj =

n∑

i,j=1

aijxixj. (6.1)

Dó là phép tu.o.ng ú.ng dă.t tu.o.ng ú.ng mõ̂i vecto.x = (x1, x2, . . . , xn) ∈
Rn vó.i số ϕ(x1, . . . , xn).

Nếu dă.t

X =




x1

x2

...

xn



, A =




a11 a12 . . . a1n

a21 a22 . . . ann

...
...

. . .
...

an1 an2 . . . ann



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th̀ı thu du.o.
.c

ϕ(x1, x2, . . . , xn) = XTAX. (6.2)

D- i.nh lý. Nếu C là ma trâ. n cu’a phép bdtt thu.
.c hiê.n trên các biến

cu’a da. ng toàn phu.o.ng (6.1) vó.i ma trâ. n A th̀ı da. ng toàn phu.o.ng mó.i

thu du.o.
.c có ma trâ. n là CTAC.

Da.ng toàn phu.o.ng da.ng

α1x
2
1 + α2x

2
2 + · · · + αnx

2
n (6.3)

không chú.a các số ha.ng vó.i t́ıch cu’a các biến khác nhau (và do dó nó

có ma trâ.n du.̀o.ng chéo) du.o.
.c go. i là da. ng toàn phu.o.ng chéo hay da. ng

ch́ınh tá̆c.

Tiếp theo ta tr̀ınh bày nô. i dung cu’a các phu.o.ng pháp du.a da.ng

toàn phu.o.ng vè̂ da.ng ch́ınh tá̆c.

6.1.1 Phu.o.ng pháp Lagrange

D- i.nh lý Lagrange. Bà̆ng phép biến dô’i tuyến t́ınh không suy biến

dối vó.i các biến x1, . . . , xn mo. i da. ng toàn phu.o.ng dè̂u du.a du.o.
.c vè̂

da. ng ch́ınh tá̆c.

Tinh thà̂n co. ba’n cu’a phu.o.ng pháp Lagrange là nhu. sau.

1+ Ít nhất mô.t trong các hê. số aii khác không.

Không gia’m tô’ng quát, có thê’ cho rà̆ng a11 6= 0 (nếu không th̀ı

dánh số la. i). Khi dó bà̆ng phép tŕıch mô.t b̀ınh phu.o.ng du’ tù. cu.m tất

ca’ các số ha.ng chú.a x1 ta có

ϕ(·) = αy2
1 + ϕ2(x2, x3, . . . , xn)

y1 = λ1x1 + λ2x2 + · · · + λnxn

trong dó λ1, λ2, . . . , λn là các hằng số, ϕ2(x2, . . . , xn) là da.ng toàn

phu.o.ng chı’ còn n− 1 biến (không còn x1). Dối vó.i ϕ2(x2, . . . , xn) ta

la. i thu.
.c hiê.n thuâ.t toán nhu. vù.a tr̀ınh bày,...
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2+ Tru.̀o.ng ho.
.p aii = 0 ∀ i = 1, n nhũ.ng aij 6= 0 (i 6= j) du.o.

.c du.a

vè̂ tru.̀o.ng ho.
.p trên bà̆ng phép biến dô’i tuyến t́ınh không suy biến

xj = yj + yi

xk = yk, k 6= j

Vı́ du. 1. Du.a da.ng toàn phu.o.ng

ϕ(x1, x2, x3) = x2
1 + x2

2 + x2
3 + 4x1x2 + 4x1x3 + 4x2x3

vè̂ da.ng ch́ınh tá̆c.

Gia’i. Nhóm các số ha.ng có chú.a x1 thành mô.t cu.m và tŕıch tù.

cu.m dó mô.t b̀ınh phu.o.ng du’ ta có

ϕ(·) = (x2
1 + 4x1x2 + 4x1x3) + x2

2 + x2
3 + 4x2x3

= (x1 + x2 + 2x3)
2 − (2x2 + 2x3)

2 + x2
2 + x2

3 + 4x2x3

= (x1 + 2x2 + 2x3)
2 − 3x2

2 − 3x2
3 − 4x2x3.

Nhóm các số ha.ng có chú.a x2 rò̂i tŕıch b̀ınh phu.o.ng ta có

ϕ(·) = (x1 + 2x2 + 2x3)
2 − 3(x2 +

2

3
x3)

2 − 5

3
x2

3.

Dùng phép biến dô’i tuyến t́ınh không suy biến

y1 = x1 + 2x2 + 2x3

y2 = x2 +
2

3
x3

y3 = x3





⇒
x1 = y1 − 2y2 −

2

3
y3

x2 = y2 −
2

3
y3

x3 = y3

ta thu du.o.
.c

ϕ(·) = y2
1 − 3y2

2 −
5

3
y2

3. N

Vı́ du. 2. Du.a da.ng toàn phu.o.ng

ϕ(x1, x2, x3) = x1x2 + 2x1x3 + 4x2x3
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vè̂ da.ng ch́ınh tá̆c.

Gia’i. Vı̀ a11 = a22 = a33 = 0 nên dà̂u tiên thu.
.c hiê.n phép biến dô’i

so. bô. không suy biến thu du.o.
.c số ha.ng có b̀ınh phu.o.ng:

x1 = y1

x2 = y1 + y2

x3 = y3





(6.4)

và thu du.o.
.c

ϕ(·) = y1(y1 + y2) + 2y1y3 + 4(y1 + y2)y3

= y2
1 + y1y2 + 6y1y3 + 4y2y3.

Xuất phát tù. da.ng toàn phu.o.ng mó.i thu du.o.
.c, tu.o.ng tu.

. nhu. trong

v́ı du. 1 ta có

ϕ(·) =
(
y1 +

1

2
y2 + 3y3

)2

−
(1

2
y2 + 3y3

)2

+ 4y2y3

=
(
y1 +

1

2
y2 + 3y3

)2

− 1

4
y2 + y2y3 − 9y3.

Thu.
.c hiê.n phép biến dô’i không suy biến

z1 = y1 +
1

2
y2 + 3y3,

z2 = y2,

z3 = y3

vó.i phép biến dô’i ngu.o.
.c

y1 = z1 −
1

2
z2 − 3z3,

y2 = z2,

y3 = z3





(6.5)

ta thu du.o.
.c

ϕ(·) = z2
1 −

1

4
z2
2 + z2z3 − 9z2

3.
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Nhóm các số ha.ng có chú.a z2 ta có

ϕ(·) = z2
1 −

1

4
(z2 − 2z3)

2 − 8z2
3.

Thu.
.c hiê.n phép biến dô’i không suy biến

u1 = z1,

u2 = z2 − 2z3,

u3 = z3





⇒
z1 = u1,

z2 = u2 + 2u3,

z3 = u3





(6.6)

Sau ba phép biến dô’i liên tiếp (6.4)-(6.6) da.ng dã cho có da.ng du.̀o.ng

chéo

ϕ(·) = u2
1 −

1

4
u2

2 − 8u2
3.

Dê’ t̀ım ma trâ.n cu’a phép biến dô’i ho.
.p ta cà̂n nhân các ma trâ.n cu’a

(6.4), (6.5) và (6.6). Ta có




1 0 0

1 1 0

0 0 1







1 −1

2
−3

0 1 0

0 0 1







1 0 0

0 1 2

0 0 1


 =




1 −1

2
−4

1
1

2
−2

0 0 1


 = C.

Do phép biến dô’i không suy biến du.a da.ng ϕ vè̂ da.ng ch́ınh tá̆c là

x1 = u1 −
1

2
u2 − 4u3,

x2 = u1 +
1

2
u2 − 2u3,

x3 = u3.





Dê’ kiê’m tra ta t́ınh t́ıch CTAC. Ta có

CTAC =




1 1 0

−1

2

1

2
0

−4 −2 1







0
1

2
1

1

2
0 2

1 2 0







1 −1

2
−4

1
1

2
−2

0 0 1


 =




1 0 0

0 −1

4
0

0 0 −8




Dó là ma trâ.n cu’a da.ng ch́ınh tá̆c thu du.o.
.c. N
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6.1.2 Phu.o.ng pháp Jacobi

Phu.o.ng pháp này chı’ áp du.ng du.o.
.c khi mo.i di.nh thú.c con ch́ınh cu’a

ma trâ.n A cu’a da.ng toàn phu.o.ng dè̂u khác 0, tú.c là khi

∆1 = a11 6= 0,∆2 =

∣∣∣∣∣
a11 a12

a21 a22

∣∣∣∣∣ 6= 0, . . . ,∆n =

∣∣∣∣∣∣∣∣∣∣

a11 a12 . . . a1n

a21 a22 . . . a2n

...
...

. . .
...

an1 an2 . . . ann

∣∣∣∣∣∣∣∣∣∣

6= 0.

(6.7)

Cu. thê’ ta có

D- i.nh lý. Nếu da.ng toàn phu.o.ng

ϕ(x1, . . . , xn) =

n∑

i,j=1

aijxixj

tho’a mãn diè̂u kiê. n vù.a nêu: ∆i 6= 0 ∀ i = 1, n th̀ı tò̂n ta. i phép biến

dô’i tuyến t́ınh không suy biến tù. các biến x1, . . . , xn dến các biến

y1, . . . , yn sao cho

ϕ(·) =
∆1

∆0
y2

1 +
∆2

∆1
y2

2 + · · · + ∆n

∆n−1
y2

n, ∆0 ≡ 1.

Phép biến dô’i nêu trong di.nh lý Jacobi có da.ng

x1 = y1 + α21y2 + α31y3 + · · · + αn1yn,

x2 = y2 + α32y3 + · · · + αn2yn,

. . . . . . . . . . . . . . .

xn = yn





(6.8)

trong dó các hê. số αji cu’a phép bdtt (6.8) du.o.
.c xác di.nh theo các công

thú.c

αij = (−1)j+iDj−1,i

∆j−1
(6.9)
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o.’ dây ∆j−1 là di.nh thú.c con ch́ınh trong (6.7), còn Dj−1,i là di.nh thú.c

con cu’a ma trâ.n A lâ.p nên bo.’ i các phà̂n tu.’ nà̆m trên giao cu’a các

hàng thú. 1, 2, . . . , j − 1 và các cô.t thú. 1, 2, . . . , i− 1, i+ 1, . . . , j

Vı́ du. 3. Du.a da.ng toàn phuwo.ng

ϕ(x1, x2, x3) = 2x2
1 + 3x2

2 + x2
3 − 4x1x2 + 2x1x3 − 2x2x3

vè̂ da.ng ch́ınh tá̆c.

Gia’i. Ma trâ.n cu’a da.ng dã cho có da.ng

A =




2 −2 1

−2 3 −1

1 −1 1




vó.i các di.nh thú.c con ch́ınh

∆1 = 2, ∆2 = 2, ∆3 = 1.

Khi dó da.ng toàn phu.o.ng dã cho du.a du.o.
.c vè̂ da.ng ch́ınh tá̆c

ϕ(·) = 2y2
1 + y2

2 +
1

2
y2

3. (6.10)

Ta t̀ım phép bdtt du.a da.ng toàn phu.o.ng dã cho vè̂ da.ng (6.10).

Nó có da.ng

x1 = y1 + α21y2 + α31y3,

x2 = y2 + α32y3,

x3 = y3.





(6.11)

Ta t̀ım các hê. số cu’a (6.11) theo công thú.c (6.9). Ta có

α21 = (−1)3D1,1

∆1
= −−2

2
= 1,

α31 = (−1)4D2,1

∆2

=

∣∣∣∣∣
−2 1

3 −1

∣∣∣∣∣
2

= −1

2
,

α32 = (−1)5D2,2

∆2

= −

∣∣∣∣∣
2 1

−2 −1

∣∣∣∣∣
2

= 0.
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Nhu. vâ.y

x1 = y1 + y2 −
1

2
y3,

x2 = y2,

x3 = y3.





Vı́ du. 4. Du.a da.ng toàn phu.o.ng

ϕ(x1, x2, x3) = 2x2
1 + 3x1x2 + 4x1x3 + x2

2 + x2
3

vè̂ da.ng ch́ınh tá̆c.

Gia’i. Ta có ma trâ.n cu’a ϕ là

A =




2
3

2
2

3

2
1 0

2 0 1




vó.i các di.nh thú.c con ch́ınh bằng

∆1 = 2, ∆2 = −1

4
, ∆3 = −17

4
·

Khi dó theo di.nh lý Jacobi ta thu du.o.
.c da.ng ch́ınh tá̆c là

ϕ(·) = 2y2
1 −

1

8
y2

2 + 17y3

nhò. phép biến dô’i

x1 = y1 + α21y2 + α31y3,

x2 = y2 + α32y3,

x3 = y3




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vó.i các hê. số du.o.
.c xác di.nh theo (6.9). Áp du.ng (6.9) ta thu du.o.

.c

α21 = (−1)3D1,1

∆1
= −

3

2
2

= −3

4
,

α31 = (−1)4D2,1

∆2
=

∣∣∣∣∣∣

3

2
2

1 0

∣∣∣∣∣∣

−1

4

= 8,

α32 = (−1)4D2,2

∆2
= −

∣∣∣∣∣∣
2 2
3

2
0

∣∣∣∣∣∣

−1

4

= −12.

Vâ.y phép biến dô’i là

x1 = y1 −
3

4
y2 + 8y3,

x2 = y2 − 12y3,

x3 = y3




. N

6.1.3 Phu.o.ng pháp biến dô’i tru.
.c giao

Vı̀ ma trâ.n A cu’a da.ng toàn phu.o.ng là ma trâ.n dối xú.ng, thu.
.c nên

bài toán du.a da.ng toàn phu.o.ng vè̂ da.ng ch́ınh tá̆c có thê’ quy vè̂ bài

toán du.a ma trâ.n dối xú.ng A vè̂ da.ng du.̀o.ng chéo. Các nghiê.m cu’a

phu.o.ng tr̀ınh dă.c tru.ng |A − λE| = 0 là các số dă. c tru.ng, còn các

vecto. riêng tu.o.ng ú.ng vó.i các số dă.c tru.ng dó là các hu.́o.ng ch́ınh cu’a

da.ng toàn phu.o.ng (Lu.u ý rà̆ng hai vecto. riêng tu.o.ng ú.ng vó.i các giá

tri. riêng khác nhau cu’a ma trâ.n dối xú.ng là tru.
.c giao vó.i nhau). Mă.t

khác v̀ı A là ma trâ.n dối xú.ng thu.
.c nên nó có n số dă.c tru.ng thu.

.c

(nếu mõ̂i số du.o.
.c t́ınh mô.t số là̂n bà̆ng bô. i cu’a nó).

Tù. dó t̀ım du.o.
.c du’ n vecto. riêng dô.c lâ.p tuyến t́ınh. Bằng phép

tru.
.c chuâ’n hóa ta thu du.o.

.c mô.t co. so.’ gò̂m tù. các vecto. riêng cu’a A.
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Ma trâ.n T chuyê’n tù. co. so.’ tru.
.c chuâ’n (e) dến co. so.’ tru.

.c chuâ’n (E)

lâ.p nên tù. các vecto. riêng cu’a phép biến dô’i dối xú.ng (vó.i ma trâ.n

A) là ma trâ.n tru.
.c giao v̀ı ca’ hai co. so.’ dè̂u tru.

.c chuâ’n.

Nhu. vâ.y dối vó.i mo.i ma trâ.n dối xú.ng thu.
.c A có thê’ t̀ım mô.t

ma trâ.n tru.
.c giao T cùng cấp sao cho B = T−1AT là ma trâ.n chéo.

Dó cũng ch́ınh là ma trâ.n cu’a da.ng toàn phu.o.ng dã cho trong co. so.’

(E). Tù. dó ta có quy tá̆c t̀ım phép biến dô’i tru.
.c giao du.a da.ng toàn

phu.o.ng vè̂ da.ng ch́ınh tá̆c.

1) Viết ma trâ.n A cu’a da.ng toàn phu.o.ng và t̀ım các số dă.c tru.ng

cu’a nó.

2) Tı̀m hê. vecto. riêng tru.
.c chuâ’n cu’a A.

3) Lâ.p phép biến dô’i tru.
.c giao.

Vı́ du. 5. Du.a da.ng toàn phu.o.ng

ϕ(x1, x2) = 27x2
1 − 10x1x2 + 3x2

3

vè̂ da.ng ch́ınh tá̆c.

Gia’i. 1+ Viết ma trâ.n A cu’a da.ng

A =

[
27 −5

−5 3

]
.

Lâ.p phu.o.ng tr̀ınh dă.c tru.ng

|A− λE| =

∣∣∣∣∣
27 − λ −5

−5 3 − λ

∣∣∣∣∣ = 0 ⇔ λ2 − 30λ + 56 = 0.

Gia’i phu.o.ng tr̀ınh dă.c tru.ng ta có λ1 = 2, λ2 = 28.

2+ Tı̀m các vecto. riêng chuâ’n tá̆c. Dê’ t̀ım to.a dô. cu’a các vecto.

riêng ta là̂n lu.o.
.t gia’ i các hê. phu.o.ng tr̀ınh

(27 − λi)ξ1 − 5ξ2 = 0,

−5ξ1 + (3 − λi)ξ2 = 0
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khi λ1 = 2 và λ2 = 28.

a) Nếu λ1 = 2 th̀ı ta có hê.

25ξ1 − 5ξ2 = 0,

−5ξ1 + ξ2 = 0.

Do dó ξ2 = 5ξ1. Dă. t ξ1 = α. Khi dó ξ2 = 5α và do dó vecto. riêng có

da.ng

u = αe1 + 5αe2.

b) Nếu λ2 = 28 th̀ı ta gia’ i hê.

−ξ1 − 5ξ2 = 0,

−5ξ1 − 25ξ2 = 0

và thu du.o.
.c ξ1 = −5ξ2. Dă. t ξ2 = β th̀ı ξ1 = −5β và thu du.o.

.c vecto.

riêng

v = −5βe1 + βe2.

Tù. dó thu du.o.
.c các vecto. riêng chuâ’n hóa

E1 =
1√
26
e1 +

5√
26
e2, E2 = − 5√

26
e1 +

1√
26
e2.

3+ Lâ.p phép biến dô’i tru.
.c giao.

Tru.́o.c hết ta lâ.p ma trâ.n chuyê’n T tù. co. so.’ (e) sang co. so.’ (E)



1√
26

− 5√
26

5√
26

1√
26




Vı̀ (e) và (E) dè̂u là nhũ.ng co. so.’ tru.
.c chuâ’n nên T là ma trâ.n tru.

.c

giao. Nó tu.o.ng ú.ng vó.i phép biến dô’i tru.
.c giao cu’a các biến x1 và x2:

x1 =
1√
26
x′1 −

5√
26
x′2,

x2 =
5√
26
x′1 +

1√
26
X ′

2.
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Tù. dó ta có

ϕ(·) = 27
( 1√

26
x′1 −

5√
26
x′2

)2

− 10
( 1√

26
x′1 −

5√
26
x′2

)( 5√
26
x′1 +

1√
26
x′2

)

+ 3
( 5√

26
x′1 +

1√
26
x′2

)2

= 2x′1
2
+ 28x′2

2
.N

Nhâ. n xét. Hê. thú.c cuối cùng có thê’ thu du.o.
.c bà̆ng cách t̀ım ma

trâ.n B cu’a da.ng toàn phu.o.ng trong co. so.’ tru.
.c chuâ’n (E). Ta có

B = T−1AT = T TAT =

[
2 0

0 28

]

và do dó

ϕ(·) = 2x′1
2
+ 28x′2

2
.

Vı́ du. 6. Du.a da.ng toàn phu.o.ng

ϕ(x1, x2, x3) = 3x2
1 + 2x2

2 + x2
3 + 4x1x2 + 4x2x3

vè̂ da.ng ch́ınh tá̆c.

Gia’i. 1+ Lâ.p và gia’ i phu.o.ng tr̀ınh dă.c tru.ng

∣∣∣∣∣∣∣

3 − λ 2 0

2 2 − λ 2

0 2 1 − λ

∣∣∣∣∣∣∣
= 0 ⇔ λ1 = 2, λ2 = −1, λ3 = 5.

2+ Dê’ t̀ım to.a dô. các vecto. riêng ta là̂n lu.o.
.t gia’ i các hê. phu.o.ng

tr̀ınh

(3 − λi)ξ1 + 2ξ2 + 0 · ξ3 = 0,

2ξ1 + (2 − λi)ξ2 + 2ξ3 = 0,

0 · ξ1 + 2ξ2 + (1 − λi)ξ3 = 0





(6.12)

vó.i λ1 = 2, λ2 = −1 và λ3 = 5.
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a) Gia’ su.’ λ1 = 2. Ha.ng cu’a ma trâ.n

A− 2E =




1 2 0

2 0 2

0 2 −1




cu’a hê. phu.o.ng tr̀ınh thuà̂n nhất

ξ1 + 2ξ2 = 0,

2ξ1 + 2ξ3 = 0,

2ξ2 − ξ3 = 0





(6.13)

bà̆ng 2 nên hê. nghiê.m co. ba’n cu’a hê. (6.13) chı’ gò̂m mô.t nghiê.m. Tù.

(6.13) suy rà̆ng ξ1 = 2α, ξ2 = −α, ξ3 = −2α. Do dó vecto. riêng ú.ng

vó.i λ1 = 2 là

u1(2α,−α,−2α)

và sau khi chuâ’n hóa ta thu du.o.
.c

E =
2

3
e1 −

1

3
e2 −

2

3
e3

trong dó e1, e2, e3 là co. so.’ mà da.ng toàn phu.o.ng có ma trâ.n là A.

b) Gia’ su.’ λ = −1. Ha.ng cu’a ma trâ.n

A+ E =




4 2 0

2 3 2

0 2 2




cu’a hê. phu.o.ng tr̀ınh thuà̂n nhất

4ξ1 + 2ξ2 = 0,

2ξ1 + 3ξ2 + 2ξ3 = 0,

2ξ2 + 2ξ3 = 0





(6.14)
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bà̆ng 2 nên hê. nghiê.m co. ba’n cu’a nó chı’ gò̂m mô.t nghiê.m. Tù. (6.14)

suy rà̆ng ξ1 = β, ξ2 = −2β, ξ3 = 2β, β ∈ R. Do dó vecto. riêng tu.o.ng

ú.ng vó.i λ2 = −1 sẽ là

u2(β,−2β, 2β)

và sau khi chuâ’n hóa ta thu du.o.
.c

E2 =
1

3
e1 −

2

3
e2 +

2

3
e3.

c) Gia’ su.’ λ3 = 5. Tu.o.ng tu.
. nhu. trên, tù. hê. phu.o.ng tr̀ınh

−2ξ1 + 2ξ2 = 0,

2ξ1 − 3ξ2 + 2ξ3 = 0,

2ξ2 − 4ξ3 = 0





ta có ξ1 = 2γ, ξ2 = 2γ, ξ3 = γ và vecto. riêng tu.o.ng ú.ng có da.ng

u3(2γ, 2γ, γ), γ ∈ R

và sau khi chuâ’n hóa ta có

E3 =
2

3
e1 +

2

3
e2 +

1

3
e3.

Tù. các khai triê’n cu’a E1, E2, E3 suy rằng chúng lâ.p thành mô.t co.

so.’ tru.
.c chuâ’n cu’a không gian R3.

Ma trâ.n cu’a phép biến dô’i tru.
.c giao có da.ng

T =




2

3

1

3

2

3

−1

3
−2

3

2

3

−1

3

2

3

1

3




vó.i các công thú.c biến dô’i to.a dô.

x1 =
2

3
x′1 +

1

3
x′2 +

2

3
x′3,

x2 = −1

3
x′1 −

2

3
x′2 +

2

3
x′3,

x3 = −2

3
x′1 +

2

3
x′2 +

1

3
x′3.
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Vó.i phép biến dô’i dó ta có

ϕ(·) = 2x′1
2 − x′2

2
+ 5x′3

2
. N

Vı́ du. 7. Du.a da.ng toàn phu.o.ng sau dây vè̂ da.ng ch́ınh tá̆c

ϕ(x1, x2, x3) = 6x2
1 + 3x2

2 + 3x2
3 + 4x1x2 + 4x1x3 − 8x2x3.

Gia’i. 1+ Lâ.p và gia’ i phu.o.ng tr̀ınh dă.c tru.ng
∣∣∣∣∣∣∣

6 − λ 2 2

2 3 − λ −4

2 −4 3 − λ

∣∣∣∣∣∣∣
= 0 ⇔ λ1 = λ2 = 7, λ3 = −2.

2+ Dê’ t̀ım to.a dô. cu’a các vecto. riêng ta cà̂n gia’ i các hê. phu.o.ng

tr̀ınh thuà̂n nhất

(6 − λi)ξ1 + 2ξ2 + 2ξ4 = 0,

2ξ1 + (3 − λi)ξ2 − 4ξ3 = 0,

2ξ1 − 4ξ2 + (3 − λi)ξ3 = 0





là̂n lu.o.
.t vó.i λ1 = λ2 = 7, λ3 = −2.

a) Gia’ su.’ λ = 7. Ha.ng cu’a ma trâ.n A− 7E cu’a hê.

−ξ1 + 2ξ2 + 2ξ3 = 0,

2ξ1 − 4ξ2 − 4ξ3 = 0,

2ξ1 − 4ξ2 − 4ξ3 = 0





(6.15)

là bà̆ng 1 nên hê. có hai nghiê.m co. ba’n. Hê. (6.15) du.o.
.c du.a vè̂ mô.t

phu.o.ng tr̀ınh

ξ1 = 2ξ2 + 2ξ3.

Do dó nghiê.m tô’ng quát cu’a hê. (6.15) có da.ng ξ1 = 2α+ 2β, ξ2 = α,

ξ3 = β:

(2α + 2β, α, β), (6.16)



6.1. Da. ng toàn phu.o.ng 251

tú.c là ho. các vecto. riêng phu. thuô. c hai tham số α và β.

Ta lấy ra hai vecto. tru.
.c giao nào dó cu’a ho. u = 2(α+β)e1 +αe2 +

βe3. Chă’ng ha.n dă.t α = 0, β = 1 th̀ı thu du.o.
.c vecto. riêng

u1(2, 0, 1)

và sau khi chuâ’n hóa ta du.o.
.c

E1 =
( 2√

5
, 0,

1√
5

)
.

Dê’ có vecto. thú. hai u2 ta cà̂n cho.n α và β sao cho 〈u1, u2〉 = 0 tú.c

là

2 · 2(α + β) + β = 0 ⇔ 4α + 5β = 0.

Ta có thê’ cho.n α = 5, β = −4 và tù. (6.16) ta có

u2(2, 5,−4)

và sau khi chuâ’n hóa ta có

E2 =
( 2

3
√

5
,

√
5

3
,
−4

3
√

5

)
.

b) Gia’ su.’ λ = −2. Ta có

8ξ1 + 2ξ2 + 2ξ3 = 0,

2ξ1 + 5ξ2 − 4ξ3 = 0,

2ξ1 − 4ξ2 + 5ξ3 = 0





Ha.ng cu’a ma trâ.n cu’a hê. bà̆ng 2 nên hê. co. ba’n chı’ gò̂m mô.t nghiê.m.

Chă’ng ha.n gia’ i hai phu.o.ng tr̀ınh cuối ta có ξ2 = ξ3 và ξ1 = −ξ2
2

và

do dó ξ1 = −ξ1
2

= −ξ3
2

.

Dă.t ξ1 = α ta có ho. vecto. riêng phu. thuô.c mô.t tham số

u3(α,−2α,−2α), α ∈ R
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và sau khi chuâ’n hóa ta du.o.
.c

E3 =
(1

3
,
−2

3
,
−2

3

)
.

Rõ ràng là E1, E2, E3 là mô.t co. so.’ tru.
.c chuâ’n cu’a không gian R3 và

ma trâ.n chuyê’n vè̂ co. so.’ mó.i này là ma trâ.n tru.
.c giao da.ng

T =




2√
5

2

3
√

5

1

3

0

√
5

3
−2

3
1√
5

− 4

3
√

5
−2

3




Tù. dó thu du.o.
.c da.ng toàn phu.o.ng trong co. so.’ mó.i E1, E2, E3 là

B = T TAT =




7 0 0

0 7 0

0 0 −2




tú.c là

ϕ(·) = 7x′1
2
+ 7x′2

2 − 2x′3
2
,

trong dó

x1 =
2√
5
x′1 +

2

3
√

5
x′2 +

1

3
x′3,

x2 =

√
5

3
x′2 −

2

3
x′3,

x3 =
1√
5
x′1 −

4

3
√

5
x′2 −

2

3
x′3. N

Vı́ du. 8. Tı̀m phép biến dô’i tru.
.c giao du.a da.ng toàn phu.o.ng

ϕ(x1, x2, x3) = x2
1 − 8x1x2 − 16x1x3 + 7x2

2 − 8x2x3 + x2
3

vè̂ da.ng ch́ınh tá̆c.



6.1. Da. ng toàn phu.o.ng 253

Gia’i. 1+ Ma trâ.n cu’a da.ng toàn phu.o.ng là

A =




1 −4 −8

−4 7 −4

−8 −4 1




Tù. dó ta có

|A− λE| =

∣∣∣∣∣∣∣

1 − λ −4 −8

−4 7 − λ −4

−8 −4 1 − λ

∣∣∣∣∣∣∣
= 0 ⇔ λ1 = −9, λ2 = λ3 = 9

2+ Tı̀m các vecto. riêng

Dê’ t̀ım to.a dô. cu’a các vecto. riêng ta cà̂n gia’ i các hê. phu.o.ng tr̀ınh

thuà̂n nhất

(1 − λi)ξ1 − 4ξ2 − 8ξ3 = 0,

−4ξ1 + (7 − λi)ξ2 − 4ξ3 = 0,

−8ξ1 − 4ξ2 + (1 − λi)ξ3 = 0





(6.17)

là̂n lu.o.
.t vó.i λ1 = −9, λ2 = λ3 = 9.

a) Gia’ su.’ λ1 = −9. Khi dó tù. (6.17) ta có

10ξ1 − 4ξ2 − 8ξ3 = 0,

−4ξ1 + 16ξ2 − 4ξ3 = 0,

−8ξ1 − 4ξ2 + 10ξ3 = 0





hay là

5ξ1 − 2ξ2 − 4ξ3 = 0,

ξ1 − 4ξ2 + ξ3 = 0,

4ξ1 + 2ξ2 − 5ξ3 = 0.





Vı̀ ha.ng cu’a ma trâ.n cu’a hê. bà̆ng 2 nên hê. có nghiê.m khác 0. Ta gia’ i

hê. hai phu.o.ng tr̀ınh dà̂u

5ξ1 − 2ξ2 − 4ξ3 = 0,

ξ1 − 4ξ2 + ξ3 = 0
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và thu du.o.
.c nghiê.m tô’ng quát là

u(2α,α, 2α), α ∈ R.

Dó là ho. vecto. riêng (phu. thuô.c mô.t tham số) ú.ng vó.i giá tri. riêng

λ1 = −9. Sau khi chuâ’n hóa ta thu du.o.
.c

E1 =
(2

3
,
1

3
,
2

3

)
.

b) Gia’ su.’ λ2 = λ3 = 9. Khi dó tù. (6.17) thu du.o.
.c hê. phu.o.ng tr̀ınh

thuà̂n nhất

−8ξ1 − 4ξ2 − 8ξ3 = 0,

−4ξ1 − 2ξ2 − 4ξ3 = 0,

−8ξ1 − 4ξ2 − 8ξ3 = 0





hay là

2ξ1 + ξ2 + 2ξ3 = 0,

2ξ1 + ξ2 + 2ξ3 = 0,

2ξ2 + ξ2 + 2ξ3 = 0.





Ha.ng cu’a ma trâ.n cu’a hê. bà̆ng 1 nên hê. nghiê.m co. ba’n cu’a nó gò̂m

hai nghiê.m. Nghiê.m tô’ng quát cu’a hê. có da.ng

v(α,−2α− 2β, β), α, β ∈ R, α2 + β2 6= 0. (6.18)

Tù. nghiê.m tô’ng quát này ta rút ra hai vecto. riêng tru.
.c giao v1 và v2

tu.o.ng ú.ng vó.i giá tri. riêng λ2 = λ3 = 9. Dê’ có v1 ta cho α = 1, β = 0

và thu du.o.
.c

v1 = (1,−2, 0). (6.19)

Dê’ t̀ım v2 ta cà̂n xác di.nh α và β trong (6.18) sao cho tho’a mãn diè̂u

kiê.n tru.
.c giao giũ.a v1 và v2, tú.c là 〈v1, v2〉 = 0. Tù. (6.18) và (6.19)

ta có

α+ 4α + 4β = 0 ⇔ α = −4

5
β.
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Do vâ.y, ta có thê’ lấy β = 5 và khi dó tù. (6.18) suy ra

v2 = (−4,−2, 5).

Sau khi chuâ’n hóa v1 và v2 ta thu du.o.
.c

E∈ =
( 1√

5
,− 2√

5
, 0
)

E3 =
( −4

3
√

5
,− 2

3
√

5
,

√
5

3

)
.

(Lu.u ý rà̆ng E1 ⊥ E2, E1 ⊥ E3 v̀ı E1 và E2, E3 là các vecto. riêng tu.o.ng

ú.ng vó.i hai giá tri. riêng khác nhau nên chúng tru.
.c giao vó.i nhau).

3+ Xác di.nh phép biến dô’i tru.
.c giao. Trong co. so.’ tru.

.c chuâ’n vù.a

thu du.o.
.c E1, E2, E3 da.ng toàn phu.o.ng dã cho du.o.

.c du.a vè̂ da.ng ch́ınh

tá̆c

ϕ(·) = −9y2
1 + 9y2

2 + 9y2
3

nhò. ma trâ.n tru.
.c giao

T =




2

3

1√
5

− 4

3
√

5
1

3
− 2√

5
− 2

3
√

5

2

3
0

√
5

3




vó.i phép biến dô’i tu.o.ng ú.ng là

x1 =
2

3
y1 +

1√
5
y2 −

4

3
√

5
y3,

x2 =
1

3
y1 −

2√
5
y2 −

2

3
√

5
y3,

x3 =
2

3
y1 +

√
5

3
y3. N
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BÀI TÂ. P

Trong các bài toán sau dây hãy viết ma trâ.n cu’a da.ng toàn phu.o.ng

có biê’u thú.c to.a dô. sau trong không gian R3 (1-4) và trong R4 (5-6).

1. x2
1 + x2

2 − 3x1x2. (DS.




1 −3/2 0

−3/2 1 0

0 0 0


)

2. 2x2
1 + 3x2

2 − x2
3 + 4x1x2 − 6x1x3 + 10x2x3.

(DS.




2 2 −3

2 3 5

−3 5 −1


)

3. x2
1 + x2

2 + x2
3 + 4x1x2 + 4x2x3 + 4x1x3.

(DS.




1 2 2

2 1 2

2 2 1


)

4. 4x2
1 + x2

2 + 9x2
3 − 4x1x2 − 6x2x3 + 12x1x3.

(DS.




4 −2 6

−2 1 −3

6 −3 9


)

5. 4x2
1 + x2

3 − 2x2
4 − x1x2 + 8x1x4 − 5x2x4.

(DS.




4 −1

2
0 4

−1

2
0 0 −5

2

0 0 1 0

4 −5

2
0 −2




)

6. 2x1x2 − 6x1x3 − 6x2x4 + 2x3x4.
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(DS.




0 1 −3 0

1 0 0 −3

−3 0 0 1

0 −3 1 0


)

Trong các bài toán 7-8, t̀ım ma trâ.n cu’a mõ̂i da.ng toàn phu.o.ng

7.
[
x1 x2

] [1 3

4 5

][
x1

x2

]
(DS.




1
7

2
7

2
5


)

8.
[
x1 x2 x3

]


−1 0 2

2 4 1

3 0 −1






x1

x2

x3


. (DS.




−1 1
5

2

1 4
1

2
5

2

1

2
−1




)

9. Cho các da.ng toàn phu.o.ng sau dây du.o.
.c viết du.́o.i da.ng ma trâ.n.

Hãy viết các da.ng toàn phu.o.ng dó du.́o.i da.ng thông thu.̀o.ng

1)
[
x1 x2 x3

]



3 0 −1

0 −2 1

−1 1 2






x1

x2

x3




(DS. 3x2
1 − 2x1x3 − 2x2

2 + 2x2x3 + 2x2
3)

2)
[
x1 x2 x3

]



4 1 0

1 3 −1

0 −1 −1






x1

x2

x3


.

(DS. 4x2
1 + 2x1x2 + 3x2

2 − 2x2x3 − x2
3)

10. Viết các da.ng toàn phu.o.ng sau dây du.́o.i da.ng ma trâ.n.

1) 3x2
1 + x2

2 − x1x2. (DS.
[
x1 x2

]



3 −1

2

−1

2
1



[
x1

x2

]
)

2) x2
1 + x2

3 − 2x1x2 + 5x1x3.
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(DS.
[
x1 x2 x3

]



1 −1
5

2
−1 0 0
5

2
0 1






x1

x2

x3


)

3) 2x2
1 + 3x2

2 − 2x2
3 + x1x2 + 2x1x3 + 3x2x3.

(DS.
[
x1 x2 x3

]




2
1

2
1

1

2
3

3

2

1
3

2
−2






x1

x2

x3


)

Trong các bài toán sau dây (11-14) t̀ım da.ng toàn phu.o.ng thu

du.o.
.c tù. da.ng dã cho bo.’ i phép biến dô’i dã chı’ ra

11. ϕ(x1, x2) = 3x2
1 − x2

2 + 4x1x2; x1 = 2y1 − y2, x2 = y1 + y2.

(DS. ϕ1(y1, y2) = 19y2
1 − 2y2

2 − 10y1y2)

12. ϕ(x1, x2, x3) = 2x2
1 + 3x2

2 − x2
3 + x1x2;

x1 = −y1 + 2y2; x2 = 3y1 + y2 + y3; x3 = −2y1 − y2.

(DS. ϕ1(y1, y2, y3) = 22y2
1 + 12y2

2 + 3y2
3 + 11y1y2 + 17y1y3 + 8y2y3)

13. ϕ1(x1, x2, x3) = 2x2
2 + 4x2

3 − 2x1x2 + x2x3;

x1 = y1 + y2 − y3, x2 = y1 − y2 + y3, x3 = y3 + y2.

(DS. ϕ1(y1, y2, y3) = 7y2
2 + 9y2

3 − 3y1y2 + 5y1y3))

14. ϕ(x1, x2, x3) = x2
1 − 2x2

2 + x2
3 − 4x1x2 − 2x2x3;

x1 = y1 + 2y2, x2 = y2, x3 = y2 − y3.

(DS. ϕ1(y1, y2, y3) = y2
1 − 7y2

2 + y2
3)

Dùng phu.o.ng pháp Lagrange du.a các da.ng toàn phu.o.ng sau vè̂

da.ng ch́ınh tá̆c (15-19)

15. 2x2
1 + 3x2

2 + 4x2
3 − 2x1x2 + 4x1x3 − 3x2x3.

(DS. ϕ = 2(x1 −
1

2
x2 + x3)

2 +
5

2
(x2 −

3

5
x3)

2 +
11

10
x2

3

⇒ ϕ1(y1, y2, y3) = 2y2
1 +

5

2
y2

2 +
11

10
y2

3)
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16. ϕ(x1, x2, x3) = 9x2
1 + 6x2

2 + 6x2
3 − 6x1x2 − 6x1x3 + 12x2x3.

(DS. ϕ(·) = (3x1 − x2 − x3)
2 + 5(x2 + x3)

2

⇒ ϕ(y1, y2, y3) = y2
1 + 5y2

2 + 0 · y2
3)

17. x2
1 + 5x2

2 − 4x2
3 + 2x1x2 − 4x1x3.

(DS. ϕ = (x1 + x2 − 2x3)
2 + 4x2

2 − 8x2
3

⇒ ϕ(y1, y2, y3) = y2
1 + 4y2

2 − 8y2
3)

18. x1x2 + 2x1x3 + 4x2x3.

(Chı’ dã̂n và Dáp số: Dùng phép biến dô’i phu.




x1 = y1

x2 = y1 + y2

x3 = y3

và thu du.o.
.c da.ng có chú.a b̀ınh phu.o.ng

ϕ(·) = (y1 +
1

2
y2 + 3y3)

2 − 1

4
(y2 − 2y3)

2 − 8y2
3 ⇒ ϕ1 = z2

1 −
1

4
z2
2 − 8z2

3)

19. 4x1x2 − 5x2x3

(Chı’ dã̂n và Dáp số: Dùng phép biến dô’i phu.




x1 =
1

2
(y1 − y2)

x2 =
1

2
(y1 + y2)

x3 = y3

và thu du.o.
.c

ϕ(·) =
(
y1 −

5

4
y3

)2

−
(
y2 +

5

4
y3

)2

= z2
1 − z2

2 + 0 · z2
3)

Dùng phu.o.ng pháp Jacobi dê’ du.a các da.ng toàn phu.o.ng vè̂ da.ng

ch́ınh tá̆c (20-25)

20. 3x2
1 + 4x1x2 − 2x1x3 + 2x2

2 − 2x2x3 + 6x2
3.
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(DS. ϕ(·) = 3y2
1 +

2

3
y2

2 +
11

2
y2

3 nhò. phép biến dô’i





x1 = y1 −
2

3
y2,

x2 = y2 +
1

2
y3,

x3 = y3.)

21. 5x2
1 − 2x1x2 + 4x1x3 + 5x2

2 + 4x2x3 + 3x2
3.

(DS. ϕ(·) = 5y2
1 +

24

5
y2

2 + y2
3 nhò. phép biến dô’i





x1 = y1 +
1

5
y2 −

1

2
y3,

x2 = y2 −
1

2
y3,

x3 = y3.)

22. x2
1 + 5x2

2 + 2x3
2 + 4x1x2 + 2x1x3 + 4x2x3.

(DS. ϕ(·) = y2
1 + y2

2 + y2
3 nhò. phép biến dô’i:





x1 = y1 − 2y2 − y3,

x2 = y2,

x3 = y3.)

23. 5x2
1 + x2

2 + 3x2
3 + 4x1x2 − 2x1x3 − 2x2x3.

(DS. ϕ(·) =
1

5
y2

1 + 5y2
2 + y2

3 nhò. phép biến dô’i





x1 = y1 −
2

5
y2 − y3,

x2 = y2 + 3y3,

x3 = y3.)

24. x2
1 + x2

2 + 5x2
3 − 4x1x2 − 2x1x3 + 4x2x3.
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(DS. ϕ(·) = y2
1 − 3y2

2 + 4y2
3 nhò. phép biến dô’i





x1 = y1 + 2y2 + y3,

x2 = y2,

x3 = y3.)

25. 3x2
1 + 2x1x2 − 2x1x3 + x2

3 + 4x2x3

(DS. ϕ(·) = 3y2
1 −

1

3
y2

2 + 17y2
3 nhò. phép biến dô’i





x1 = y1 −
1

3
y2 − 2y3,

x2 = y2 + 7y3,

x3 = y3.)

Trong các bài toán sau dây (26-35) t̀ım phép biến dô’i tru.
.c giao du.a

mõ̂i da.ng toàn phu.o.ng dã cho vè̂ da.ng ch́ınh tắc và viết da.ng ch́ınh

tá̆c dó.

26. 2x2
1 − 4x1x2 + 5x2

2.

(DS.
x1 =

2√
5
y1 +

1√
5
y2

x2 = − 1√
5
y1 +

2√
5
y2





⇒ ϕ(·) = y2
1 + 6y2

2)

27. x2
1 + x2

2 + 4x1x2.

(DS.
x1 =

1√
2
y1 +

1√
2
y2,

x2 =
1√
2
y1 −

1√
2
y2





⇒ ϕ(·) = 3y2
1 − y2

2)

28. 5x2
1 + 12x1x2.

(DS.
x1 =

3√
13
y1 −

2√
13
y2,

x2 =
2√
13
y1 +

3√
13
y2





⇒ ϕ(·) = 9y2
1 − 4y2

2)

29. 7x2
1 + 3x2

2 + 6
√

5x1x2.



262 Chu.o.ng 6. Da.ng toàn phu.o.ng và ú.ng du. ng

(DS.
x1 =

3√
14
y1 +

√
5

14
y2

x2 =

√
5

14
y1 −

3√
14
y2





⇒ ϕ(·) = 12y2
1 − 2y2

2)

30. 2x2
1 − 4

√
5x1x2 + 3x2

2.

(DS.
x1 =

2

3
y1 +

√
5

3
y2

x2 = −
√

5

3
y1 +

2

3
y2





⇒ ϕ(·) = 7y2
1 − 2y2

2)

31. ϕ(x1, x2) = 4x1x2

(DS.
x1 =

1√
2
y1 −

1√
2
y2

x2 =
1√
2
y1 +

1√
2
y2





⇒ ϕ(y1, y2) = 2y2
1 − 2y2

2)

32. 3x2
1 + 6x1x2 + 3x2

2.

(DS.
x1 =

1√
2
y1 −

1√
2
y2,

x2 =
1√
2
y1 +

1√
2
y2





⇒ ϕ(·) = 6y2
1)

33. 6x2
1 + 5x2

2 + 7x2
3 − 4x1x2 + 4x1x3

(DS.

x1 =
2

3
y1 −

1

3
y2 +

2

3
y3,

x2 = −1

3
y1 +

2

3
y2 +

2

3
y3,

x3 =
2

3
y1 +

2

3
y2 −

1

3
y3





⇒ ϕ(·) = 9y2
1 + 6y2

2 + 3y2
3)

34. 2x2
1 + x2

2 + 3x2
3 − 4

√
2x2x3.

(DS. x1 = y1, x2 =
1√
3
y2 +

√
2

3
y3, x3 = −

√
2

3
y2 +

1√
3
y3;

ϕ(·) = 2y2
1 + 5y2

2 − y2
3)

35. 2x2
1 + 5x2

2 + 2x2
3 − 4x1x2 − 2x1x3 + 4x2x3.

(DS. x1 =
1√
2
y1 +

1√
6
y2 +

1√
3
y3, x2 = − 2√

6
y2 +

1√
3
y3,

x3 =
1√
2
y1 −

1√
6
y2 −

1√
3
y3; ϕ(·) = y2

1 + 7y2
2 + y2

3)
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6.2 D- u.a phu.o.ng tr̀ınh tô’ng quát cu’a

du.̀o.ng bâ.c hai và mă. t bâ.c hai vè̂ da.ng

ch́ınh tá̆c

1◦ Xét phu.o.ng tr̀ınh tô’ng quát cu’a du.̀o.ng bâ. c hai

a11x
2 + 2a12xy + a22y

2 + 2a13x+ 2a23y + a33 = 0. (6.20)

Tô’ng cu’a ba số ha.ng dà̂u tiên

ϕ(x, y) = a11x
2 + 2a12xy + a22y

2 (6.21)

là da.ng toàn phu.o.ng cu’a các biến x và y và du.o.
.c go. i là da. ng toàn

phu.o.ng ú.ng vó.i phu.o.ng tr̀ınh (6.20). Ma trâ.n cu’a da.ng toàn phu.o.ng

này có da.ng

A =

[
a11 a12

a12 a22

]
.

1+ Nếu detA > 0 th̀ı (6.20) là phu.o.ng tr̀ınh cu’a du.̀o.ng da.ng eliptic.

2+ Nếu detA < 0 th̀ı (6.20) là phu.o.ng tr̀ınh du.̀o.ng da.ng hy-

pecbolic.

3+ Nếu detA = 0 th̀ı (6.20) là phu.o.ng tr̀ınh du.̀o.ng da.ng parabolic.

Trong tru.̀o.ng ho.
.p khi detA 6= 0 th̀ı (6.20) xác di.nh du.̀o.ng có tâm

diê’m. Nếu detA = 0 th̀ı (6.20) là phu.o.ng tr̀ınh du.̀o.ng không có tâm

diê’m. Hu.́o.ng cu’a các vecto. riêng tru.
.c giao cu’a ma trâ.n da.ng toàn

phu.o.ng tu.o.ng ú.ng vó.i phu.o.ng tr̀ınh (6.20) go. i là hu.́o.ng ch́ınh cu’a

du.̀o.ng xác di.nh bo.’ i phu.o.ng tr̀ınh (6.20).

Ngu.̀o.i ta chú.ng minh rằng tò̂n ta. i hê. to.a dô. Dêcác vuông góc mà

trong dó phu.o.ng tr̀ınh tô’ng quát (6.20) cu’a du.̀o.ng bâ. c hai có da.ng

ch́ınh tá̆c.

Dê’ t̀ım hê. to.a dô. dó ta tiến hành nhu. sau.
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1+ Tı̀m phép biến dô’i tru.
.c giao du.a da.ng toàn phu.o.ng tu.o.ng ú.ng

vó.i phu.o.ng tr̀ınh dã cho vè̂ da.ng ch́ınh tá̆c.

2+ Du.
.a theo phép biến dô’i này ta t̀ım các hu.́o.ng ch́ınh cu’a du.̀o.ng,

tú.c là t̀ım các vecto. riêng tru.
.c chuâ’n E1 và E2 cu’a ma trâ.n da.ng toàn

phu.o.ng (6.21).

3+ Tı̀m phu.o.ng tr̀ınh cu’a du.̀o.ng dã cho trong hê. to.a dô. OE1E2.

4+ Trong phu.o.ng tr̀ınh thu du.o.
.c ta bô’ sung dê’ thu du.o.

.c b̀ınh

phu.o.ng du’ rò̂i t̀ım các to.a dô. cu’a diê’m O′ là gốc cu’a hê. to.a dô. cà̂n

t̀ım. Trong hê. to.a dô. t̀ım du.o.
.c O′E1E2 phu.o.ng tr̀ınh cu’a du.̀o.ng dã

cho có da.ng ch́ınh tá̆c.

2◦. Xét phu.o.ng tr̀ınh tô’ng quát cu’a mă.t bâ.c hai

a11x
2 + a22y

2 + a33z
2 + 2a12xy + 2a13xz + 2a23yz + bx+ by + ez + f = 0,

(6.22)

trong dó ı́t nhất mô.t hê. số aij 6= 0, i = 1, 3, j = 1, 3.

Tô’ng cu’a sáu số ha.ng dà̂u cu’a phu.o.ng tr̀ınh

ϕ(x, y, z) = a11x
2 + a12y

2 + a33z
2 + 2a12xy + 2a13xz + 2a23yz

(6.23)

là da.ng toàn phu.o.ng ba biến x, y, z và du.o.
.c go. i là da. ng toàn phu.o.ng

tu.o.ng ú.ng vó.i phu.o.ng tr̀ınh (6.22). Ma trâ.n cu’a da.ng là

A =



a11 a12 a13

a12 a22 a23

a13 a23 a33


 .

Trong mu.c tru.́o.c dã chú.ng to’ tò̂n ta. i phép biến dô’i tru.
.c giao du.a

da.ng toàn phu.o.ng (6.23) vè̂ da.ng ch́ınh tá̆c. Do vâ.y viê.c kha’o sát và

du.
.ng mă.t bâ.c hai xác di.nh bo.’ i phu.o.ng tr̀ınh (6.22) du.o.

.c tiến hành

tu.o.ng tu.
. nhu. trong 1◦.
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CÁC VÍ DU.

Vı́ du. 1. Du.a phu.o.ng tr̀ınh

17x2 + 12xy + 8y2 + 20
√

5x+ 20 = 0

vè̂ da.ng ch́ınh tá̆c và du.
.ng du.̀o.ng xác di.nh bo.’ i phu.o.ng tr̀ınh dó.

Gia’i. 1+ Da.ng toàn phu.o.ng

ϕ(x, y) = 17x2 + 12xy + 8y2

tu.o.ng ú.ng vó.i phu.o.ng tr̀ınh dã cho có ma trâ.n

A =

[
17 6

6 8

]
.

Nó có các số dă.c tru.ng là λ1 = 20, λ2 = 5. Ta t̀ım to.a dô. các vecto.

riêng cu’a A bà̆ng cách gia’ i hê. phu.o.ng tr̀ınh

(17 − λi)ξ1 + 6ξ2 = 0,

6ξ1 + (8 − λi)ξ2 = 0

là̂n lu.o.
.t vó.i λ1 = 20 và λ2 = 5.

Vó.i λ1 = 20 ta có

−3ξ1 + 6ξ2 = 0

6ξ1 − 12ξ2 = 0

}
⇒ ξ1 = 2ξ2.

Do dó vecto. riêng ú.ng vó.i λ1 = 20 có da.ng

u(2α,α), α ∈ R

và sau khi chuâ’n hóa ta du.o.
.c

E1 =
( 2√

5
,

1√
5

)
.
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Vó.i λ2 = 5 ta có

12ξ1 + 6ξ2 = 0,

6ξ1 + 3ξ2 = 0

}
→ ξ2 = −2ξ1.

Do dó vecto. riêng tu.o.ng ú.ng vó.i λ2 = 5 có da.ng

v(β,−2β)

và sau khi chuâ’n hóa ta thu du.o.
.c vecto. riêng chuâ’n cu’a ma trâ.n A:

E2 =
(
− 1√

5
,

2√
5

)
.

Tù. dó thu du.o.
.c ma trâ.n chuyê’n vè̂ co. so.’ mó.i (ma trâ.n cu’a phép biến

dô’i tru.
.c giao) có da.ng

T =




2√
5

− 1√
5

1√
5

2√
5




và do vâ.y phép biến dô’i tru.
.c giao cà̂n t̀ım có da.ng

x =
2√
5
x′ − 1√

5
y′,

y =
1√
5
x′ +

2√
5
y′.





(6.24)

Nó du.a da.ng toàn phu.o.ng ϕ vè̂ da.ng ch́ınh tá̆c

ϕ1 = 20x′
2
+ 5y′

2
.

2+ Các vecto. co. so.’ E1 và E2 thu du.o.
.c tù. các vecto. co. so.’ e1, e2

bà̆ng phép biến dô’i tru.
.c giao du.o.

.c cho bo.’ i công thú.c

E1 =
2√
5
e1 +

1√
5
e2,

E2 = − 1√
5
e1 +

2√
5
e2.





(6.25)
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3+ Thay (6.24) vào phu.o.ng tr̀ınh dã cho ta thu du.o.
.c phu.o.ng tr̀ınh

cu’a du.̀o.ng trong hê. to.a dô. OE1E2:

20x′
2
+ 5y′

2
+ 40x′ − 20y′ + 20 = 0

và tù. dó

(x′ + 1)2

1
+

(y′ − 2)2

4
= 1 (6.26)

4+ Thu.
.c hiê.n phép dò.i hê. to.a dô. OE1E2 theo vecto.

−→
OO′ = −E1+2E2

ta thu du.o.
.c hê. to.a dô. O

′E1E2 và trong hê. dó phu.o.ng tr̀ınh (6.26) có

da.ng

x′′2

1
+
y′′2

4
= 1. (6.27)

Nhu. vâ.y phu.o.ng tr̀ınh dã cho xác di.nh elip (h̀ınh 6.1)

Hı̀nh 6.1

Tù. lò.i gia’ i và h̀ınh vẽ tr̀ınh bày suy ra cách du.
.ng elip (6.27) trong

hê. O
′E1E2. Dà̂u tiên du.

.ng hê. to.a dô. OE1E2 (thay cho E1 và E2 có thê’

du.
.ng các vecto.

−→
OM ′

1 = 2e1 + e2,
−→
OM ′

2 = −e1 + 2e2); tiếp dến thu.
.c

hiê.n phép ti.nh tiến song song hê. dó mô. t vecto.
−→
OO′ = −e1 + 2e2 dến

O′. Sau cùng là du.
.ng elip (6.27).
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Vı́ du. 2. Du.a phu.o.ng tr̀ınh du.̀o.ng cong

x2 − 2xy + y2 − 10x− 6y + 25 = 0

vè̂ da.ng ch́ınh tá̆c và du.
.ng du.̀o.ng cong dó.

Gia’i. Da.ng toàn phu.o.ng tu.o.ng ú.ng vó.i phu.o.ng tr̀ınh dã cho

ϕ(x, y) = x2 − 2xy + y2

có ma trâ.n là

A =

[
1 −1

−1 1

]

Lâ.p phu.o.ng tr̀ınh dă.c tru.ng

∣∣∣∣∣
1 − λ −1

−1 1 − λ

∣∣∣∣∣ = 0 hay là λ2 − 2λ = 0.

Tù. dó λ1 = 2, λ2 = 0. Ta t̀ım to.a dô. cu’a các vecto. riêng cu’a A bà̆ng

cách gia’ i hê. phu.o.ng tr̀ınh

(1 − λi)ξ1 − ξ2 = 0,

−ξ1 + (1 − λi)ξ2 = 0

}

là̂n lu.o.
.t vó.i λ1 = 2 và λ2 = 0.

Vó.i λ1 = 2 ta có

−ξ1 − ξ2 = 0,

−ξ1 − ξ2 = 0

}
⇒ ξ1 = −ξ2

và do dó hu.́o.ng ch́ınh tu.o.ng ú.ng vó.i λ1 = 2 du.o.
.c xác di.nh bo.’ i vecto.

riêng

u = (α,−α), α ∈ R
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và sau khi chuâ’n hóa ta có

E1 =
( 1√

2
,− 1√

2

)
.

Tu.o.ng tu.
. vó.i λ2 = 0 ta có ξ1 − ξ2 = 0, −ξ1 + ξ2 = 0 ⇒ ξ1 = ξ2 và

hu.́o.ng ch́ınh ú.ng vó.i λ2 = 0 xác di.nh bo.’ i vecto. riêng

v(β, β), β ∈ R

và chuâ’n hóa ta du.o.
.c

E2 =
( 1√

2
,

1√
2

)
.

Nhu. vâ.y ta dã chuyê’n tù. co. so.’ e1, e2 dến co. so.’ tru.
.c chuâ’n E1, E2,

trong dó

E1 =
1√
2
e1 −

1√
2
e2,

E2 =
1√
2
e1 +

1√
2
e2

bo.’ i ma trâ.n chuyê’n

T =




1√
2

1√
2

− 1√
2

1√
2




và phép biến dô’i tru.
.c giao tu.o.ng ú.ng

x =
1√
2
x′ +

1√
2
y′,

y = − 1√
2
x′ +

1√
2
y′.





(6.28)

Dê’ t̀ım da.ng cu’a phu.o.ng tr̀ınh du.̀o.ng dã cho trong hê. to.a dô. OE1E2

ta thay (6.28) vào phu.o.ng tr̀ınh tô’ng quát dã cho và thu du.o.
.c

2x′
2 − 4√

2
x′ − 16√

2
y′ + 25 = 0 (6.29)
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hay là

(
x′ −

1√
2

)2

= 4
√

2
(
y′ − 3

√
2

2

)
.

Sau phép ti.nh tiến song song các tru.c to.a dô. dến gốc mó.i O′ =(√2

2
,
3
√

2

2

)
, phu.o.ng tr̀ınh (6.29) trong hê. to.a dô. O

′XY có da.ng ch́ınh

tá̆c X2 = 4
√

2Y . Su.
. sá̆p xếp cu’a parabon du.o.

.c chı’ ra trên h̀ınh 6.2.
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Hı̀nh 6.2

Vı́ du. 3. Du.a phu.o.ng tr̀ınh tô’ng quát cu’a mă.t bâ.c hai

9x2 + 20y2 + 20z2 − 40yz − 36x − 4
√

2y + 4
√

2z + 4 = 0

vè̂ da.ng ch́ınh tá̆c và du.
.ng mă.t dó.

Gia’i. Da.ng toàn phu.o.ng tu.o.ng ú.ng vó.i phu.o.ng tr̀ınh dã cho có

da.ng

ϕ(x, y, z) = 9x2 + 20y2 + 20z2 − 40yz

vó.i ma trâ.n

A =




9 0 0

0 20 −20

0 −20 20


 .

Ma trâ.n này có ba số dă.c tru.ng là λ1 = 9, λ2 = 40, λ3 = 0. Do dó

da.ng ch́ınh tá̆c cu’a da.ng toàn phu.o.ng ϕ(·) là

ϕ1(·) = 9x′
2
+ 40y′

2
.

Ta cà̂n t̀ım phép biến dô’i tru.
.c giao du.a da.ng toàn phu.o.ng tu.o.ng

ú.ng vó.i phu.o.ng tr̀ınh dã cho vè̂ da.ng ch́ınh tắc. To.a dô. cu’a các vecto.



272 Chu.o.ng 6. Da.ng toàn phu.o.ng và ú.ng du. ng

riêng du.o.
.c t̀ım tù. hê. phu.o.ng tr̀ınh

(9 − λi)ξ1 + 0 · ξ2 + 0 · ξ3 = 0,

0 · ξ1 + (20 − λi)ξ2 − 20ξ3 = 0,

0 · ξ1 − 20ξ2 + (20 − λi)ξ3 = 0

vó.i λ1 = 9, λ2 = 40, λ3 = 0.

a) Vó.i λ1 = 9 ta có

0 · ξ1 + 0 · ξ2 + 0 · ξ3 = 0,

0 · ξ1 + 11ξ2 − 20ξ3 = 0,

0 · ξ1 − 20ξ2 + 11ξ3 = 0.

Tù. dó thu du.o.
.c vecto. riêng ú.ng vó.i λ1 = 9 là

u(α, 0, 0), α ∈ R, α 6= 0

và sau khi chuâ’n hóa ta du.o.
.c

E1 = (1, 0, 0).

b) Vó.i λ2 = 40 ta có

31ξ1 + 0 · ξ2 + 0 · ξ3 = 0,

0 · ξ1 − 20ξ2 − 20ξ3 = 0,

0 · ξ1 − 20ξ2 − 20ξ3 = 0

và tù. dó thu du.o.
.c vecto. riêng ú.ng vó.i λ2 = 40:

v(0, β,−β), β ∈ R, β 6= 0

và sau khi chuâ’n hóa ta du.o.
.c

E2 =
(
0,

1√
2
,
−1√

2

)
.
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c) Vó.i λ3 = 0 ta có vecto. riêng tu.o.ng ú.ng là

w(0, γ, γ), γ ∈ R, γ 6= 0

và sau khi chuâ’n hóa ta có

E3 =
(
0,

1√
2
,

1√
2

)
.

Ma trâ.n chuyê’n tù. co. so.’ e1, e2, e3 dến co. so.’ tru.
.c chuâ’n E1, E2, E3

có da.ng

T =




1 0 0

0
1√
2

1√
2

0 − 1√
2

1√
2



.

Nhu. vâ.y phép biến dô’i tru.
.c giao du.a da.ng toàn phu.o.ng tu.o.ng

ú.ng vó.i phu.o.ng tr̀ınh dã cho vè̂ da.ng ch́ınh tá̆c có da.ng

x = x′,

y =
1√
2
y′ +

1√
2
z′,

z = − 1√
2
y′ +

1√
2
z′.





(6.30)

Phép biến dô’i này biến các vecto. co. so.’ e1, e2, e3 thành

E1 = e1,

E2 =
1√
2
e2 −

1√
2
e3,

E3 =
1√
2
e2 +

1√
2
e3.





(6.31)

Dê’ t̀ım phu.o.ng tr̀ınh cu’a du.̀o.ng dã cho trong hê. to.a dô. mó.i

OE1E2E3 ta thế (6.30) vào phu.o.ng tr̀ınh tô’ng quát dã cho và thu

du.o.
.c

9x′
2
+ 40y′

2 − 36x′ − 8y′ + 4 = 0
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hay là

(x′ − 2)2

3, 6
+

(y′ − 0, 1)2

0, 81
= 1.

Tiếp theo ta thu.
.c hiê.n phép ti.nh tiến song song hê. to.a dô. OE1E2E3

mô.t vecto.
−→
OO′ = 2E1 + 0, 1E2 và thu du.o.

.c hê. O
′E1E2E3, trong hê. dó

phu.o.ng tr̀ınh dã cho có da.ng

x′′2

a2
+
y′′2

b2
= 1, a =

√
3, 6, b = 0, 9.

Phu.o.ng tr̀ınh này (và do dó phu.o.ng tr̀ınh dã cho) xác di.nh mă.t tru.
eliptic vó.i du.̀o.ng sinh ‖ E3.

Du.
.ng mă.t tru. eliptic: cùng vó.i hê. to.a dô. Oe1e2e3 ta du.

.ng hê. to.a

dô. O
′E1E2E3, trong dó thay cho viê.c du.

.ng các vecto. (6.31) ta có thê’

du.
.ng các vecto.

−→
OM1 = e1,
−→
OM2 = e2 − e3,
−→
OM3 = e2 + e3.

Su.
. sá̆p xếp cu’a mă.t dã cho du.o.

.c chı’ rõ trên h̀ınh 6.3

Hı̀nh 6.3
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BÀI TÂ. P

Du.a phu.o.ng tr̀ınh tô’ng quát cu’a các du.̀o.ng bâ. c hai vè̂ da.ng ch́ınh

tá̆c và nhâ.n da.ng chúng.

1. 3x2 − 2xy + 3y2 + 2x− 4y + 1 = 0.

(DS. Du.̀o.ng elip, phu.o.ng tr̀ınh ch́ınh tá̆c
32

3
x′2 +

16

3
y′2 = 1)

2. x2 + 2xy − y2 − 6x+ 4y − 3 = 0.

(DS. Du.̀o.ng hypecbôn, phu.o.ng tr̀ınh ch́ınh tá̆c 2
√

2y′2 − 2
√

2x′2 = 1)

3. x2 − 2xy + y2 + 4x− 6y + 1 = 0.

(DS. Du.̀o.ng parabôn, phu.o.ng tr̀ınh ch́ınh tá̆c 2y′2 −
√

2x′ = 0)

4. 2x2 − 4xy − y2 + 8 = 0

(DS. Du.̀o.ng hypecbôn, phu.o.ng tr̀ınh ch́ınh tắc
x′2

22
− y′2

(
√

8/3)2
= 1)

5. 5x2 + 4xy + 5y2 − 9 = 0.

(DS. Du.̀o.ng elip, phu.o.ng tr̀ınh ch́ınh tá̆c
x′2

(3/
√

7)2
+

y′2

(
√

3)2
= 1)

6. 11x2 + 24xy + 4y2 − 15 = 0.

(DS. Du.̀o.ng hypecbôn, phu.o.ng tr̀ınh ch́ınh tắc
x′2

(
√

3/2)2
− y′2

(
√

3)2
= 1)

7. 2x2 + 4xy + 5y2 − 24 = 0.

(DS. Du.̀o.ng elip, phu.o.ng tr̀ınh ch́ınh tá̆c
x′2

(
√

24)2
+
y′2

22
= 1)

8. x2 − 8xy + 7y2 − 36 = 0.

(DS. Du.̀o.ng hypecbôn, phu.o.ng tr̀ınh ch́ınh tá̆c
x′2

22
− y′2

62
= 1)

Du.a phu.o.ng tr̀ınh tô’ng quát cu’a các mă.t bâ.c hai vè̂ da.ng ch́ınh

tá̆c và nhâ.n da.ng chúng.
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9. 6x2 − 2y2 + 6z2 + 4xz + 8x− 4y − 8z + 1 = 0.

(DS. Du.̀o.ng paraboloid mô.t tà̂ng;
x′2

(
√

5/4)2
+

y′2

(
√

5/8)2
− z′2

(
√

5/2)2
= 1)

10. 4x2 + 3y2 + 2z2 + 4xy − 4yz + 4x− 2y − 4z − 3 = 0.

(DS. Mă.t tru. eliptic;
x′2

(
√

2)2
+
y′2

1
= 1)

11. x2 + 2y2 − 3z2 + 2x+ 8y + 18z − 54 = 0.

(DS. Hypecboloid 1-tà̂ng;
x′2

36
+
y′2

18
− Z ′2

12
= 1)

12. 2x2 + y2 − 4xy − 4yz = 0.

(DS. Mă.t nón,
x′2

4
+ z′2 =

y′2

2
)

13. 2x2 + 2y2 + 3z2 + 4xy + 2xz + 2yz − 4x+ 6y − 2z + 3 = 0.

(DS. Mă.t parabôloid eliptic, 2x′2 + 5y′2 − 5
√

2z′ = 0)

14. 2x2 + 2y2 + 3z2 − 2xz − 2yz − 16 = 0

(DS. Mă.t elipxoid,
x′2

42
+

y′2

(2
√

2)2
+
z′2

22
= 1)
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